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In the last Jcc~Dc many efforts have hrw oriental towarJs the undcntanding of the unerpctcd Iwhnviwr of sy\tcms - linear 
or non-linear. Thsccould hc hrgc (wuthcr systelins. hicdopicallife)or smdl (automatic pilot). A new branch of dynamics i s  now 
considered; i t  is called "C'haos". Some general thLvrics haw emerged and reconsideration of concepts of non-linear contml1o 
dctcrmine the st;ibility of such systenis is now intcnsively studied in the scientific community. 

I t  is planned that the L)lltwing topics will hc covcrcd: 

! 

- I .incar (inchitling time varying ccwfficicnts equiitiim) vs non-lincar systems. Typcs of non-linearity: curved ch;tractcrirtics. 

- Non lincar dynamic*: scnsibility to  initial condition\ imtl?or unccrt;iintic\ on the system paramctcrs. Hohu<tncss 

jumps. bifurcation 

- Ncunmal-type machines 

- Chat- - Random process hchaviour 

- Hc\vrsibility and imwrsihility: Newtonian mwh;mics and thcrmtdynamics 

- Fractals 

- Applications: 
- Fluid mcchanics, meteorology 
- Aircraft behaviour - Mechanical systems. 

Au cours de la dernicre dicennie des efforts considerahlcs ont CtC consacris a la comprihcnsion du comportcmcnt imprcvisihle 
des systcmcs liniaires et non-lineaires. De tels systkmes puvent &re de grande taille (systcmcs mCtco. vic hiologiqx!) nu petits 
(pilotc automatique). 

Unc attention particuliire est actuellcmcnt accordce h une nouvcllc hranche de I'airtdynainiquc: cllc s';ippcllc "le chaos". Un 
certain nomhre de thiories gCnCrales se sont digagces et les concepts du contrdc non-linbairc pour la tlitcrmination tic la 
stabiliti de tels systcmes ont et6 remis a I'Ctude de facon intensive par la communautc scientifique. 

Len sujcts suivants seront examinis: 

- Les systemes lincaircs (y compris les equationsb coefficient variahle dans le temps) comparcs ;NUX systkmcs non-liniairrs. IXS 
diffkrcnts t y p s  de non-lineante: les caracteristiques courhes. les sauts. la  bifurcation. 

- La dynamique non-liniaire; sensihiliti aux conditions initiales et/ou incertitudes concernant les paramctres du systhe. 
Rohustcsse. 

- Lcs machincs du type neuronalcs. . , . 
-Le chaos - le comportement des pr@3f.s aleatoirrs 

- L a  r6venihilitC et I'irreversibilite; la decanique Newwnienne et la thermodynamique 
1 . ,' 

- Les fractales 

- Applications: 
I 

- la mkanique des fluides, la meteorologie - IC componcment des aironefs - les systhmes mdcaniques. 
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I do not intcrnl to pivc a qummary of what l'rd P. Ciiulrt. Ph. 
Cuichetcau. <*. thtpis  a d  1.1. Slntinc will lrtk ahout tluriiip this 
k i u r c  k r i c s  . i t 's mcrcly a maitcr for Ihc Cnnclu-iom. 

I will try to nwntion wnnc asprctt of nm4inrmr dyn-niicq amUiir 
cham which pxhap. am marginal with rcpard lo thc cnrc of I h c  
suhjccl which will hc kclnpcd durinp lhcw 3 day!: cvcnlurlly thcy 
cnulJ k cmmcntcd nn nr diwuswl cliirinp thr Rt r in l  Tahlc. 

Mnst n; U. Irr invotvnj in CllpinCCrillg .IUdiC* I W  th ipf l s ;  ;IllllOl#gh 
arrtmrulics a d  spacc arc n4.t mcntiond in thc litlc of 11lc I.S. i t  is  
pcrtiwnt that tk.r two fields will tw doniiiimt durink tlrc lcctiircs. 
Howcvrr. it i t  rlwayt fruillul In look around onrl ccmiparc thc 
diffcrcnl rpprnwhm lo ~ h c  whjcct. This it why Rnf Iltiupiu an1 
~Jichclcru will spcak mainly ahcut acronaulic. stid .cpacc.iclalnl 
pnhlcmu. Prof Slnlinc will commcnl ahnut rcihnliCI ~ n d  hcif C-tn~lcl 
will cnvcr thr (Imrral suh jd  hqh lrnn a Ihci*rrlicd vicwpninl arhl 
nn applicrtinn in various dtmrins (fluid now-. optic-. ctlrnlicrl ancl 
tinlogical wnq). 

1. SOME BASIC DEFINITIONS AND COMMKhT* 

A system i t  M crlmihlc of cnrnpncnts wrll tlcliinitrrl i n  upwe arid 
timc: outside  he vy-tcm is ~hc citcmal wnrlcl. If h i e  i s  no m a w  
trrnslcr xm- the ckliniiting wrfacc thc s p c m  is -aid t i i  trr 
-cloud": if lhrrc is nn hcal trrndcr . or mnrc pcncrally no radiation 
crcnrngcd wit% thc cntcmal wnrld. thc sy-acrii i s  *rid to hc "isolainl". 

Thc cmplcxily of thc cystcm i t  itifticull !o pirciw: it impi..-u I ~ C  

sycificatim of nkwrhility walw a trivial cramplc i p  11r 
drflcrcwc in thc c n n c q  u r d  for thc rnpiilcer who ckvigiir I luthinc 
rrnl the physicist who sludim molrcular transformations: hnlb t i l  ihcm 
uw the cntrnpy concept. FM ~ h c  mgimr .  cntmpy S is &find a< 
dS-JoIT 0 hcat flu1 cihmpcrl T atnolulc lcmprraturr; for ihc 
phy-icisl cmrpy i t  the logarithm of t l lr  potuhility that an c**cni nf 
r eivco cgmplciinn (in tern*  nf mnlwulc r n m p n m t )  ha-. Thi- 
notion o l  scale is o l  prime immancc a- wc will w Iaicr. 

The cnmlatim cmcqt i q  very uxful in the study of syutcmq fwc. 
fnr example. thc prnc&;ng* nl ~ h c  lntcrnalional Sympmium nn "The 
conelalion' rcfl2]r. 

Cmclalion rpparcntly k a r  diffcrrnl mcrnings lnr muthematicinn-, 
phycici-t- ud cnginccn. The cmrrlation i q  cnmmmly.uwd a- a 
dcvicc IO quantify an unccnainty in pliy.ic* r'mwncna. The 
uncertainly can k a lundamcntal m. like in th.. quantum mrchanis-. 
nr can he p & c d  hy tk largc numhcr o l  paramtlcr- which are 
c n n q i M .  or i t  can *imply hc an appearancc like in p h r m m ~  
linked IO the &teeminist cham To U~KICPIIUI~ wch siiuatimq. ii i s  
nr:cs-uy lo enlarge the cnncql nf camlation and mcn in gn kynrd 
i ls limilr (concept nf linkagc. rcscmhlancc. di-tancc). l 3 a i . s  why it 
uxm* wnrthwhilc cnnsidcnng thc qucslina. 

Enally thc prKcplion and cnmprhcnsinn mechanism of the human 
h a i n .  as well aq thc "neuronal machim' which arc king  dcvclnpc.d. 

IE-1 

n i c  dclrnnini~tic I h a m  Ii;ir k c i i  I~~I~IMIIICCII I?' I'~iiiic;irC rriiiiiid I MU2 

niCcaniquc TCIC\IC" I XO? ')\ IJ 'b rc l i i i i i td  hy Ihivcr liihlica~iini< IIY.. 
I957 

I1 scci i i \  that niihnly I i a s  rc:illy ciwiA-rctl l l i c  piiihlcni rtatcd hy 
PiiiiwuC until tlic 'Mh 1111iii~li ilir l ~ ~ i i ; i i t l ' ~  CIII I Y  1i:ivr lwcti ckcply 
stutlicd hith nn an cxpcrimcntal and a Iliciiirticnl Ixicis. Nohculy 
qrrc.ctiiimtI . awl ~ 1 1 1 1  qiicstiiinq . the tact that iirgwi/cd larpc iiiotwns 
iif nwlcculc- lwatcr. fcw cxqiiiplc) npprar gcnily hini cniiiplctrly 
unnrganiml nicilions wlrcii cxtivnal ~raiann-tc*is  (:he l r a t  Iliir iii that 
caw) varies continunuly in oiic direction: i t  i- wtirthwhilr noting that 
the container in which thr RCn;iitl'u, citrlu nppcnr is i ir i t  an istil:itcd 
sy-itcm. 

31ajnr winks havc hrcn providctl liy I.,cncnl/ t in  tlic Raylcipli RCnrrJ 
ciinvcc.lion and hy Rucllc antl Taken< on tlic tuihulcncc in llic 'W. 
At thal timc high wkonic civilian plaiics ;tilt1 .iupcr\onic ctit-s iii thc 
military dnmain canic into hcinp. Thc power o! t11, jct  mpinc and 
thcir hiph cnnsumplinn (dnuhlc llur jct engines did not ye\ cxisl) 
impord a carcful r t d y  of the acrixlbnamis drag of the planz. I t  wap 
rccnpnird that Ihc hig priMm was in ~ h c  hruntlary layci. antl. in 
particular. the transitinn laminar/tuihulcn! in 11c extrados of thc 
wings. Aerndynamislr cliall try lo arrive at a full laminar hnundary 
laycr along thc cniirc wink chord 

Thc rrancitinn i s  not ycl rully undcrstond hul progrcv is iniltlc cvcry 
day. y r n a p  thanks In scicnlicts working on c1r;ios. as t h i s  transition 
hclcngq IO a mnrc gcncral phcnoiinca. contrary to 'tic Rcmard's 
curls. Ihc pasugc rrom organiirtl flow stiucturc In tuinrp*.iiied flow 

hi% fati1w.c h i ~ k \  I 1 VIIIUIIR.\I 1111 " I . I Y  % t C i l 1 4 t - ~  N~IUVCIIC\  lk in 

q I N C l U r C .  

Exlrcnic cltaos i s  tht molccular chaos which is (ui undc miin ist ic  
chaos gtrvcming thernim1yianiii:u. We wil: comc back lo i t  a lilllc 
further an. 

A purr dctcrmirticl chaos is rcprcccntml ia ccrtai,i types of "frxlnls". 
Diwovcrcd . or rmliwnvcrcd . in 1975 hy Rrnoii Mcdclhrot. fractnls 
cm hnvc tcg~lar hul incrdihly complex stmcturcs (such ones i i w  
hnm a triangle) 01 fully irregular ctructurcs though issued from a 
mathematical iteration. 

21 For hihlingraphic rclcrcnccs WE Footnolc uihlcr Paritgraph 6. 
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hlj~ty M r h ,  ds mi emm t~ ttnw mkw~nw +W 
in h q  cf c~t r  t ~ ~ ~ ~ i r n r  bm o~r. k urn @d h t .  
firdlY fmaiu my ~ ~ U ~ W J ~ . P ; P \  ,KI  re^^ rent- 
a h  mri1i.R COWI. e d y .  llMl lh "OuPO&C':dy" WRkh C I l l  

as the inrrimic p m ~ n r y  of fmtalr. it cda in ly  a 
nf MIUR. F a  cxanplm. the -tun: of a lrre ir 

~hc am i f  we Id at i t  from vcsy fnr 01 v w  ROC t y p  of 
mmif iat ims are similai. thc tocm~ WIIC~UR rn I" C ~ Y  with 
th Nlc of auin.rimilarity (star with plmcts: pnlaxy with Qon. clueer 
nf @ d l R i c % . . ~ .  

A ::rial d in lmww hm hrcn &find (!he fraclnl dimrmian of the 
C0J"t of hiitmy is 1.26 mrl Ihc 'dud nf Caritm' hm a f .c ta l  
dimension of O.huwl. 

Annh.r apprrcnt mntrdict inn lim in the ilimrn-inn or a .INCIUIV 
and in I X W  G. PCJW h i h e d  a p m w r i c a l l y  &find c t w c  which 
c m  ~ O V ~ T  a .quare cnmplctely: any p in t  nf lllr q u r x  can k r r r h r d  
hy thc curve. Thm. what i- the dimmion nf a V J ~ .  2 as normally 
as~UmcJ tu I k a u s c  il i* anythin8 c l u  than a curve'? 

Oh Ihc n l k  had. a phrrnnmmn that can hr c d k d  ant i . lurhulwr 
har hrm d i w n v d  d d i  hy J k . 3  811-1 in 18.U. Thir i* I ~ E  
4itm wove which i s  an i w l r t r d  WIVC w h m t  mrpliludc rail he lupc 
(a k W  kimttm on a canal Sm wick). l p d o  wavc can lravcl 
rhnuradn of mtrn without m y  rnotlificatian in shape. The two 
pmhlmt r i c i q  f m  this focl JIV that fird. how i s  thr WJVC p ~ n l u c d  
a d  wmd. how can i t  r m ~ l  withnut a quick dmping? Thc nnswm 
nre not yetprl l  c d d i s k r d .  It semis that thc w l i t m  starts from thc 
cnmpkr aprd @ppacntIy u m g m i 7 c d  turtulcncc which is crrntcrl in 
front of ar o!d-h+imCrQ b o t .  This is why we hove *aid o h v e  thal 
such a phn#mmwnr ir m i m e s  arwcintrd with anti-~urhulmce. A i  
IO tlr r h u r ~ e  of &c.eprdslion of a i s  isolated WQVP. cw CM only say 
hi mw non-lintm intrrrction should hc pdwal M w c c n  thr 
hnllnm d lk canal a n d  Ihc wave. 

lidtcd il ir mhzr difficult to WULY a colitcm in the Iohnrarnry: 
smu wxms hnr hrcn o l d a i d  with large canalr: it has nlwnyc k c n  
noted that thc energy involved in Ihi* p c c w  i o  quite a critical 
parameter 100 little cmRy cauvrr a quick dar?ing of IIK wavc 
prduccd. IM m i c h  c n q y  m11m jurt ~urtuilrnt m l i o n .  Smic nnn. 
l incu  partinl dnivntivc ~9c ' iom 8iW an mxcptnh!c repmwntotion of 
the phcnamon (KdV quat ion nf D.J. Konweg ~ n d  C. & Vrim). 

11 ir time now to c ~ m m t n l  a h i t  the cnntrediclion k t w c c n  thr 
clarsicrl morhonics (which irnplies rcvmi t i l i f y )  ami thnmodynmnic$ 
(which implim inrvmihi l i ty .  the entrnpy of a n  iwlatcd ryslcm can 
only i m a u ) .  

A i  a fin1 trmadi. i s  the arsumptinn thnt nmkculcs. at ICJSI 
m~mnrtomic (* 8. hehavc like interacting Mia in mricrownpic 
mcchanicr ahroilllely INe? If we answer ycu, lhfn Ihcrnwrdynrmica 
h u l d  hc revmihlc and the cntrnpy dtould no lniign he a 
monotonous quantity. I f  we anrwcr no. then thcrmodynrm;c~ i.c J 

separate hrrnch of physics a d  cverflhinll h n  IO he wcrmcidered 
from Ihc molcculc hehavinur. 

Torlay and for the next 2 day. I prnpou IO yw h u t  thc nnswcr ir 
ycr How lo juslify Ibis wurldwidc rcccpted arwmplion? The haaic 
p i n !  is Poimad's S ~ J ~ C I W ~ (  orcading to which a cl:isnl a n d  i w l a t c d  
srtm will m s s a i l y  pan in the 'vicinity' of any initial 
codiguraticm from which i t  ctsrtcd y. I am i;nahlc IO cmmcnt  ahoui 
"vicinily'. however. i t  docs not c m c l  whxl i s  wid k!nw. 

In Ihc famoua SIJICIW~I called Maxwcll'n devil. IWO vc*wlu iniiially 
at dilltmnt prrtzurer (a tmpXaturcs) communicate through a small 
hole. E v q b d y  lolow l h ~ c  J k T  a while rhc pms~i ic  wil l  he the 
~ J I W  in the IWO * ~ w l s .  Poincart'A Jtatemcnt nay9 - just wail and in 
~ T K  m m m n  prcnun: (or lempcrarm) will hc dillemit. Nohody 
ha\ yet o b e v c d  such a phcnomccim. 

--- -- IJ For mare &ails r ~ r c  the puw prcccnted hy C. Mnrchd "Cham 
Entropy md Inrficnihil i iy: a Simple Exampk". which appcur in 
M21. 

T b  chi: wm I&iv~ r.t tk qmd o f  ~ ? I T X I ~ Q :  k k . ~  PO I&.*> 

lscr bk OpOy 9 nith k d  o ' p c  vclvciiy'. Sf p c m  ii) i : ~  
w ~ ~ l r  wog q i n l  in lEre k3 iming .  t b q  wi l l  nnl prt c:Zm n w::i':... 
An  C l p l 0 N l i m  (M c m  Imm Ikr r-cl Ihn U r n  srr h.Q21.i(if' 
m l s u b  pn mol !. i n n  Ib -claq-krl mnlinnicr- e r t c ~ ~  io 
such n u m b  d ' c a m p m m - ?  Prc*inusly we s a d  ym. lrul i f  w 
~#rw cmnpfr h e  timc i t  c m  irhc in omvc nt M -8h.nnn.l' m i c c u k  
rrpmlilinn. wc find tfmm C. P,?wchalk 
. Initial p w u v r s  *r ttw VC\-.TI* 1.4 IO' 1'. 2' ard f1.h 10' IS,. 

. 77tc nwdt ob rhokc. of innlwulcq whch p a w s  t b l q h  tk hnk 
d m  not ~ O M Y  i n l l u m c  the rcwltr. 

. I f  wc m o w r e  IIW Irprseurc wit11 IO ' Pa accuracy. wc can mnKe 
fluctuations with regard 10 thr  avrrapc rolulicm at a raI: of a h t  
owe rn two ycnm. 

. If wc In& for voriatimc of 5rn Pa i k  prohahilily of finding r r h  
a division ir IO  kfnrc 1.4 If)'" ycnrr 

. Thc a priori prohohilily that thc ~ * u r e  in OIIC vcswl w w ~ l d  
k 1.4 I n ^  Pn or hi@r i* I O "  wilh k k 1 . 3  IO": i t  ir mi /:,I,: ... 

11 is hard IO o y  that thiq is a final nnswm to ~ h c  dilemma. I4ovvcvcr. 
wc could mt rkny that tk rrturn lime 10 initial ccmdilimt 
tPoincam"* mum tim) ct ieic:  ul~ftrrtunntcly wc could ntrl pwr f r m  
niacrnwnpic ucytrnir fo micrnwnpic oydcnn on a i.nrilinuouc ha.cir. 
Slate v t i t w  of d i i m s i m  IW1. cvcn I.mm Arc now c t i r i w f z d  
(flctihlc struclurer. for ctaniplc) in llcc mx-rowtrpic domain: in fluid 
cf)namics ~ I J I C  v e c ~ o n  JW on ihc i r k  of 6.023 a IO" pcr mole! 

The Iasl compl  wc want t o  iiwiilitin i s  Ihc riahilily crimepi. AI  fir4 
ylamc aahility a d  chaos wcm oppishc . likc st.itiiltty ud 
inslahilily: this is not d w a p  I N C .  

Is t t a h i l i l v  a mcacurnhlc quantity . l ike macs. or nn ickntifiaHc 
qunn!ity - likc tcmprature:' Thcrc arc many dcfinitirm- of siatillty. 
c n m c t i m  contrdiclnry: in fact. i t  I* n cuhjcciivc. quality which 
should hc &fined in thc cnntcrt cif tk ficld ctmcidcicd TFic rcfcrcnm 
ytm in which Ihc system cvolvcs should he ckfi.d ctahility may 
wcll caict in P givcn rcfcrcncc syslcm. h.1 no longcr caisl in rncdhm 
reference system. Slahlity w i n s  to hc a dominant f a c m  in aircra.'; 
or missile control . or fin 11i:ti nia!lcr, o l  any Igpc of vehicle. 
I lnwcvn. stahilily otal nianiwrivr:ihiliiv arc IWI tippouin:! fnctors 
which intcrvrnc in air.Tafi control: IIW ci.dilian aircraft. \ tahlt iy ~q thr 
clnminant facliu: for iiiililary ntrcrart o r  nuw:Ic*.. maiinruwahility is 
ihe dominant forlnr. Thc nhnvc arc wrnc of Ihr rcawns which Id IO 

thc org~nizntian of J Wnrkcl-.np cn "Stahility" for thc AGARD 
com.;unity.[ 21 

Rasically. slatility is r c l a l d  ti1 incvcr.;ihility. wkich m c a m  no cncrRy 
&\sipation fm linear \yricmc. Whilc li.war cy.;temc arc v c q  r m .  
oftcn rqmccnt a suitahlc anpriirirnntinn of non.linenr systcmc. 
Stahilily is also J mntter of nrcurac!'. Tattc. ftw example. Ihc rotation 
of IIK earth: is i t  stahlc or un\tahlc? This qurslion hac nn mcaning 
unless the r a q e  of ncciirocy we arc Innking for. and in fact. t f n  
wholc cnnicxi can hc specificd. 'hanks to the ncciirccy of caicting 
atomic clncks. i t  cnn he dcmonclrotcd l h a t  daily vnrialionr r i f  the 
nrdcr of lms ycmrly or pluri.annual variation. of thc nrdcr of icns of 
mt, nccur in i pwdn prrioclic inanncr. Howevcr. angular vcltwity i c  
ncccssari!y dcncasina long.tcmi: i l i i q  i s  mainly h e  to thc watcr/carth 
friction in t i h c .  In thc peKam'mian peritd (400 M y r a n  ago) hr 
day was nnly I S  houn long (that i s  lms lost cvcry IO ycam)! What 
has k n  said n h u t  Ihc angular vclncity of thc carit could a l w  hc 
said a h u l  the dircclion of the carih's morncnluni. AI  Ihc pnlc. (Ik 
trace of IIW rotolinnal vector niovec continunusly in n circle of  ahout 
Zin in diameter. Howevcr. lor a l l  humnn xt iv i l ics the earth's rotalion 
ir conaidcrcd stahle (cvcryt hy some a*trnnnnicrsJ. 

Poincad studied n*hhilily for non.sutnnomc~us and autonomous 
prohlems in thc 1870's. Lyapounnv in the 1 9 0 0 ' s  intrnduccd a wny 
of pruvirg whether or no! stithilily cxinls. I1 was sufficient. hlil not 
thc nccctcrry coditinn. Fnl1;iwing tliiu. Ihc khaviour of a syc!c*m in 
the vicinity of an 'cquilihriuni point" was sludinl in dclail hy 
Poincad a n d  cquilihrium pninlr DT "\inphrit ics" were cla!;sificd an 
n n d m - w m m i i s - f a u ~ - d d l e .  

2 A mole (mol) comspoqdr lo thc numhcr of atomq of 0.012)ig of 
c12. 

31 I Pa (Pascal) in approxirnatcly I@' hr. 
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A v m  dpf>!2 m h p -  b @%El Wh!Z'?f d o  V'Tzl. Lb 
limit whs W K C ~  c m  b w ~ r m t o b k  krcPe'~& 

-lid & pia of dnhjlity by lat ins (I h . ' l i ~ * ' ~  motion. 
m l y  uf a wwll anrglitu&. maurrd tht point nJ' r a W i t y  (in tAr 

tmn 
'.trcnp atmctm~ imcd of pint of q w i l i ~ i w n  m limit 

~ l l  . v i r  of f iysks me aNccrd ty Ihe toes ob molility. 
Mehmical syswnn wcm the fim to hc ~ f k t r $  by Yoincart's 
apprnrch T)rcarits a d  rtudiw correm m r , % n n  g3rprmq. A l l  lhpt 
crn he -id a b u t  linear sflcnn bm hxn uid. At I?K prrwnl timc 

rncl nudics cmrcrn mn- l inea systcrm. No &ha1 scrlulion 
is e ~ ~ t c d  Tht rntu.(nm c m p t  of a cnntrnl qmtcm is M 
cxtrnr im of lincar qyq~nm studies. Thiq cnnccp i o  i l w n n t  lor 
amlicatinns in idus t ry  m vchick control. R&*lntw ctn kc dclind 
13 capwity In xh icvc  thr .pcificd pcrfnrmnncm in * pile nf wme 
Jnkmwn cmrxminfi I h r  parunclm which d r f i m  I k  systcm 10 bc 
comrolld . (A wmctitxr. the c m m l  paromtrn t h c m l v ~ ~  
Ohvicusly. a l imar differential qwtinn with ruch Lmcrtainlies nn 
cneWiicntr is nn longer a linear cqurtinn In lect. cvrn in tloe early 
d i y  of l i m r  sflem audim -flaw margin' a d  '@%n mmnin- W T c  

u.rd to compcnqatc for ~ n c  errun in syclcm deuripic%. Nowaday 
m m  rlahaitt tcchruq~c~ w c h  as H- optimiratim mrhk us In dcrl 
with multi-input. multi-output s)sIcnn. 

We can pmhobly wy that fhc dilemma 'strhlity.instahility' hnr 11*4c 
~ O U  pro- in fluid mechanics. a r m -  and hydmdynarnics and 
rpcc~ru la r  (in hoth mcMing. of Ihc word) rcwltr armc from lhc 
Renard's curin 

NonrUKkrr. in this dumain. the aerodynamic flow arnund a wing can 
he stable. l h o u ~ ~ h  imtohility may appcu locally in l k  h n d q  Icycr. 
during a 'nomlal flight' Ihe haundary lam hccmntx lurhulcnt (i.e.. 
l a a l l y  unaablc) m m v h  hccwecn nnc.half m twn4hirds nf the 
wing c h m d  RuWcr phenomena is due to  he cwtapr of ad. l tnm thc 
hound~ry l a p .  8 phmnmcna which should k ovmdrcl tor aircr.ift 
pcrfannuwc md p a m g a  c m f m .  Rul l r r  p ) t t n m n a  which u c  
vrry d a n g m a  n e  due to a m t l a s t i c  cap l ina  h t m n  air flow and 
wing elaaicity: i t  appcan whnr thc frqucncirn of 2 mndcs m n v c r p  
in a unique frequency ( n m l l y  UIC Irt knding ami 1st t imion 
moda). This i q  typically a case of inslahilily which can gradually 
cmergc from slahilily w h  some flight paramecm vnry (vclncity 

pram (FI amb. M m  recently. (KW vrnnkrlary 

C F k .  

wm i d  ractor). 

stability - or irntahilily - also has a man inn  in rtalic rtructurr~ 
(hridgcs I'. hiidings. dam. arch  cmhmkmtnts. ship or aimaft 
~C~UCIUR% etc.) when loads rcwh a given valw: this is hckl ing.  
Even in Ihe cuth's ma. irntahility appcan ( e m t ~ a i t c a ) .  Rnughly 
speaking. it can bc said lhrl ~s I result of tcctmk plotc mntinnr. 
whcn. in a given location, thc friction constraint ir surpmat. the 
siding clTcct or h e  clastic d c l m i i n n  of I pfl of  he ground i s  
suddenly trmsfamd into a jump. 

To cmlude. I would like to b ie f l y  mention atmog.l#ric cmdilions. 
h nlabilily have 8 meaning? Ro luh ly  not. tlmu@i in many 
countrier like lhac in the lempcralc znnc. m o l h r  has 8 crrtain 
dcs;ce of rlahility: if you say Tomorrnw Ik wcothcr wil l  h like 
Inday's' you uc mi making a had Inrecast! (The prohahilily o l  
success is well ohove .50% r im in these ctmntrics wcnilm d m  not 
chrngc every day - a ccrtain d c p  of stability eninti.) Wcailxr i s  a 
conxqucncc of air movement ovcr the world: it should trt prrdictahSc 
as lor MY v c m  lor which UK equations arc knnwn. Unfmunnlcly. 
air movcmrm is gavcmed by phl ia l  derivative qvnl ionr - they nrc 
known with Feaurnatde m a i r . t y  .. but a M( of h m g n r t o u s  initial 
conditiom (3-D) remains to hc acqiiircd even by mttcornlogical 
satcllita. Mettwologists proceed by mgion ( tky ctc some grids. 
ranging in d, fmm 8 few kilometen lo humfmh m thnusnndr o l  
kilometen) a d  try IO *art with coherrnt sets of init inl  conditiorn on 
thc haundai~r of I h c ~  pi&. Thc canputer then mlvm I!K rcpalinnm 

1 The lecoma mnpcnsinn MdDc which col l rys<t nn 7 Wov 1940 
w m  sllhjicctal IO a mlatiwely low wing (10.7 dn). It WI'I a 
typical pknnmcnon nimilbr.te flutier (conjratwe of 2 viholing 
modes). 

tn8 lpsy m i w e  o c c ~ o ~ t l ' f )  fmr.ra fun 2 CI nm 

a '12-han perk4 ttr?a?e Lk a d  of Itn c e ? I i L T .  

h m  sh:~ 
pd is to Ec0a:ee g;a'k".!m ci!> t'n m &pez d ccwmcy fm 

Bn 
tk lad aIIplbpflm in whkh n f r lora nigo end llrt p l m  cictlf. 

2. VQUE R A M M R 4  ENVURQMMXPJT OF A W A A X  

This is pIoIaRly cp# main utmxrcri~t lc  of r x ~ o n n u t i c ~  hinil= aitd 
spcc r c t i v i t k  hnvc to frrc &erso conditiom. h~ pm)mhly m on 
Ihr umc k v c l  m cmmiou:ic.. 

To stmt thc &ign ohd cnmputntinn of o plartr. P 'standud 
ammtqdtme' har ttrm spwilied tKp. I ). A n m i n a  lhmt ~ h s  p l m  Ilk 
within such an a t m o q k m .  serolfynomic fcoccs a d  cvaiuolly tkir 
ausa in ld  pktnnmtnaa such nu lwflc1in3 (collcd "huffca )̂ UT fluttm 
(an arrnclwtic couplino Ipcwrm tk oirllnw and r k  ~rructurc) can RS 
p c i s l y  cnmp,ated. knre llrt ol l i tuck  and m o i i m  of the plrrpt. Ypr 
flight envelop (Fa. 2) LISP u u d  hy oirlinr oprrrlan. nip u a f k  
control or military penplc ltw the vllc and omimuni rnanoaetncm d 
Ihc aircraft. 

Rut ihr real atmnsphcrc &pans  from rhc standard aimoyhcrr in a 
wry  which is JiKicult to sprcify in thc vicinily of the plem. 

Thc almmptnw i s  composal of . ihc tmpmphcrc a 8 . 0 - 1  1.W 
high layer arnund the c u t h  in which l h  dm vcrlical m o t i m  
namely in wl ivc cumulo.nimhus cltwdu - the s o - r i o c p h .  just rhovc 
~ h c  !rnpcrphcrc. in which air mntinn. u c  niaiiily ht)n/nmal. 

Thc qmat inn ir c a l l d  trnpnpaucc. i t  ir a 1ransi:inn layer in which 
holh chuwtcrirlics ut p~cnl. T i c  p i l i o n  a d  thickness of this 
l i y n  varics with Ihc Ialitude and tk YJ~WW.  

In thc ~rnpcnplmr. rlrnnp: turhulrncc c v m  in clcar sky may cxiu.  
Active curnuln-nimhs arc t l ~ p n t - ~ .  lor a plrnc duc to the 
iurhlmcc. thc vrrtical vclwilicc (2- i t1  thc cow of thc awcndini 
m:m of uir#waler). lightning. icing ... 

If I plsnc enter* wch a clnsd. i t  IS like rnirring into cham at Ica.cr lor 
ttx p a s w g m .  (tlr CTCW trirt juct I I I  maintain m rccrptaMc ~ g l c  of 
attack a d  to stahilitc tlr rnli molion n l  thc. plane). 

In thc s ~ r a ~ o s p h .  jet clrrnrn* arc f rqumt:  ! k r c  arc "tuks- id wnmc 
huntbcdr o l  mclm or of I icw k i l o m t l m  d i m l a  of air: Ihe flow 
CUI k laminar and clear hut the tranrition iq  highly turhulmt. 

Until tlx Irst fcw yean. the only mcasurohle puomacv an hoard 
were static prcrmrc p,. dynamic prccwm p, a n d  total  .rmprraturt P, 
Frnm thrrc data (ruc a i n p x d  (TAS) ~ n d  Mach nwnhcr rhould hz 
dcrivod hy SI Vcnaud or Raylci:ih Innnulam according IO ihc Mach 
numher. 

lollnwin3 p m g r o p h  wc will tsrsh i*pn the coc>JIin?. t r i m  

L r t l y .  the sa lm of turbulence could vary lrnni some mtm io some 
kilomctcn and stationarity ir normally nnt Ihe N I C .  

Tn he ccnifinl. a plane must experience no damage (more precisely. 
i t  should Sl8y in the "clasii* domain") when crossing II p s l  or whcn 
flying in a turhulcnt m a .  Ctusis nrc d e l i d  hy "spccilicationr" which 
vary - slightly - among the countries who c m i f y  plrncs. In France. 
two major conditions to he untislinl arc: 

- a vertical gurt of 'I - COT." type 

W, gurt amplitude (tn/s) 

d, gust laigth wind (m) 





11 i s  Imp' lMI to nntc that the nu&cal valuca which a w a r  in Ihc 
8 h C  quatian mua k reid rcordinp In the snfcty icvcl rcwhcd 
at a iimc. As this d a y  b e l  i m a w .  mc muu lnnk for the 
amplitude of thc gud m turhulml v t r r  which b v c  a pmhrhility nf 
the umc value as the safety levcl or thc planc. 

3. WHEN CHAOS BECOMES D O W N R l r R m  

'Somc a iman accidents lhrt n r r d  at Inw r l t i t ud t r  cfuring 
convective activity wcic regadd JS pilnt erm w i t h u t  h l m i n p  the 
w c r t h  wcmr as major cmtrihuting frtnn" fmm W o n :  Fujita 
The Downhum'. U n i v a d y  of Chicago IW5I3l. We pmvcd that thc 
'inquiry harrd' Was wlowlg: 

11 i. c u i n u t d  that I to 3 c c m i a l  plarm ire Inst each year 
k r u w  of windshean due to downhunts (Russia and China arc nnt 
rcroumcd far). Downhunts resllt frnm the utudssn inunhility or J 

cnld maw of air coming m a l l y  from a clcrud. hnwevcr. a 
downhum c m  he accbmpanid hy 8 . & o m  f . o m e t i m  ve'y *tmnp). 
i t  can k 6y m hr rcompmicd  hy s h w a *  only in its upper prrl i.e. 
Ihc rtaplcts evaporate in h*wcm the clnud a d  thc pn~nd. Rp. 3 
rnbdclira a minohunt d a tnrndn. 

1'11 give two exampla to pint out thc qur ;. imprtihil i ty fnr a pilnt 
firCC 10 undrnlud Wh8l  is happcning. and w n n d  lo c m l m l  Ihr plane 
in ardn IO avoid a fatal .ccidmt. Thc 2 cnampk am canrctcd fmm 
The Dawnhunt' clheadore Fujita). 

a)  Take-dl rccidcnt: C v  i i v  mtal 426. Drnver Colmacb. 7 A u ~ u ~  
197s 

Two planes took ON just hcfore 'Continental 426 Both pilots 
r c ~ d  " w i d d v r m  during ud itmncdiatcly ancr talre-or. 
'Codnmtal 426 took d with Ihc maximum iakcorr tha. It  
entered rain nhr*tly helac h e  l inaff. Arter a namul liftof!. thr 
r i d 1  climbed with a 14" pitch attitude. Thcn all of a w M ~ .  
i t  loa 42 h s  (22 mhec) IAS in lea  than IO mad< The captain 
lowered the pitch attitude to a h t  Io". k t  the aircraf! mt ;nud 
IO d t u d  I O  Ihc p i n d  (Fig. 4). 

Tk maximum divergence bI lhe surface inside btv Cnntincntal 
426 microhunt wa3 edmatcd to hc l50-2SO pcr hour (O.cU.0.07 
per =and). If we ( L ~ ~ I C  that this magnitude of divergence 
cxtmdad up to UI estimated maximum height or !.SO ft (4.7 m) 
AGL. thc dowVnnow speeds at various AGL hzightr were 

2 4  r p  (1-2 kts) at .so rt (1s rn) 
4-7 fps (24 kts) at 100 ft (30 m) 
6-1 I fps (3-6 kts) at 1.50 ft (45 m) 

T b  tsa d IW CI n I(p. @xh o n i M  i o  2.5'3 pm h m  'I?b;q p ip  
m l t  In s n r s n k m  of 136 Icm af lin a I!UJ R (45 m) p 
tk ef".@3C2d &Wlf lOW. 4 ktn tM mkr) lcra ul IAS ctm 
v~ U&QS &I &in c m .  k n u o r  i~ could inmpCc O u  I m n  of tin 
as much U 5w. 

i4ow con QV r rn t c  P s+m:wr#.?, vim in t rhdY.  w k t h  m nta 10 

fly into w h  D mm wiiw!*krd'  Crvinudy. thc IIW nf r&r 
m y  Itadd tktr b y  in wch o k i w m  R d n r  @nzn:,Tay'n tdm $I 
tk W a t i d  Vk&m %ice. Linum rdnr (10 cm) *W o 
nu* of d l  m k q  r c e t t d  oll over th h w  nrra I?u 
fint CCDtD d Ott Contirtrn!nl 426 m i m h m t  clmd wcq 
p~qjmpka~I nt 1@l6  MDT. five mine:- helm Utr KC& 

7hr echo mcdrzd tttr monimurn sire rm) intnsity nI IcthlT a 
minute ortcr IRr ~ ~ c d r n t .  l h r e n f t c r .  &r mho +it intn two p a n  
i d  rcobrncQ Thiu evkbmcc p m m t r  o diflicult pddcm cd 
idcnifylng rnkr&ur\c r c h  hy m.bpplcr d z m . -  

h) Tbc =imd aceidem I will mention krr 1% 1% Royal Jonlanicn 
0 at Ihha. Ourtar. on May 1970 in i t r  final approrch. 

-Doha A i r p n  has nnly m-w NnWay. n h 1 e c 1  in Q ?M)".tLIP. 
LIipccIIm. At (20,R U T .  thc pilot wanlcd to land toward\ rln 
mutli. Runway IC, wos r q u n t c d  a d  W O <  clcarcd h a v i w d  
a p F N c h  As the aircraft hcpm ckwending Inward Ihc r q u m l d  
runway. thc w i d  direction changed frnm w)" nt 17Lts to ZUP D I  
C, kls. At that point. thc p i l a  hed nnt w n  the runway. A m i s d  
approrch was initiated uxl a new approach to Runway Y was 
r c q U ~ I c d .  

At 0235 LST vhcn the airc-rall c-inplctcd thr turn and ilK ficld 
was in sight. landin8 clcarancc ;Yaq givcn. Hnwcvcr. thr runway 
wind changed again In IkD' at 6 kts. which i s  a tnilwind m 
Wunway 34. Thc rain was vrry hew) and virihility at thc t n w  
was ICs. lhM 1.m) m (0.6 milr). Rcfnrc r e x h n g  the drci.cian 
heipht. a r c n n d  m i q d  apprnach waq ini:i.ilcd 1 1  0217:19 LST 
at ahnut .MI ft (90 m) AGI,. The pilnt thcn rcqucctcd clciuana 
tn Dum. 

The rircrafi k p n  climhinp ai  n 12" pikh  attiluck 11 I.HW) Ipm 
(h.6 mluc) rntc nf clirnh. Ih r inp  this climh. 1.45 ticpc dccrrastng 
to 140 kts. l lpn rcwhinp 790 fI t2.W m )  AGL. IIIC ain-rofl 
k p a n  !e &wend until i t  stnick the pnund with a vrnical 4pccd 
of 4.2m fpm ( 2 1  mlwc). During the Incc 7 wc:ond% thc I A S  
increaud rapidly to IM kts. while Ihc prnund proximity warning 
!.ytcm (CPWS) pave a cnntinunus warnine I I u.cond% prior to 
thc impct. 

Thc r u t h ' s  analysis in Fig. 5 shows that tlrr aircraft 
crprricnccd 1 2R k ~ r  incrcaw nf the headwind from 151 lo 170 
L t r  11 is  likely that rhc a i n i a f t  flcw kneath a roll v n n c ~ .  When 
t t ~  w o n d  go-unund war initiatcd 11 0237:19. thc aircraf t  w m  
JI tlr &ad cemm of thc dnwnflnw. without rralizing that i t  was 
vnctrating thc second tailwind of the microhm:. As I h e  aircraft 
was flyiiig nut of thc niicinhuvt. the I A S  was lost IO t k  pint  
that thc aimaft cnuld no longer mainlair, 11% altitude. After 
reaching its peak altitudr. the aimaft kept lming altitude until 
p u n d  impact at 0237:W LST." 

Whrt to conclude I- hcu accidents? They arc the rcsult of UI 
unprdiclrhlc airflow pallcm with high velocity gradicntr: due in Ihc 
i m i a  of the plane. i ts  INC a i r  .peed v r i c r  accordingly to thcv 
gradients ud the plane may gn in ! a d .  In the Cnntincntal 426 
accidcni Ihe.pl~ne Imt 42 k t r  ( I A S )  in lms than 10 J. In addition. 
vcnical k c e n d i n g  w i d *  may reach M.25 d s .  a vc.locily higher 
than Ihc manirnum vcrtical vclncity or plane in calm air. 

W m  this m t s  of cold air  re.. .lws the g n u n d  at fint a giant toric 
vorlea is generated 4 as time passe.. ~ c m d a r y .  l d i a r y  .... vorrices 
a p p r .  

This is a rrondclcrministic chnm (nr clochartic chaos.) that Ihc humm 
hrair? cm hardly idtntify and -en i f  well idmti f icd there JIT rtujoc 
difficulties to count- Iht quickly varying roradom di-turhoncm a n d  10 
exit from u#n Spccifii mods in thc automatic pilot already exiu 





.1/ I1 h ntrpising h t  UIC Autnpllol rcacts hater than a pilnl: this 

. ir partinlly Qc tn UIC fwt hi Ihc immcdialc oction ihot tk pilot 
should 1.t~ is contrary IO c a n m  ~ I V :  I)# plant i s  hcend ing  
ud hc mutt uv full p o r n  immrdiatcly in onkr IO i m a w  thc 
plat's told energy. The Auto-pi ld nM h i t a l c !  

1 E-5 

a-b b ntbjzs6.d lo on rrkhti0n.d noise ond input-ourput 
cmrsbion wil l ody b sliahtly rffectrd. In both cows r e  nrsumd 
hi the energy cantairrod in LRC input t i p 1  (rpecbum) in dn, ir v q  
rmall. Thin is the usual cam. 

lr 4 is clopc IO w, m i f  h e  specmm of the inpui signnl containq 
s ip i f t cu *  energy 81 a&. lhcn input-output conclntion mey dinrppem 
c q k t c l y  md h m p o n x  lo on input rnoy appear as unrelated IO 

it; it's a kind of &cnninid; cham 

In roc!. Ih iq cxmp!e cnllr for Iwn c o r n t i t o .  First. it i s  ocsumcd thni 
a &I cristn without m y  uncdainty obout Ihe vniuez of Utc 
cacN~chtr a: ccrh imnnt: in nlher w a L  h e  smcture of Ihe system 
i s  p d o r l l y  knnwn, i t  cnlm intn I!K clmricr l  X = AX + Ru equation 
in which the coelTkknts of A &e on time. In m y  applications. 
u m i n t i c r  on thcu cnclficicnir mnkc UIC time-varying a w n n p t i o n  
wcat. Mo&m concc.-~r in automatic control imply mbustncss conccpi 
as the choice of G i i r  wrh a way that unrrrtainliccl iw cmficicntr of 
A do no( r c k t  mm 1h.n J given qunnlity 01 Ihc outpui vator  y 
(ymCX). .kcondly. Ihc trnnrfcr function conccpt or thc p l c  
Incalisalinn cmccpt d n e  nnt accnunt for polc var ia t i rn  and il i s  
unfair IO mix Ihe cuprrpnqilion principle a d  ihf slalility cnnccpl 
(pol- in Ihc right Icft p h c ) .  

Nncnhclcss. parmxtnc rvstcm-. . wch  was thc nwnc given io thcpc 
l i ncu  sptcms with lime-varying ciwfftcicvls . arc no longer st-died 
a n 1  when t h y  vicm wrnc 3 - 2 5  yrnn -gn. chaos was nnl ya 
r r d i r o v n d  It  wcrm to mc ilia1 w m  rcadrmic Studicc on 
parrmlnc sycmq could he wmthwhilc in a 'chanlic apprtuch' 

5. RRAIN DYN.4MICS AND DETEKMINISTIC CHAOS 

I Bould like lo touch on this whjext alllinugh i t  it not in ~ h c  ficld nl' 
my activiticr A chaotic qyurni in a qtaiionary clatc i.c unslahlr m i t s  
atlracmr. and il thus p c u - c *  IIK Inhilily and capabilities nf 
rxplwinp phau  cpxc that nnc might cx.pccl fnr lhc IYFVOU* y !  71. 

The idca that hra in  dynamics. In ~ I W Y  or i1.i I.~FCI%. c o u l ~ l  h LhacNb,. 
a d  of wull dimnsion. has artiuucl viii'itllr" s p r c u l r i i o m  and 
a l l m p t s  lo iclcrprrl I!IC cltilr(i cix'cphalnFrapliic w p a l  in 

trnns nf dctmin is t ic  chr rw,  I t  I \  cnpxlnt IO liiid a stranFc auracm 
in r l m w  cvny  a riprwl ( f rqr icwics in 8 I 1  Ilf). 

Onc malor dilriculiy in s!utt).inF ELC; IC thc mi11 ~ i a ~ i ~ i i m r i i y  0 1  ihc 
si@: i t  diiiuld he ramplnl in Xhon tturaiion tinw bicnal a r r l  itiuq 
limit I h c  dimcnrinnq of Ihc atlrx:iir. Car: Y'C ciinc.lii~k that :his non 
stationarit) can hr inlcrprcld a8 IIK prwf of tlic ILFIIIVC characirr of 
hrain attrac10m3 Or. in o t k r  word. attracilir\ arc \prcific of ~ h c  
mailer cnmkkrcd by thc h a i n  at I ~ i v c n  in81a71 tir dunrip J p m i i m l  
nf iim 1. 

6. CONCIAISIONS 

SI:rhrst ic consickration in n i p n m i t i g  y c t c n i s  w r c  rcally intii+lccd 
by N n k t  Wicrwr in IIK 'Uh i rcmcmtw ti l \  farn:x.r hool on 
cyh-mc~icr?). Thc f i w  applicaliiins conc.cm1 ~k h r b v i o u r  of 
dclcnninistic %ystems .Iihyct in ,locha\!ic pr**urhatimc: a1 thr \WIF 

t i m  p d i r t i n p  lincrr miworb\ CCTC &sipmi uhl w n r h d  ucI1 inr 
<tnlinnary random input funclion. Hhilc at  thc sannlc' tinlc. Clruh 
Shannn intrduced 11w infomation Itwmy uwl the &en& .U) N )  
c n n f i d  I h c  wcll.fouidrcl s l a l N n l  nf Ihc \t iKhastic a p p d c h  in 
UIC cngimr 's  acIiviticc 

h c r  on cngi- asked for mim-: i k y  rio1c-d that Iincai .yc~rm* arr 
rare (hut don't forpa h i t  oflcn they arc s t i l l  cinsickrrd J< p o d  
al;proximatims of nnn-linear cystcnn) and rtalimarily IC rare cucpt 

ZJ From: Comprc R m l u  AcailCmir clrs Scicw*r\. Y u i 8  1.31 I .  Scric 
[I. pp. l(J3?-l(M. IW). Ropn Ccl: CI a l .  Among thr 
hihliogrophic rcfmncrq cilcJ in ~ h c  Qwptp Itcrr~tt I incniiii~i: 
E.N. h i ? .  J.-Atmwph SCI 20. 1963. pp. I VI .  141. 
D. Ruelle and F. Tohcns. Conunun. Math. Riyr. 20. 1971. pp. 

D. kucllc. 
P. G ~ s h g m  ud 1. F'rncacia. Yhysiia 9D. 19x3. p p  lfl9-3Nl 
J. ThciL-r. Phvs. Wevicw A .U. IOXO. pp. 2427.2432. 

167- 192. 
Roy. Snc. Lond A 427. 1990. pr. 261-268. 
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in some hd of m t i o n s  arch IS lhasc iamb8 Iran the gnnulor 
S U U C N ~  of electricity;' If the signal c m n i d e d  iq  nnt * a t i m r y .  it 
c m o i  be rf l*oxinuied ty stitionr.y signals. 

Nowadays. cnginem om frmiliu with rrndnrn funcliow a n d  r a . m h n  
p a s :  chc Kalmm filten wi3l many vuimlr i* f~llcd in GPS 
r m i v e n .  in automatic pilots. in any intclliQrnt mnhile h i .  
Howcva. che bcrncnd~us increase in pmns*nr cnpnhilily rnakcr Ihe 
engineer dissalisfid. Hc knows hi ihc mndrh he was uqir p WCIC 

apyoxirnatirmr of the mal splcms a* wrl l  ar Ihc !y~e F signah 
which cn~cr Ihc sptcm (inputs nr prrlurhrli?n*). Thc r .mcp( of 
rnhustws* was intrnduccd wmc 20 yean ago and ncw r!vinlimlinn 
a l g p i h t s  wen: u r d  in rccrpt raw u;mrtaintic* m ! . a r m t a <  

Chaos then a m v d  or m e m g c d  k a u c e  as w r  w i d  ii was 
mcnlioned hy Pnincad m m  lhrn 100 ycrn apn. Thiq i$ yuhahly lhe 
hiolngical univmal law c o m i n g  the evnlutinn nl a ppulnl ion c l  
'living hcingg' which IC*! scicnlistr In sludy carefully ihi. simplc 
quaiion (Vrrhuli'r q u r i i m )  x . , I = a x. I - x,) 
and a11 Ihc c m u q u m ~  m, nm-linear .ydcm h c h a v i t d '  

Fmm a l l  [hi* hJpp.Jp, a rnm rhwlurcd theiwy tin non linrar 
d }nmic *  which incluclm cham hac hccn clabraird ( r :~  JI I~  

clahnra:inm conlinuc. The Icc~urm which fnllnw wil l drvclop ihc 
main lcatum of this ncw chaptcr in view nl  ~ h r  app!icahns it1 ~ h c  
c n e i m i r i  field. 

I 
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VERTICAL DOWNFLOW 

- 
tornado and a horizontal w r t % x  i n  a mfcroburst. FUJITA 

Noda les  s i i p l i r i e a  d'un v o r t e x  v e r t i c a l  dans une 
t o r n a d e  e t  un v o r t e x  h o r i z o n t a l  dans un "microburat".  

1 Fig' F l i g h t  pa th  and i n d i c a t e d  a i r s p e e d  of Cont inen ta l  

FROM FUJITA 
T r a J e c t o i r e  e t  v i t e a s e  indiq*r&e du C o n t i n e n t a l  4.26 
B S t a p l e t o n .  Denver,  Colorado l e  7 aoat 1975 ( d ' a p r 8 s  F u j i t a )  

426 a t  Stapleton Airport, Denver,  Colorado on 7 August 1975.  





Pig. 5 The f l i g h t  path of R o y a l  Jordanian 600, which 

According to  t h e  au thor ' s  analysis ,  t h e  aircraft f l e w  i n t o  
d strong tai lwind i n s i d e  t h e  horizontal  vortex of a s t r o n g  
mic robur s t .  non PUJITA 

CrdSh landed de Doha A i r p o r t ,  &tar  a t  0238 L!3T 1 4  May 1976. 

PIE. 5 T r a j e c t o i r e  d u  R o y a l  J o r d a n i a n  6 C O  qui 
p e r e u t a  l e  s o l  B Doha, Qata r  l e  1 4  mal 1976. S a l o n  
l ' a u t e u r  D r  P u j i t a .  l ' a v i o n  a v o l b  d a n s  una zone  B 
v e n t  arriere B l ' i n t h r i e u r  d ' u n  v o r t e x  d ' a x e  h o r i z o n t a l  
p r o v e n a n t  d ' u n  " d o v n b u r s t " .  





I .  Pig. 6 Downburst simulation from ( 5 )  
Simulation de “downburst” de (5) 
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Introduchw ih Ile "Lecture Series" ILS R91 

Mrairc J, PCPegriw 
h u t  Canseiller Scientifique 

B.P. 4025 
3 1055 Toulouse CCdex 

France 

ONERA-CERT ' 

11 n'est pas dans mes intentions de resumer ce 
que les Professeurs P. Coulet. Ph. Guichcteau. 
C. Houpis et J.J. Slotine vont vous dire durant 
cette "lecture series". Ce serait plus un  sujet 
pour la conclusion. 

Je vais essayer de souligner quelques aspects de 
la dvnamique non IinCaire et du chaos qui, peut 
itre. sont marginaux par rapport au cceur du 
sujet qui sera dCveloppe durant ces 3 jours ; ces 
aspects pourront faire I'objet dc discussions 
durant les tables rondes de ceF journdes. 

La plupart d'entre nous sont engagts dans des 
actil,?iis d'ingenierie ou de recherche ; bien que 
I'Atrona\l;ique et I'Espace ne soient pas 
meniimrks di:ns le titre de la "L.S.", il est clair 
que ces 2 3omaines resteront dominants durant 
ces 2 iii jours. Mais il est souvent profitable de 
regarder autour de soi et de comparer les 
diffkrentes approches possibles du sujet. C'est 
pourquoi les Prof. Houpis et Guicheteau 
pasleront principalement de sujets lids B 
I'ACronautique et I'Espace ; Prof. Slotine 
parlera, erne autres, de robotique et le Prof. 
Coulet couvrira I'ensemble du domaine, la 
fois d'un point de vue thCorique et d'un point 
de vue applicatif dans divers doniaines 
(mCcanique des fluides, optique, systkmes 
chimiques et biologiques). 

lQuelques ddfinitions et cornmsntaires: 

Un syst8me est u n  ensemble de composants 
clairement dClimlrCs dans le' temps et dans 
I'espace ; le systhme est contenu B I'intCrieur de 
sa frontihre. S'il n'y a pas de transfcrts de 
masse ir travers cette frontihre le systtme est dit 
f e m e  ; s'il n'y a pas d'tchange de chaleur, ou, 
plus gCnCralement s'il n'y a pas de radiation 
CchangCe avec le monde extdrieur, le systhme 

i 

est dit 
realiste ... ) 

(condition plus theoriquc que 

La coriiplexitC d'un systhne est difficile a 
prtciser : elle implique la d6finition des khelles 
d'observation ; u n  exemple trivial est la 
difference de conception qu'utilise I'ingknieur 
qui dessine une turbine et le physicien qui 
Ctudie une transfonnation rnoldculaire : tous les 
deux utilisent la notion d'entropie. Pour le ler 
I'entropic est dkfinie par ds = dQfl Q flux de 
chaleur CchangC, T t e m p h t u r e  absolue 
(processus reversible), pow le second 
I'entropie est le logarithm de la probabilitC 
d'apparition d'un Ctat de complexion donnee 
(en termes d'arrangement des molCcules). La 
notion d'tchelle est de premiEre importance, 
ainsi que nous le verrons plus tard. 

Lc concept de corrklation est tr2s utile dans 
1Y:tude des systkmes (voir, par exemple, les 
compte-rendus du S ymposiim International sur 
"La Cordlation" ref. [2]. 

Le concept de corrklation est utilis6 par Ics 
mathCmaticiens, Ics physiciens et les 
ingCnieurs. La corrClation est u n  outil 
couramment utilise pour tenter de quantifier une 
incertitude apparaissant dans de riombreux 
phCnomhes physiques. Cette incertitude peut 
avoir un  caracthre fondamental, coinme ceile 
rencontrke en mCcanique quantique, etre like au 
trop grand nombre de parametres P considdrer, 
ou n'etre qu'une apparcnce comme dans les 
phCnomknes lies au chaos d6terminisic. La 
comprChension de telles situations necessite 
parfois I'extension du concept de corrklation et 
m2me son dkpassement (concept de liaison, dc 
ressemblance, de distance). II parait donc utile 
de faire le point sur la question. 

Enfin, le mCcanisme de perception et de 
comprkhension du cerveau humain, tout autant 
que les "machines neuronales" en cours de 
ddvelopement, conduisent il s'intcrroger sur 
I'importance que peut y jouer la corrdlation. 

* oour plus de details voir en ref. [ 1 I I'article de A. Favre 
"Corr6lation spatio-temporclle". 
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II iaut ensuite parler du concept flkuxki et de -. Le desordre c2pnpPet est 
I'indCpendance de tous !c; comgcsants du 
syst8me. Toutes les autres dCCinitio2s Sont 
plutat nCgatives, par exemple cclle-ci : une 
condition suffisante (mais non n6cessaire) pour 
dire qu'un systtme n'est pas d6sorganisC et que 
les codlations entre les diffdrents paramttres 
qili caractCrisent son Cvolution -s'ils sont 
accessibles- ne sont pas nulles. 

L e  est gCn6ralement associ6 a la notion 
de probabilitd ; cependant le dCsordre complet 
est considCrC comme une manifestation du 
hasard et, d'un point de vue stochastique, le 
dCsordre complet Cchappe aux lois de 
probabilitd : il y a contradiction ! 

Et I'on amve au chaos qui est normalement 
associd au dCsordre. 

Le chaos deterministe a CtC introdluit par H. 
Poincark BUX environs de 1892 dans son 
fameux livre (2 tomes) sur : "Les mCthodes 
nouvelles de la mkanique cCleste" 1892 - 93 - 
99, M i t t 5  par Dover Publications Inc., 1957. 
11 semble que personne, depuis cette date, n'ait 
rCellement repris le probltme forrnult par 
PoincarC jusqu'aux annies 60 bien que les 
tourbillons de BCnard aient Ct6 Ctudies trks en 
profondeur tant du point de vue expbrimental 
que du point de vue thCorique. Bersonne ne 
mettait en cause -et ne met en cause encore 
aujourd'hui- que des mouvements organists, A 
grande tkhelle, de particules (molCcules d'eau 
par exemple) apparaissent progressivement A 
partir de  mouvements complEtement 
dCsorganisCs, quand un paramhe exdrieur (le 
flux de chaleur dans ce cas) varie de faGon 
continue dans un sens. I1 est cependant 
important de noter que le recipient dans lequel 
les tourbillons de Benard apparaissent ne 
consthe pas un syst&me isolC. 

Des travaux importants ont CtC faits dans les 
annies 60 par Lorentz sur la convection de 
Ray!eigh, Benard et par Ruelle et Takins 2 sur 
la ruibulence. A cette Cpoque, les avions civils A 
Mach subsonique Clevt et le5 avions 
srlFrsoniques du domaine militaiE entraient en 
service op&ationnel. La poussCe des reactcurs 
et leur forte consommation (les rdacteurl; 
double-flux n'existaient pas encore) imposaient 
des Ctudes fines sur les causes de la traide 

voir le ngpel en bas de page du 5 5 pour les df6rences 
bibliographiques. 

aerodynamique des avions. 11 h e  confinne que 
le probltme rksidait principnlcinent dans la 
nature de la couche liinite et principalement dans 
la transition laminaire-turbulent sur I'extrados 
de l'aile. Encore aujourd'hui IC probl2me est 
d'actualitk et Ics adrodynamiciens essayent 
d'obtenir une aile Ccoulement complkement 
laminaire sur toute la corde de I'aile. 

La transition n'est pas encore parfaitcment 
expliqi!ke mais la connaissance du phknomhe 
s'accroit chaque jour, peut etre, grPce 3ux 
scientifiques qui ktudient le chaos, parce que 
cette transition appanient h un phtnombne uEs 
gCnCral, A I'oppost des tourbillons de Benard : 
c'est le passage d'un mouvement organist P une 
structure totalement dksorganiske. 

Le chaos extreme est le chaos moltculaire, 
c'est un chaos non ddterministe qui prtside B 
toute la thzrmodynamique ; nous reviendrons 
plus tard sur cet aspect. 

Un chaos purement dkterministe est celui dcs 
fractals (tout au moins de certains types de 
fractals). DCcouverts ou plus prCcisCment re- 
dCcouverts par Benoit Mendelbrot, les fractals 
peuvent avoir des structures parfaitement 
rkgulitxes mais incroynblement complexc.. ,elle 
celle par exeinple issue d'un tnaiglc dquilat6ral. 
Elles peuvent av:ir aussi des structures 
complkement irrtgu!ikres bien qu'elles soient 
issues d'itkrations mathkmatiques. 

Au dkbut, les fractals ne paraissaient avoir 
aucurle application, except6 peut Gtre dans 
I'exploitation de leur beautk. Plus :ard i l  fu t  
reconnu que, d'une part Ics fractals pouvaient 
etre une bonne approximation d'objets rCels - 
par exemple une c6te maritime, d'autre part que 
I'auto-similaritt, qui peiit 6tre considtrt comme 
la propriCtC intrins2que de leur structure. est 
aussi une propriktt frkquente dans la nature. La 
structure non dimensionaliske d'un arbre, par 
exemple, est la meme qu'on le regarde de loin 
ou au contraire de tr2s pr&s : les types de 
ramification sont les memes. De mCme la 
structure du cosmos semble satisfaire la loi 
d'autosimilaritk des fractals : Ctoile avec ses 
planhtes, galaxie avec ses Ctoiles, amas de 
galaxies avec ses galaxies ... 
Une dimension fractulc a t t C  dCfinie (la 
dimension fractale de la cate bretonne est de 
1'26 ; celle de la poussi&re de Cantor est de 
0,6309). 

' I  
I .  
I 





Une autre contradiction -tout RU moins 
apparente- est IiCe A la dimension d'une 
structure ; en 1890 G. Peano ddcrit une courbe. 
gdometriquement dCfinie, q u i  peut 
complhement couvrir un c a d  (la courbe passe 
nCcessairement par n'importe que1 point donne 
A I'intbrieur du carre). Des lors, guelle est la 
dimension du card : 2 comme il est usuellement 
affirm6 ou bien 1 car ce n'est autre chose 
qu'une courbe ? 

A l'oppod, un phtnomtne qu'on p u t  appeier 
anti-turbulence, a CtC dCcouvert et CtudiC par 
John Russel en 1834. Cest la vague soliton. I1 
s'agit d'une vague isolCe, d'amplitude 
importante (quelques dCcimktres dans U N  canal 
dc 5 m de largeur). Cette vague peut .+ 
propager sur des milliers de metres sans 
modification de forme, c'est-A-dire sans 
amortissement notable. Deux problkmes 
Cmergent de cette observation. D'abord 
comment la vague est-elle prodiiite, ensui te 
comment peut-elle se propager sans 
amortissement ? Les rCponses ne sont pas 
encore tres bien Ctablies. I1 semble que le 
soliton apparait dans la turbulence appmmment 
tr2s dCsorganisCe que I'on rencontre devant 
I'Ctrave d'un bateau mal carCnC, tcl celle des 
vieux bateaux. C'est pourquoi nous avons dit 
que, quelquefois, ce pht?nom&ne est associd A 
I'anti-turbulence. Quant B l'absence de 
ddgradation de forme de cette vague isolee on 
ne peut arguer que d'interactions non-lintaires 
entre le fond du canal et la vague. 

En fait, I'exp6rience est difficile A realiser au 
laboratoire ; quelques succi% ont CtC obtenus 
dans des canaux larges ; il a toujours CtC not6 
que I'Cnergie mise en jeu dans la production 
d'une telle vague est un param2t.t-e critique ; si 
I'Cnergie est uop faible il  se produit une vague 
qui est sujette A un fort amortissement ; si 
1'Cnergie fournie est trop grande, iln 
mouvement turbulent est produit sans creation 
d'une vague isolCe. Des equations non IinCaires 
aux dCrivCes partielles donnent one 
representation acceptable du phCnom8ne 
(Cquation KdV de D.J. Kortwcg et C. de 
V r ies) . 

II est temps maintenant de commenter B propos 
de la contradiction entre la mkanique classique 
qui, pour les syst2mes ncn dissipatifs, implique 
la reversibilitt et la thcmodynamique qui 
implique I'irrdversibilite : I'entropie d'un 
syseme isolC ne peut que croitre). 
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L'hypothkse selon laquelle Bes mol6cules se 
comportent comme des corps en interaction 
parfaitement Clastique, comme dans le domaine 
macroscopique est-elle absolument exacte ? 

Si la rCponse est oui, alors la thcmrodynamique 
doit Cue rCversible et I'enuopie n'est plus une 
grandeur A variation monotone. 

Si la dponse est non, alors la themodynamique 
est une branche sCparCe de la Physique et tout 
doit etre reconsidCr6 il partir du comportement 
de la mol6cule. 

Aujourd'hui et pour les 2 joiirs qui suivent je 
vous propose d'accepter la reponse oui. Mais 
alors comment justifier cette hypothkse 
mondialement acceptee. 

Le point de depart de I'affirmation de Poincar6 
selon laquelle, d$ans un systkme fermC et isold 
une trajectoire de phase passera nkcessairement 
"dans le voisinage" d'un point quelconque, par 
exemple la condition initiale d'oh le systeme est 
prrti 3 (je ne peux pas commenter le tenne 
"voisinage" car H. Poincar6 lui-m2me ne I'a pas 
precise. De toute facon je ne crois pas que cette 
"indCtermination" rende caduc cc qui suit). 

Le fameux demon de Maxwell conrrale un trou 
entre 2 dcipients qui contiecncnt iniiialcment un 
gaz B des pressions (ou temperatures 
differentes). Chacun sait qu'apr2s un certain 
temps la pression scra la meme dans les 2 
rCcipients. PoincarC dit : attendcz et il arrivera 
U R  instant oh les pressions (ou les tempkratures) 
deviendront differentes. Personne n'a observC 
un tel phknomtne. 

Une explication possible vient du fait qu'il y a 
6,023 1023 molCcules par mole 4 .  La 
"mCcanique classique" peut-elle Ctre Ctendue h 
un tel nombre de "composartts". Nous avons dit 
pdcCdemment oui ... mais aiors si h partir de ce 
nombre on calcule le temps qu'il faudra pour 
arriver A une rdpartition "anormale" des 
molCcules, on trouve sur un exernple les valeurs 
suivantes (cf. C. Marchal ) : pression initiale 
dans les recipients : 1,4.105 Pa et 0,6.105 Pa. 
La loi de probabilitC definissant le mode de 

pour plus de dCtails voir rkf. 121. confkrcnce pkscnlCc 
par Ch. Mmhal "Chaos Entropy and irrcvcrsihil::y n 
simplc example". ' unc molc correspond au nombre d'atortics contcnu dans 
0.012 kg de C12 

1 Pa (Pascal) vaut bar. 
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choix des molCcules qui passent b t m m s  le trou 
n'a pas gslnde influence sur le dsultat. 

Si on effectue les mesures de pression avec une 
precision de 10-3 Pa, on peut dtceler des 
fluctuations de la pression par rapport B la 
solution moyenne environ 1 fois tous les 2 ans. 
Si I'm adopte une precision de 5 m Pa la 
probabilid de rencontrer un tel kar t  est de 
10-200 avant 1.4.10322 annCes ... La 
probabilitd a priori que la pression dans I'un des 
r k i  ients soit 1.4 106 Pa (ou plus grande) est 
10-h oii M = 3,5 1016 ... ce neest pas zero ! 

I1 est difficile de dire si cet exemple est une 
dponse finale au dilemme 6noncC plus haut. On 
ne peut pas, cependant nier que le temps de 
retour aux conditions initiales (le temps de 
retour de Poincart!) existe. On ne peut pas, 
malheureusement passer d'un systEme 
macroscopique B un systtme microscopique de 
faGon continue. Des vecteurs d'Ctat de 
dirtlension 100, voire 1000 sont maintenant 
couramment utilids dans differentes techniques 
(structures flexibles par exemple) du domaine 
macroscopique ; en mCcanique des fluides les 
vecteurs d'ttat sont de I'ordre de 6.1023 par 
mole. 

Le-demier concept que je voudrais mentionner 
est celui de la stabilitt. Au premier abord, la 
stabilitt! et le chaos semblent exclusifs comnie la 
stabilid et I'instabilitC. Ce n'est pas totijours 
vrai. 

La stabilite est-elle une grandeur mesurable 
comme la masse, ou bien une grandeur 
rep6rable c o m e  la tempCrature (le dro n'exhte 
pas) ?. I1 y a de nombreuses definitions de la 
stabilite, quelquefois contradictoires : en fait, 
c'est une quantitd subjective qui doit ttre dtfinie 
dans le contexte du domaine considCrC. Le 
systEme de reference dans lequel le systEme 
Cvolue doit etre dCfini ; la stabilitd peut exister 
dans un systEme de rCf6rence et ne pas exister 
dans un autre syst&me de rCfCrence. 

La stabilite est un critEre dominant dans le 
domaine de la comnlande des avions ou des 
missiles, ou plus gkntralement pour la 
commande tout vChicule. Cependant. stabilitb et 
manaeuvrabilitC sont deux propridtes opposCes 
qui interviennent dans la commandc dcs avions; 
pour les avions civils la stabilid est. le facteur 
dominant, pour les avions militaires, c'est la 
manaeuvrabilitd qui domirre. Ce sont ces deux 

aspects qui one conduit AOAWDIGCP 
organier un Atelier sur la Stabilite en Suin 1992 
121. 

Fondamentalement la srabilite est 1%; B 
I'irre*iersibilitC, c'est-A-dire h la dissipation 
d'knergie pour les systemes IinCaires. Bien que 
les syst8mes lindaires scient tr&s pares, ils 
representent souvent une tonne approximation 
de syst&mes non-lineaires. 

La skbilitC est aussi une question de precision. 
&nons par exemple la rotation de la terre. Est- 
ce une propriCtC stable ou instable ? Cette 
question n'a pas de sens tznt qu'on a pas 
spCcifiC la prkision avec laquelle on observe le 
phCnom5ne et, en fait, le problEme plus gCnCral 
qu'on Ctudie. Grice :d la prkcision des horloges 
atomiques d'aujod'hui, i l  est prouvC que des 
variations journalihes de I'ordre de 1 ms par an 
et des variations de I'ordre de 10 ms sur 
plusieurs annkes, existent de fagon pseudo 
pCriodiques. Cependant, la vitesse de rotation 
ddcroit nkcessairement h long terme & cause, 
pr incipalement, du frottement esuherre rksultant 
des mades. A I'Cpoque prC-cambrienne (400 M 
anndes) la durCe du jour Ctait de 15 heures (le 
ralentissement global sur cette pCriode 
correspond B 0.1 ms par an). 

Ce: qui a Ct6 dit h propos de la vitesse de rotation 
de la terre aurait pu 2tre dit h propos de la 
direction de I'axe de rotation. Au pale. la trace 
de I'axe de rotation se ddplace constamment 
dans un  cercle d'environ 2 m de diamhtre. Et 
pourtant, pour toutes les activitCs humaines le 
vecteur rotation de la terre est considCrC comme 
stable (sauf pour certains astronomes ... >. 

Poincare Ctudia la stabilitk des syst8mes 
autmomes et non autonomes dans les annCes 
.1870 ; Ljapwnov, d a x  les annCes 1900, 
introduisit une conciition suffisanre mais noti 
nkcessaire permettant de dire si un s y s t h e  est 
stable (fonctions de Ljapounov). A partir de ces 
notions, la stabilite d'un xyst2me au voisinage 
d'un point d'equilibre fut  CtudiCe en detail parr 
Poincart! et les points d'Cquilibre ou singularitCs 
furent clasds cn nociids - sommets - foycrs - 
col. 

Une varlante possible de 1'Cvolution d'un 
syst8me dans I'espace des phases ai1 voisinngc 
d'un point sont Ics cycles liinitcs qui peuvent 
litre stables ou instabies ; ils gbnhalisent la 
notion de stabilitk ponctuelle en acceptant un 
mouvemcnt pCriodique, gCnCralement de faible 

I 
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amplitidc, autour du point de stnlbilit6. Un 
nouveair vocnbulairc a et6 introdwit, il s'agit 
d'ataac teur, Cven tuei lenien t Ctrange . . . 
Tous les aspects de la physique sont conccrnCs 
par le concept de stabilitb. Lcs s y s t h e s  
mCcaniques, fussent-ils cklestes, ont CtC les 
premiers B etre concernCs par I'approchc de 
Poincut. Tout ce qui pouvait &re dit stir les 
syst2mes IinCaires a et6 dit. Les thCories et 
Ctudes concernent maintenant les systkmes non 
IinCaires. Aucune solution globale ne peut etre 
esp6de your les systi?mes non-IinCaires. 

Le concept de "robustesse" pour la cornmande 
d'un systeme est une extension des Ctudes de 
systemes IinCaires. Ce concept est important 
pour les applications dans I'industrie ou dans la 
commande des vehicules. La robustesse peut 
etre dCfinie comme la ca acitC de d p n d r e  A des 

incertitudes sur la valeur des paramktres qui 
ddfinissent le systkme A contrGler, et 
quelquefois aussi les incertitudes sur les 
param6tres du "contrdleur". Evidemment une 
equation differentielle IinCaire avec incertitudes 
sur la valeur de certains coefficients n'est plus 
une &pation diffkrentielle linhire. En fait, dtjja 
d&s le debut de I'ttude des sys thes  IinCaires, 
les notions de marge de gain ct marge de phase 
Ctaient utiliskes pour pallier ces incertitudes. 
Aujourd'hui des concepts plus Claborts tels que 
I'optimisation H- prmet de miter ce probl&me 
pour des syst&%s multivariab:es. 

spCcifications de per P ormance malgrt des 

Ncus pouvons probablement dire que le 
dilemme "stabilitC - instabilitcY' a fait le plus de 
progrh en mCcanique des' fluides (aero et 
hydro-mCcanique). Des rdsultats spectaculaires 
(aux deux sens du terme) concernent les 
tourbillons de Benard. 

11 n'en reste pas moins vrai que I'Ccoulement de 
I'air autour d'une aile peut etre considCrC 
comme stable bien que des instabilit4s puissent 
exister localement dans la couche limite ; iors 
d'un vol en croisiibe, consided par tous comine 
stable, la couche limite devient tubulente (c'est- 
&-dire localement instable) quelque part entre la 
moitiC et les 2/3 de la cog@. 

Le phCnodne de tremblement est dQ & un degd 
plus grand de cette instabilitC puisqu'il s'agit du 
detachement de tourbillons qui s'dchappent par 
paqriet de la couche limite ; ce phCnomtne doit 
etre Cvid pour les performances de I'adion et le 
confort des passagers. 

.. * * 
. ,  

. I  
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Le flottement est un pMnom&ne dmgereaax dB 
au couplage a6ro-6lastique entre Phiair et I'iPile ; il 
apparait normalement quand la fr6quencc de 2 
modes de vibration convergent en une unique 
frQuence (il s'agit gCn6ralement Au lcr made 
de flexion et du ler mode dc torsim). C'est 
typiquement un ghCnomknc instable qui peut 
apparaitrc graduellemc!it lorsqu'un garam;?tre de 
vol vane, par excmple vitesse ou facteur de 

I 

charge. I 

StabilitC et instabilite ont aussi un sens dans le 
domaine statiqiie (ponts 6,  britiments, barrages, 
digues, structures de navires ou d'avions) 
!orsque les charges atteignent une valeur 
critique : c'est le flambage. M2me dans la croOte 
terrestre, I'instabilitC existe (tremblements de 
terre). Approximativement on peut dire que la 
rdsultante du mouvement des plaques 
tectoniques fait apparaitre des contraintes de 
frottement qui dCpassent le seuil, le glissement 
ou la dkformation Clastique d'une partie du sol 
donne lieu, soudainement & un saut. 

i 
I 

Pour conclure ce paragraphe et introduire le 
suivant, je voudrais mentionner britvement les 
mouvements de I'atmosphkre. La stabilitt, dans 
ce domaine, a-t-elle u n  sens ? Probabie'ment 
non, bien qu'en de nombreuses contrkes, 
principalement celles de la zone ternpdrbe, un 
certain de& de stabilitC existe. Si vous dices 
"demain i l  fera le m2me temps qu'aujourd'hui" 
vous ne faites pas une mauvaise prCdiction (la 
probabilitC de succks est bien supCrieure h O S  
car, dans ces contrees le temps ne change pas 
chaque jour, c'est dire qu'un certain degrC de 
stabilid existe). 

Le temps iCsulte de mouvenients de masses 
d'air sur la surface du globe. I1 devrait 2tre 
prdictible comme pour tous les sysakmes pour 
lesquels les Cquations qui les regissent sont 
connues. Malheureusement c'est u n  systkme 
d'Cquations aux dCrivtes partielles qui est 
connu avec une bonne approximation. mais 
pow le rCsoudre il faut disposer d'un ensemble 
homoghe de conditions ir.itkles (3-D) ; i l  est 
difficile de les acqukrir rr,eme avec des 
satellites. Les mCtCorolog Jes prockdent par 
rdgions. (les grilles qu'ils utilisent vont de 
quelques Am jusqu'h des centaines ou des 

Le pont suspendu du Tacoma qui s'est CcroulC le 7 
Novembre 1940 I'a CtC alors qu'il Cui[ sournis 2 un vcnt 
relativement modeste 18.7 m/s. C'est typiquement un 
phCr.omi?ne similaire 2 celui du flottcmcnt (corijonction 
de 2 modes de vihtions) .  

i !  
I 
i 

I 
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milliers de km et indgrent les &pnti~ns B pluPir 
des donnCes supposCes convenablement 
connues sur la grille consid6r6e. L'side de 
processeurs, pami les plus puisssnts, conduit a 
une pdvision bonne sur 24 H, acce table sur 

de pdcision sur 72 H avant la fin du sikcle 

Dans le paragraphe suivant nopis allons 
dCvelopper quelque peu le couplage qui existe 
entre I'atmosphhe locale dans ldquelle I'avion 
vole et I'avion lui-m2me. 

48 H. L'objectif est d'atteindre ie m i! me degrC 

2. L'environnement stochastique d'un 
avion 

Cest probablement la caractCristique principale 
de I'ACronautique. La Marine et I'Espace ont 
aussi A faire face ZI des conditions adverses 
difficiles mais probablement pas du mtme 
niveau que I'ACronautique. 

L.'Ctude et le calcul d'un avion necessite, 
initialement qu'une "atmosph8re standard" ait 
CtC p r k i d e  (Fig. 1). En supposant que I'avion 
vole dans une atmosph8re confomc celle-ci, 
les forces aCrodynamiques et Cventuellement 
leurs phenomhes associCs tels que le 
tremblement ou le flottement peuvent Ctre 
calculCs avec prtkision et, par suite, l'attitude et 
le mouvement de I'avion. Les dornslines de vol 
(Fig. 2) sont utilisCs par les compagnies 
atriennes, le contr6le du trafic abrien et les 
militaires pour la gestion optimale de I'avion. 

Mais I'aaosphPlre delle diffi?re de I'atmosphbe 
standard d'une fason telle qu'il est difficile de le 
pdciser dans IC roisinage de I'avion. 

L'atmosphibe est composCe de : 
- la trogosphihe, une couche de 8 P 11 km 
d'dpaisseur autour de la terre dans Iaquelle i l  y a 
des mouvements horizontaux et verticaux, 
ceux-ci exacerbCs dans les cumulo-nimbus 
actifs, 

- la stratosphih-e, au-dessus de la troposph&re, 
dans laquelle les mouvements sont 
principalcinent paralli9es 21 la surface de la terre. 

La sdparatrice est appelCe tropopause, c'est une 
zone de transition dans laquelle les 2 
caractdristiques sont prdsentes. La position et 
I'dpaisseur de la tropopause varient avec la 
latihide et les saisons. 

Dans Is troposphbre, une turbulence s6v&re, 
mtme parfois en ciel clair. geut exister. ks 
cumulo-nimbus actifs sont ciangereux pour un 
avion, a cause de la turL"1lcnce, des vicesses des 
masses d'air (ou d'eau, gouttes de pluie) dans 
le centre ciu nuage : dcs kitesses ascensionnell A 
de 20 m/s peuvent i3rc attcintes a1.1 centre de la 
colonne, avec des &lairs et du givrage. 

Si un avion pCnttre dans un  tel nuage, c'est. 
comme s'il entrait dans le chaos ... tout au 
mcins pour ICs passagers ; le pilote (le pilotage 
manuel, par rapport au pilmge automatique est 
recornmandtj essaye de maintenu I'incidence de 
I'avion A une valeur acceptable, sans tenter de 
stabiliser I'altitude ; il essaye aussi de contraler 
au mieux le roulis. 

Dans la stratosphtre, des "jet streams" sont 
frequents ; ce sont des "tubes" de quelques 
centaines de d t r e s  ou quelques km de diami?tre 
correspondsnt P u n  dCplacement quasi- 
horizontal t*s rapide de masses d'air. Le flux 21 
I'int6rieur de ce tube peut Ctre laminaire mais . 
Cvidemment la transition vws l'extdrieur est 
fortemen t turbulen te. 

I 
i !  

Jusqu'P ces dernikres annCes, les seiils 
pxam2tres mesurables P bord Ctaient la pression 
statique ps, la pression dynaniique pd et la 
tempCrature totale Ta. De ces donnCes on peut 

!+ 

f 
calculer la vitesse propre et le nombre de Mach 
par les equations de St Venant (subsonique) ou 
Rayleigh (supersonique). 

L'dchelle de turbulence peut varier ae quelques 
m&tres P plusieurs km et la stntionnaritk de la 
turbulence n'est, en gtnCral, pas acquise. 

Pour Ctre certifid un avion ne doit pas subir de 

domaine Clastique) lorsqu'il rencontre une rafale 
OU lorsqu'il vole dans une zone turbulente. 

$ 

r 
! 
I 
I 
I 

dommage (plus prkciskment, doit rester dans le 

Les rafales sont definies par des i 
"specifications" qui varient legkrement selon les 

k I1 la France la rafde "type" cst du type "1 -cos" 

w(t)=O t < o  

t '  
1 I1 

pays qui ont une autorite de certification. Pour 
I *  

W 2TCvt 
w(t) = 2 (1-cos -&.$ for 0 < t <dm 

U 

w(t )=O t > h  
'U 
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Wn amplitude de la d a l e  vitessc ( d s )  
d,,, lnngueur caracteristiquc (m) 

- un spectn de von Kanna.1 

L, = Cchelle de turbulence 
0 0 2  = valeur quadratiyue moyenne de la vitcsse 
CO = pulsation 

I I  est important de noter que ces valeurs 
numCriques doivent eue rCvisCcs en fonction du 
niveau de sCcuritC atteint par le matdriel. 
Lorsque ce niveau s'amCliore. i! taut chercher 
quelle est la valeur de I'amplitude (vitesse) de la 
rafale ou les parametres du spectre qui ont la 
mCme probabilite d'occurence que le niveau de 
stcurit6 de I'avion. 

3. Lorsque le chaos devient 
"downbursts" 

"Quelques accidents d'avion qui se sont 
produits A basse altitude alors qu'une activitC 
cotrvective rtg:-:ait, furent considCrCs conime 
dQs a une erreur de pilotage sans rdfdrcnce aux 
conditions atmosphCriques comme cause 
possible" ; de Theodore Fujita "The 
downburst", UniversitG de Chicago, 1985 [3]. 
I1 a d6mont.d que la commission d'enqdte Ctait 
dans I'erreur pour de nombreux accidents. 

On estime actuallement que 1 A 3 appareils 
commerciaux sont perdus cftaque annCe 2 cause 
de clsaillements de vent dus aux "downbursts" 
(Russie et Chine non comptees). 

Les "downbursts" proviennent d'une instabilite 
soudaine d'une masse d'air froid, provenant 
normalement d'un nuage ; un "downburst" peut 
etre accompagnd d'une pluie (quelquefois [res 
forte) ou peut etre sec, ou peut etn: accompagnd 
de pluie seulcment dans sa partie silpCrieure, 
c'est-A-dire que les gouttes de pluie s'evaporent 
entre le nuage et le sol. 
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Lcr i:ig. 3 modCiise une tomade (masse d'air 
chaud ascendante) et un microburst (masse d'air 
froid descendante). 

Je vais donner 2 exemples qui montrcront la 
quasi impossibilitd pour un  pilotc de 
comprendre la situation et de contraler I'avion 
afin d'eviter un accident fatal. Ces 2 exemples 
sont extraits de "The Downburst" de Th. Fujita. 

a) accident au dCcollage. Continental 426, 
Denver, Colorado, le 7 aoiit 1975. 
Deux avions ont dtcollC juste avant le 
Continental. Les 2 pilotes ont report6 
"cisaillement de vents durant et immkdiatement 
apds le dCcollage". 

Continental 426 dCcolla avec la poussCe 
maximum de dtcollage. I1 entra rapidement 
dans une pluie dEs la rotation ; apr2s celle-ci 
I'avion monta avec une assiette de 14'. Soudain 
en moins de 10s i l  perdit 42 kts (22 m/s) en 
vitesse indiquCe. 
Le pilote prit alors 10' d'assiette et I'avion 
continua de descendre jusqu'au sol (Fig. 4). 

La divergence du f lux  B la surface dans le 
microburst que Continental 426 a rcncontrd &it 
estiiriCe h 1 ~ 0  - 250 par heure (soit 0,04 2 0,07 
par seconde). Si on supposc que ccttc amplitude 
de divcrgence s'ttend;iit jusqu'l une altitude de 
45 m au-dessus du sol, les vitesses du f lux 
aescerrdani ?, difffjrentes hauteurs h i n t  : 

1 B 2 kts a 15 m 
2 B 4 kts A 30 m 
3 P 6 kts B 45m 

La perte de portance, B une assiette de IO" est de 
2.5 5% par kts. I1 en rdsulte uiie perte maximum 
de 15 % de portance h 45 ni A cause du flux 
descendant. Les 42 kts de perte de vitesse 
indiqube Ctaient tres importants dans ce cas car 
ils pouvaient iiiduire une perte de portance 
jusqu'h 55 %. 

Comment peut-on !.rendre une dCcision, avant 
le dCrollagc, ck jjasser ou non dans un sCv2rr: 
cisaillement de vent. Heureusement, I'utilisation 
du radar pcut donner la rCponse il cettr; 
question. Les photographies radar prises par le 
National Weather Service (radar 10 cm) 
montrent des petits 6chos disperses sur toute la 
zone de Denver. Le premier Cclio du micronwst 
du Continewal 426 a CtC photogr;iphid 3 i O O 6  
MDT, 5 minutes avant I'accidenl. L'intensitd 
maximale a dtC atteinte h 1612. soit 1 minute 
avant I'accident. AprEs 1'Ccho s'est sCpark en 2 
parties, puis s'est 6vancui. I1 est difficile 
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non stationnaires pour u n  fluide 
incompressible. II est alors possible de mettre 

d'idenoifier les ethos de microbdrs8 pM leS 
radars qwi ne SOW pas Doppler. 

Le second accident dont je parlemi cst Pe "Ro;*al 
donianian 600" Doha, Qatar, en Mai 1976 Ln 

approche finah:. 

i'aCropsn de Doha n'a qu'une pis& 160 - 340'. 
A 0208 LST (temps local) le p h t e  vnulait 
atterir face au Sud. La piste 16 etait BemandCe et 
attribuk pour une approche visuelllc. Alors que 
I'avicn descendant vers cette piste, le vent passa 
de 90°/17 kts A 340°/6 kts. A ce moment le 
pilote n'avait pas encore vu la piste. Une 
procedure d'in terruption d'apgroche f u  t 
engagte et une demande d'approche sur la piste 
31 fut acceptte. 

A 023s U T  aprh le dernier vi6ge, le pilote vit 
la piste ; la clairance d'atterrissage fut donnke. 
Alors le vent changea A nouveau 1$0'/6 kts (ce 
qcli correspond A un vent arriEre sur la piste 34). 
La pluie Ctait dense et la visibilitt (A la Tour) 
infkrieure 1000 m. "vant d'atteiadre la 
Hauteur de Decision, une  2e interruption 
d'appmche fut initite B 0237: 19 LST B 90 m au- 
dessiis du sol. Le pilote demanda alors une 
clairance pour Damn. 

L'avion commenqa A monter avec une assiette 
de tangage de 12' et un variointtre de 1300 
fdmn (6.6 ds). Pendant cette monttc la vitesse 
indiqute chuta A 140 kts. A 750 f t  (230 m) 
environ, au-dessus du sol, I'avion comm::nqa b 
descendre, il heurta le sol avec une vitesse 
verticale de 4200 ft/mn (21 mh). Durant les 7 
demi2res secondes, la vitesse indiqute crut 
rapidement jusqu'h 170 kts tandis que 
I'avertisseur de proximite de sol donna une 
alarrne continue depuis 1 1s avant :'impact. 

''1 

$! 

L'analyse de I'auteur (Dr. Fujita) montre (Fig. 
5 )  que I'avion a renconue un vent debout qui 
s'est amplifiC de 28 kts (151 h 179 kts). II est 
probable que I'avion vola en-dessous du 
rouleau du vortex. Lorsque IC 2e remise de gaz 
fut initite A 0237:19, I'avion Ctait dans la zone 
morte du f lux descendant, et le pilote n'a pas 
realid qu'il Ctait en train de ptnttrer dans une 
zone de vent arriEre du microburst. Lorsque 
I'avion vola en dehors du microburst, la vitesse 
indiquk ne pouvait plus assurer A I'avion un  
maintien d'altitude. Aprks avoir atteint son 
altitude maximale, I'avion perdit de I'altitude et 
s'tkrasa A 0237 : 58 UT'' (fin de citation). 

Que conclure de ces 2 accidents '? 

Ils rbsultent B'umc situation impdvisiblc du 
champ.de vitesse des mosses d'air quc I'ovion ip 

xnconut (gradients de vitcsse t&s impon,mts) ; 
A cause de I'inertic de I'avion sa viicssc 
indiquCe subit ccs gradients et I'wion peut 
attendre la vitcsse dc ddcrochage. Dans 
I'accident Continental 426 I'avion a p ~ r d u  42 
kts de vitesse indiquCc en rnoins de 10 s. En 
plus i l  se trouvait dans une colonnc d'air 
descendant dc 20 A 25 d s ,  vitcsse plus grande 
que la vitesse ascensionnelle maximtiin continue 
que I'avion peut prendre en air calme. 

Lorsque ces masses d'air froid rencontrcnt IC 
sol, u n  prcniier glgantesque vortex tokjur: est 
etigendrd puis ur. second, u n  t ro i s ihe  etc ... 
C'est assimilable A un chaos non dCterministe 
(ou chaos stochastique) ; le ceiveau humain 
Deut difficilement identifier une telle situation et. 
mZme s'il I'a correctement identifik i l  a les plus 

et Cchapper sijrement de cettc situation. Des 
modes spdcifiques du P.A. existent et ont des 
pea rormances acceptables 7. I1 est toutefois 
necessaire de dttecter B temps u n  tel 
phdnomi:r;s. Ce D ~ U !  S-trc fait par des dttecteurs 
placCs A bord de I'avion (p rob lhe  difficile, 
solution ch2re) ou en Cquipant I'aCroport de 

centaines sont ntccssaires sur I'aCroport) et par 
traiteinent de signal idcntifier IC "downbrust" 

que 0,9) et un faible uux de fausse alarme. 

C'est un probl&mc de dynamtque non lindairc 
trks complexe car i l  est impossible d'obtenir un 
ensemble coherent de donntes iso-datCes sur un 
contour ou une surface. 

1 1  

J !  

i 
, 

grandes difficiiltts pour contrer les 1 
perturbations altatoires qui v i j  ient rapidement 

, I  

I 
d6tccteurs de vitesse de vent (plusieurs \ I  

;: i avec une grande probabilitt de siicces (micux 

I 

I 

rll 

A I'heure prksente i! y a kaucoup de rccherches 
sur les types de dttecteurs les mieux adaptts : 
lidars, radars, senseurs I R ,  senseurs 
acoustiques ... 

i .  .--. - , 
7 il est surprenm qu'bn PA r,.nKissc miciih qu'un piinit.; 
ccci cst parlicllcmcnl dO au fait quc 1':iclion irnmfdii1lC 1 

.I 

quc IC pilolc doit fnirc cst opposfc au hon sciis : I'avion 
est en desccntc et IC pilotc doit. cn priori16 ; mcltrc plcin. 
gaz d i n  d'accroitre IC plus vile possible I'fncrgic lotalc 
de I'avion. Le Pilole ?Su~ornaliquc n'hbsilc pas ! 
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en Cvidence la prdsence de gouttelettes. leur 
densite et parfois leur taille. 

L'ONERA a 6tudiC quelques niod5les et la 'Fig. 
6 donne les lignes de courant dans u n  pian 
axisymCtrique B 2 instants 26 et 43 mn IS!. 

Le flux est situ6 dans un parallCICpi@de de 8 x 
8 x 5 km (hauteur) ; la base du nuage Ctait 1 5 
km. L-, longueur caract5ristique est prise dgale 
au rayon du nuagc ( 1  km). la vitesse 
caracdristique est la vitesse axiale maximille b la 
base du nuage (0.02 km/s. le nombre de 
Reynolds est S. 1 0 3 ) .  

La Fis. 6a niontre la naissance de 2 vortex de 
%?me axe mais de signes opposds. La Fig. 6b 
montre clairement le ddveloppement de ces 2 
vortex. 11 existe une bonne corrdlation avec les 
don nees ex pdri men t a les ex posCes dans 
I'ouvrage de Fujita 131 141. 

4. Comportement Ctrange de systemes 
IinCaires 

La propridtd fondamentale d'un systtme IinCaire 
est le principe de superposition : si sl(t) est la 
rdponse 1 une entrCe el(tj et s2( t>  celle li e?( t )  
alors a el(t) + @z(t) donne pour dponse 
asl(t) + psz(t) - (a, p coefficients numtriques) 
Un sys:tme tel que : 

satisfait une telle propritt6. 

Revenons maintenant sur le concept de stabilitk 
en partant de la fonction de transfert d'un 
systkme, avec t5ventuellenient une entrde 
"perturbation" et supposons d'abord que les 
coefficients des dquations -donc de la fonction 
de transfert- soient constants. 

Un tel syst2me est stable si les p6les sont situ& 
dans le. d c i i  plan de gauche (abxisses : 
amortissements, ordonnkes : fdquences). 

Stabilitk signifie que si le systtrne est 
temporairernent. CcartC d'un ktat stable, i I  
reviendra B cet &at aprks u n  temps plus ou 
moins long (de@ de stabilitC, stabilitd 
asymptotique de Ljapounov). Si des pbles sont 
situ& dans le demi plan de droite la sortie tend, 
th6onquement. vers I'infini, mais souvent des 
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saturations appraitron t et 1 imi teron: !'amplitude 
ou ies oscillations. 

Ce vieux concept de la stabilitk -toujours 
valable- est LroF loin de la rCalit6 et du point de 
\we de I'utilisateur. la stabilitk est normalernent 
attachke au degrk de, corrdlation q u i  existe entre 
I'entrCe et la sortie. 

Si les pales sont prets de I'axe imagiilaire, la 
stabilitd est faible et la rkponse li u n  Dirac est 
line oscillation faiblement amortie (dans le cas 
ob I I  n'y a pas. en plus. de perturbations). Si 
I'entree varie continuellement, 13 sortie varie 
Cgahent  mais la corrCIation est pauvre. 

Supposons maintenant que les coefficients 
varient dans !e temps inais supposcns qu'ils 
restent toujours dans le demi plan de gauche. Le 
s y s t h e  peut itre considCr6 comine IinCaire et 
stable. Supposons que tous les p6les sont 
complexes (s'il y a u n  p61e rdel. ri puche. ce 
<I* suit peut ne pas etre vrai). Si le p6le de 
frdquence Oi se dCplace lentenlent dans le 
temps, lentement par rapport ri l /o i .  par 
exemple, sintiso'idalement la frCquence Ri telle 
que Ri << mi, alors le systkme se coinporte 
coiiiiiic uiie collection Jc systkriics :I cocfficien:s 
constants et la conklation cntrbe-sol tie n'est que 
t r h  Idgkrement altdrde. Si Ri est beaircoup plus 
grand que m i ,  alors la sortie coniporte 
apparanirnent u n  "bruit" additionnel et la 
corrdlation entrde-sortie n'est? I i  encore, que 
peu affectde. 

Dans les 2 cas, on suppose que I'bnergie 
contenue dais le signal d'cntric (:;pec[rc) d i m  
dRi itlltollr de Ri est faible. C'est le C;IS USUCI. 

Si Qi est pro~lie de (1)i 011 si le spcctrc (111 signal 
d'entrdz contiznt une knergie suffisilnte au 
voisinage de Ri, alors la corrClation entree- 
sortie peut disparaitre compli?tement et la 
rCponse A une eritrde petit aparaitre conlli1e 
totalement d6correlCc h celle-ci : c'est line sorte 
de chaos ddterministe. 

En fait cet exzmple appelle 2 coninicntairt's. 
D'abord, dans ce qtii prtc2dc on f a i t  
I'hypothihe quc I C  riioc1i.l~ (lu systh ic  esistc et 
on raisonne suv ce n:odi!le. On wppose donc 
qu'il rr'y a pas d'incertitvdes sur les coefficients 
h chaque instant (puisque ceux-ci varient dahs le 
temps). La structure du syst&me est alors 
parfaitement connue ; elk entre dans I'Cqudon 
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gCnCrale X = A$ + Bu, equation dans laquelle 
les coefficients de ii mamce A dependent du 
temps. Mais comme il a et6 dit plus haut, dans 
toutes les applications les incertitudes sur les 
coefficients existent et I'hypoth*se sur la facon 
dopt varient les coefficic.1'; avec le temps 
s ' e s tomp  Les concepts modernzs de la 
Commande Automatique impliquent la 
robustesse, c'est-A-dire le choix de B de facoil 
que les incertitudes sur A n'aient pas 
d'incicience sur le vecteur de sortie (y = CX) 
au -delA d'une certaine valeur (une partie de 
I'erreur, en  gCnCral, erreur quadratrique 
moyenne, acczptable). 

Ensuite, le concept de fonction de transfert ou 
de mauice de uansfert (localisation des p6les) 
ne prCvoit pas, a priori, de variation .temporelle 
des positions des pales ; la transform6e de 
Laplace suppose que les coefficients de 
I'Cquation temporelle sont constants. II n'est 
donc pas acceptable d'appliquer simultankment 
le Yoncept de IinCaritC d'une equation (c'est-3- 
dirt: le concept de s1,iperposition) et le concept 
de stabilitC 3 putir de la localisation des p6les, 
tout au moins lorsque les frCquences de 
mouvement des pales sont voisines de la 
frhuence des pales. 

Les "syst&mes paramCtriqiies" -tel Ctait le nom 
donne A ces systhres IinCaires il coefficients 
dCpendant du temps- ne sont plus guhre CtudiCs 
A ce jour ; lorsqu'ils I'Ctaient, voici quelques 20 
annCes, le chaos n'Ctait pas encore redbcouvert. 
I1 pourrait etre interessant de reprendre I'Ctude 
de ces systkmes dans I'optique de ce que. I'on 
sait, aujourd'hui du chaos. 

5. Le  cerveau et le chaos deterininiste 

Je voudrais nientionner ce thkme bien qu'il soit 
fort CloignC de mes prCoccupations 
quotidiennes. 

d'aprta C.P. AcadCmie dPs Science<, Paris 1. 31 1. 
SCrie 11. p. 1037- 1044. 1990 Roger Cerf et al. Parmi Ics 
rtf6rences bibliographiques citfes dans le CR je 
ncn!ionnc : 
EN Lorenlz. I .  Atmosph. Sci. 20,. 1963, p.130 - 141. 
D. Ruellc and F. Takens, Commun. Math. Phys. 20. 

D. Ruelle. Proc. Roy. Soc. Lond. A. 427. 1990. p. 261 
248 

1971. p. 167 - 192. 

P. Grassberger el I .  h a c c i a .  Physica. 9D. 1983. p. 
189 - 208. 
J. Theiler, Phys. Review A 34, 1986. p. 2427 - 2432. 

U n  systkme chaotique en Cut stationnaire est 
instable sur son attractcur ; il porsEde ainr;i ia 
propriCtC et les possibilitCs d'explorer l'ebpace 
des phases que I'on peut attendre posr les 
systkmes nerveux. L'idCe selon laquelle la 
dynamique du cerveau. dans certains de ses 
aspects, pourrait etre chaotique et de peoitcs 
dimerisions est accept& ainsi que divers essais 
pour I'interprCtation de  signaux 
encephalographiques (EEG) en terme de chaos 
d6terministe. On s'attend A trouver un attraceeur 
Ctrange dans * presque chaque signzl a 
(frkquences 8 - 13 Hz). 

I 

! I  

Une difficult6 majeure dans I'ttude des EEG est 
la non-stationnaritk du signal ; i l  doit iore 
6chantillonnC en pCriodes courtes et de ce fait 
limite la dimension de l'attracteur. Peut-on 
conclure que cette non-stationnaritd peut it1.e 
interpri3Ce comme la preuve d'un caracthe 
fugitif des attrac!eurs du cerveau ? Ou bien. en 
d'autres termes, les attracteurs sont spkcifiques 
de la fonction exdcutke par le cervcau A u n  
instant donnC (ou duranc une courte pCriode de 
temps). 

6. Conclusions 

Le s c o n s i d 6 ra t i o n s s t oc 11 ;L s t i q u e s d a n s 
l'ingtnierie des syst2mes ont CtC introduites par 
Norbert- Wiener dans les anndes 1940 
(sduvenez-vous de son fanieux iivre 
"Cybernetics"). 

Ides premikres applications concernaient le 
comportenlent des syskmes en prCsence de 
Fzrturbations stochastiques ; h la meme Cpoque 
des circuits iin6aires prkdicteurs ont CtC calculCs 
et r6alisCs ; ils fonctionnaient bien pow des 
entr6es alf .toires stationnaires. A peu pr2s B la 
m&me Cptique: Claude Shanon introduisait la 
th6orie de I'Information et la dCcennie 50 - 60 
confirmait le bien fond6 et l ' in tdr t t  de 
l'introduction des considdrations srxhastiques 
dans les activit6s de I'IngCnieur. 

Plus tard, les ingtnieurs ont demand6 plus : les 
systkmes IinCaires sont rares (mais souvenez- 
VOL!': que souvent ils sont considCr6s comme 
une bonne approximation de s y s t h e s  non- 
IinCaires) et la stationnaritk d'un signal est rare, 
sauf cependant. dam ccrtaines catkgories de 
perturbatiocs, par exemple. celles rdsultant de la 
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nature granulaire de 1'Clecmcid 9. Si le signal 
considbd n'est pas stationnaire, alors il ne p u t  
pas etre approchk par des signaux stat io~aire~.  

Maintenant les ingbnieurs sont familien avec les 
notions de fonction et processus JCatoires : les 
fijtres de Kalman, qui connaissent de 
nombreuses variantes Quipent les dcepteurs 
GPS, les yilotes automatiques et tous les robots 
intelligen ts... 

Cependant I'accroissement des capacitCs des 
calculateurs rendit I'ingCnieur insatisfait. I1 
savait que les mod&les qu'il utilisait Ctaient des 
approximations des syst&mes rCels, comme 
d'ailleurs le type de signaux qui enzaient dans 
le syst&me (entrees ou perturbations). Le 
concept de robustesse a CtC introduit voici 
quelques 20 annCes et de nouveaux algorithmes 
d!optimisation permettaient d'accepter quelques 
incertitudes sur les param&res. 

Puis le chaos arriva ou plut6t resurgit pnrce 
que, comme nous l'avons dit, il a CtC annoncC 
par PokcarC voici un peu plus de 100 ans. 

C'est probablement la loi d'Cquilibre biologique 
d'une population d'Ctres vivants qui a conduit 
les scientifiques par une Ctude minutieuse de 
cette simple Quation : 

a Xn (1 Xn) 

(equation de Verkust) d'entrevoir toutes les 
consCquences sur le comportement des 
syst&mes non IinCaires 10. 

A partir de tout ce bagage une thCorie mieux 
smcturCe de la dynamique des syst&mes non 
IinCaires qui inclut la thCorie du chaos a CtC 
ClaborCe et continue de Etre. 

Les conferences qui vont suivre dCvelopperont 
les principaux aspects de ce. nouveau chapitre en 
vue des applications dans le domaine de 
I'ingCniCrie. 

9 aux boraes dune resistance R. a la tem#rature T, la 
tension fluctue dune facon stationnaire. Si AF est la 
bande passante dans laquelle le signal est observe, la 
valeur quadntiquc rnoycnne de la fluctuation de tension 
cs1 e2 = 4kRTAf, k constante de Boltman 
(1,380.10-23 J.K-l) .  
lo l'6quation de Vehust est bien comment& dans La 
dfefence [61 lorsque a varie de 0 a 3,56999 ... 

[l] La CorrClation. Acadh ie  des Science et 
AcadCmie Nationale de 1'Air et de 1'Esgace. 
International Symposium, Toulouse, Nov. 
1991. Cepadu&s Ed. Toulouse, ou ANAE 1, 
avenue Camille Rammarion, 3 1500 Toulouse. 

[2] Stability in Aerospace Systems. Agard 
Report 789, Feb. 1993. 

[3] "The downburst''. Theodore Fujita, 1985 
University of Chicago. 

[4] "DFW Microburst". Theodore Fujita, 1986, 
University of Chicago. 

[ 5 ]  "MoJClisation des cisaillements de vent" B. 
CantalouSe, Th. LC, Nov. 1990. Rapport 
ONERA 12/3619 SYA. 

f6] "Turbulent Miroir", John Briggs, F. David 
Peat, 1989 (Harper and Row). 
"Un miroir turbulent", version frangaise, 1901 
(Interedi tion). 
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Bifurcation Theory: 
Chaos and Patterns 

P. Coc1llet 
Institut NonliiiEaire de Nice 

France 
UMR CNRS 129 

Abstract 
These Iwtares (VE devoted to study tlrr trnnsitinri 
towards chaos and the bifurcations leading to pnt- 
terns. Thr qualitative and univrrsnl nsprrts of thnc 
phenoniena arc emphnaiaed. 

1 Introduction 
Natnral syntems provide a glcnt variety of ~notiona. 
Some (VE regular such the nrasmid rliythnis, wlirras 
others are very complrx and npparently rnndoin. such 
NI ocem wawa or the Rriiel niotinii hcliincl nn olista- 
de. H. Poincare, at tlic bcgitniing of this rrntltry. 
discovered that nppnrcntly random phcnoniriin ro111cl 
n l l  be the conscquence of niniph 4ctcrminintic cly- 
namical systems [l]. More tbnn 60 y r m  nftrrwnrrla 
physicists rediscovered Poincruc tlienry and thc sri- 
ence of cham was born. 

The theory of dynnmicd nystrms allows 11s to d c  
scribe the changes that a deterministic nystrm can 
suffer when some of its chnracteristic paranictrrs are 
varied 121. It describes these changes in a qiialitntive 
but universal way. In particular, it allows us to 1111- 

derstand why similar phenoincnn mise in systems na 
different as a mdinnicd  system or a bin ogicd onc. 

In 
the Rrst part we study the transition tmruds chaos 
through the cascade of pcriod iloiibling hifurrntionx. 
The second part is devoted to tlr phcnnn~cna of nyni- 
metry breaking and pattern formation. 

These lectures are divided into two pnrtn. 

2 Chaon 
One of the inont exciting expcriinrntd dincoverim of 
the last 20 years is that simple Iiydrodynamical and 
c \ emid  systems can show complex temporal behav- 
ior (see fig. (1)) which cnn be, in turn, reproduecd by 
nimple dynaniicd models (31 [4]. A pmrful  way to 
analyze an cxperimrntally obtained complex time se- 
ries X ( t )  ras propwed by F.Tnkena (51. An atbitrnry 
delay r M introduced. The signals & ( t )  = X ( t ) ,  
X l ( t )  = X ( t  - r),  & ( t )  = X ( t  - Zr). ... up to 

Figrirc 1: A typirnl rxlwriinrntd signd 

A’.(&) = S(I - 1 1 1 )  arr t.lirri coiat.rurtrd with tile 
lirlp of the drlay. Tlir spaw genrratccl by thrsr vwi- 
n11Ies in cnllrcl tlir n.iliniriisioiinl rrronst.ructrc1 plinne 
sparr. Tlir 1,nnir idra I~rliiiicl tlir Tnkenw rrconstnic- 
t.ion is to rcclucc tlic roinplrxity of tlic signal by try- 
ing to rrprwriit it in n fiiiitr climrrisional plinsr spacr. 
Prnct.icnlly onr ronsiclcrs t,lw trnjcct.ory olit.niiir.cl by 
increnniiig the cliinmsionality n of the phase space. 
For cnch 11 tlic clitnrnsion Y of tlir rtxonstructcd at- 
tractor is nirw.ured. Tlir procrclnre stops wlirn Y 

docs not rlinnge anymorc. A simple way to mrawre 
the dinirnsion of t,hc ntt.rart.or wns suggested by Prw 
rnccin n~id Grnssbergrr [GI. The niiinbcr of poiiit,s N, 
which fnlln in n niiinll ball of riuliils r 011 tlir nttrnctor 
is nienssrcd. Wlirn r go- to zcro this qiinntity rx- 
Iiibitn a scnling Inw from w!iidi thr lord  climmsion 
Y is extracted N U r”. 111 tlic caw nf tlw signnl prc  
sented in figure (I), tlir reconstruction with n = 2 
leads to a phnsc portrait (see fig. (2)) which even- 
trinlly fills n finite arra of the plane. This ruggcsts 
tlint the nttrnct,ni% diii~ei~sinn is grrntrr or rqiinl t.o 2. 
‘Thc thrrc climrnsion;rl r r rn~~s t ru r t . i n~~  rciiiiiriiis t,llnt 
the dimnision is nctudly in bcbwcn 2 r d  3. A cut 
of the nttriultor by n plane rcveds the structure of the 
attinctor (sce figure (3)). This nnnlysia shows thnt 
signals as complrx MI tlic one of figiirc (1) cnn bc 
c o d 4  with a finite niinibcr of data p0int.s. Thrre in 
our cm: X(O), X ( r )  and X ( 2 r ) .  Thr dntn in figure 
(1) were not obtaincd from a red exprrimrnts but 
from the numerical solution of a different,id quation 
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Fiyrr 2 Two dimensional phase space monitruc- 
tion of the signal shown on figure (1) 

Y 

4 

Pigm 3: Poincare cut of tlie three dimensional re- 
COMtNcted attractor. 

whose phnsc space i actually three dimensional 

This equation dmrrihrs the motion of a penoulnm in 
a periodically varyiilp, gravi ta t iod firld. Equation 
(1) can be written as a set of three coupled first order 
equations 

or 

whrre X = (Xo.Xl..Yz) and tlie vector field F is 
given by 

F = (Xl, -VXI + (1 - In2 cosX2) sin& R) 

The dynamical systnn givrn by equation (3) drprnds 
on paranietris which control tlir transition from regu- 
lar to irregular beIia*.-ior. In what. follows, we describe 
a numerical experiment where U and R are kept fixed. 
The amplitude. f, of the prriodic niodirlat~ion of the 
gravitational field is increnacd frnin zero. Tile solu- 
tion Xo = Xi = 0,Xz = Rt represents the rest state 
of the pendulum. In phase space, it corresponds to 
a limit cycle with a prriod T = 9. The projection 
of this circle in the Xo - XI plmw is a point located 
at the origin. The staliility of this solution is cnn- 
trolled by the Mathicii equation 171. In the (1 - R) 
plane tlie instability clornaiiis are 1ocat.ed insidr the 
resonance tongues. The signal of figure (1) hap been 
obtained close to the strong resonance R - 2. As 
f is increased, the attractor of equation (3) changes 
its dimensinn. For 1 small enough the rest state is 
stable. Above a critical value, fo, it loses its stabil- 
ity (see figure (4))  and tlie pendiiluin oscillates. The 
corresponding orbit in tlie phase plane is still topo- 
logically a circle. The change of dynamical state that 
t . 1 ~  pendulnm undergoes when the amplitude of the 
modulation is varied is a typical rxaniple of bihrca- 
tion. One of the most useful rcsults of the theory of 
bifurcation is tlie possibility of classifying the generic 
hifurcatinns wliirli ocriirn in real rxprrinirnts. When 
f is sliglitly above a scrnnd crit.ira1 value, a new 
bifurcation t,ransfcrni the cyclic at,trnctnr iuto R knot- 
ted orbit (see fig. (5)). In this process tlir period of 
the snlutioii doubles. This Iiifurcatinn provides the 
key mechanism for tlie transition townrds chaos. A 
further increase i n  tlir awplittalr of tlw fnrriug 1 1 ~ 1 s  
a complcte cascndc of oiicli bifurcations. At cadi crit- 
ical d u e  fn theorliit length doubles. At the rllh step 
a cut of the attractor consists of 2" points. The s e  
quencc of the f. ir shown to converge gmnietrically 

.t = F ( X )  (3) 
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Figure 4: The parametric oscillation. 
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Figure 6: Slightly above fm. 

to jm, The seq~ieticr of clits suggests tlir cxistrtice 
of a Cantor set for this paratiirtcu valiir. Al~ovc this 
critical value the signal obtained ( X I ,  for cxamplc, as 
a function of timc) cxliihits weak irrcgiilaritics (see 
figrirc (6)). Tho cliaotic behaviors can be cliarac- 
tcrizctl by qiiantitics wliich nicasiircs the anioiiiit of 
chaos. These are ciitropics and Lyaprinov numbers 
[8]. T h y  are rigoroiisly clcfiiicd rigorously iii tlie 
fratncworl: of ergodic theory. Tlioscs very interest- 
ing aqpccts of dynamical systems are not covered in 
this lecture. We will instcad focus our attention on 
tlie transition to chaos through n cascade of period 
doubling bifurcations. The cut of the flow by a plane 
(Poiticare cut).dcfincs a diffeomorphism of the plane 
itito itxlf. The flow associated with equation (3) has 
tlie property to uniformly contract tlie volrinic in  the 
phase space. The contraction is given by the diver- 
gence of the vector field 

Obviously tlie Poincarc map should then uniformly 
contracts the area5 in the plane. Let us define the 
coordiiiatcs in a typical Poincare plane a s  20 aiid ~ 0 .  

The Poincare map may be written a9 
Figure 5: Period doubling bifurcation. 

I 
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Figure 7: 10000 first iterates of (0,O) of the crhic 
Hcnon's map I 

The simplcut nonlitlew diffcorniorpliisIii 191 of tlic 
plane which iiiiifortnly contract the arcw CRII bo writ- 
ten as 

.I, = a ~ o ( 1  - t o )  - bpo ( 4 )  
U;, = fo 

At cadi iteration ai ar1)itr;u.y arc8 in the plaiic is 
contracted by a constant factor given by t.lic Jaco1)inii 
of the transformation (4) 

Nu ,erica1 siniiilatioiis of the niappiiig (4 )  for ilicrcis- 
inL ,:slues of a, for fixed 6, revcal the exist.eiirc of a 
cascade of period doubling bifurcations .zs tlic prc- 
cursor of chaotic behavior. In the chaotic rcginic, the 
attractor of the cubic Hcnon's niap (arc (  1 - TO) -+ 
axo(1 - xi) in equation (4) )  cxIiiI>it.s strong siiiiiIari- 
tics to the Poincare map of the parametrically forccd 
pendulum shown in the figure (3) (sec figure (7)). 
The iiiccliaiiisiii of t.lic ra~catlc of pried cloubliiig hi- 
furcatiocs and its relationship t.0 non1inewit.y ciili he 
understood in the liiiiit wlicre b 0. The Hcnoii map 
(4), in this liniit becomes a one-dimensional niiip (scc 
figure (8)) known as the logistic map 

.I, = azo(1- 2 0 )  = A&) ( 5 )  

As a increascs from zero tlic following scenario is 
observcd. For 0 < CI < 1 tlic iteratcs of all the initial 
conditions convcrgc toward zcro. For 1 < n < 3 the 
iterates of all the iiiitial condition except (0) and (1) 
converge towards a fixed point, a solution of 

Z* = A,(z*) 

Figure 8: Tlic logis6c: map 

For 3 < (I < 3.5 aliiiost. all tlic iuitial coiitlitioiis con- 
verge tow,artls ati a1t.criint.c srric ( x - ,  x+), solrit~iori of 
tlic cqiiat ioiis 

P+ = 
z- = Xfl(z+) 

or 

2; = Xy'(x;)  

for all i = 1, ..2". Tlic sccpiciicr of t.lic r i l l  coiivcrgc in 
a gcoiiict,ric fidiioii t.ow;irtls a l i i i i i t  value (im: 

(6) 
a n + i  - ( ~ I I  liiii = 4 . 0 . .  6 

n-cw %1+2 - ~ ~ , , + l  

For > am, cliaotic 1)~liiiviot~ is O I J S C ~ ~ C ~ I  for ii I I I W -  

siirablc sct of pnriuiict.vr VAIIICS (sec fig. 9) . The 
nieclianhn of tlie cwradv of period dothling biftir- 
cations Cali bc iiiitlcistootl ii i  t.lic followiiig way 

0 Tlic first prriotl cIoiil)liiig bifiirciitioii is A siiiiplc 
conscqticiicc of t.lir iiori1irir;~rit.y of t . 1 ~  map. Tho 
stability of the fixctl poilit I. is roirt.roll(d by 
tlic dcrivat,ivc of t,lio iiinp at tliis point. A slwdl 
tlcviatioii, 6x, aroriiitl the fixcicl point. I~ccoin~s 
after one itcratioil 
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Figure 9: Sketch of the cascade of period doubling 
bifurcations 

Figure 10: The logistic map and its second iterate 

When r increaqes, the fixed point eveiitually 
reaches the region where the map has a nega- 
tive slope. When ISAa/Szlz.l 2 1, the fixed 
point 2. loses its stability. This occurs when 
SX,/Szl,. = -1, which defines a1 in an unique 
way. Slightly above al ,  the i tcrate  of almost all 
initial conditions converge toward a pcrioclic cy- 
cle of period two, whose elements are fixed points 
of the second iterate of the map (see figure (10)) 

0 The form of the graph of Ab” allows us to untler- 
stand the existence of a cascade of bifurcations. 
The restriction of Ab2’ to the in t end  denoted 
Z+ in figure (10) is similar to Xi2’ itself. When 
a is increased t+ reaches the domain of A!,’) in 
I+ where the slope SXh2’/8t1 becomes smaller 
than -1. The periodic solution of period two be- 
comes unstable for this parameter value. This 
simple idea is at the root of a theory proposed 
simultaneously by M. Feigenbaum Ill] and P. 
Coullet and C. llesser [12] [13] in ortlcr to ana- 
lyze the cascade of period doubling bifurcations. 
We present here a crude calculation which illus- 
trates this theory. The second iterate of the lo- 
gistic map ,@ is 

.+ 

z‘ = (2-a)’2 (7) 
-a(6 - 50 + r’)z* 
+a2(4 - 3r)z3 - r3y4 

We have chosen the origin of the coordinates 
at the point (z*,A,(z’)).  A truncation at 
the quadratic order and a scaling tranformation 

. brings it into the form 

I X I  

(1024) Figure 11: Self similarity of A,, 

2’ = a’x( 1 - z) (8) 

wlicre n‘ = (2  - 
This map is called the renormalization map. Up 
to a translation, a ch;mge of scales a d  a change 
of the parameter (renormalization), Ab’’ is equiv- 
alent to &,. a‘ is calied the renormalized param- 
eter. The renormalization niap has two fixed 
points a = 1 and a = 4. Let us cnr.rider only the 
fixed point with the positive slope (a = 4). We 
identify this valiie of a with ( I , , . .  If our calciila- 
tion was exact A,, woiiltl be exactly srlf-siniilar 
to A,- (sc -. (11)). When a is close enough 

(2. to am, is almost equivalent to X o , - l o ,  
where 6 is the slope of the renomalization map 

( 2 )  
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a t  the fixed point a,. Tliiis a typical paraiiict,cr 
range for tlie niap A, is slirliiik by a factor 6 for 
its second iterate A!,~'. 111 particiilar t.iic cioiiiaiii 
of stability of the cycle* of period 2("+') is 6 t,iiiic 
smaller that the doinaiii of stabi1it.y of the cy- 
cle 2". One gets d = 4. The triiiicrit,ioii is the 
only serious criticisin of this analysis. This ap- 
proxiuiatioii iiitroduces in particular a spririoiis 
fixed poiiit a = 1. Our crude ralc\ilat,ion ran I)e 
transformed into a powcfiil and rigoiiroris tlicory 
(renoriiiaiization group) [ 141 wliidi allows oiic to 
prove tlic cxistcnce of a caw& of period tlou- 
hling bifiircation and its i1iiiversalit.y. It. is hc- 
yond t.lie scope of this review papc'r t.o go iiit.o 

the drt.ails of this thory.  

The nidn stcps are the following: 

1. Definition of a renoriiializat.ion iiiap 

O ( r )  = / l - 1 + ( + ( / 1 ( 3 ) ) )  

wlirre /I is an affiiic t.raiisforiiint,ioii, 
2. Conipiitatioii of its fixccl poiiits 

3. Conipiitation of tlic nprtriuti tit. t.lir fixccl 
points 

A ( z ) =  
LI+ 4. 

The inain rcsiilts arc blie f6llowiiig: 
%,' < # 

1. Andyt.ic maps liave a dhiiiiiicrablc set of 
fixed point,s. 

2. One of the fixed points (riiiinioclal map with 
a clriatIrat,ic niaxiiiiiiiii) lias a spcct.rtiiii wit,li 
only onc cigciivalric 6 = 4 . 0 . .  wliosc niotl- 
ulus is greater tliaii 1 

3. h~iiltitliiiicn hiial prrt.rirl)at.ioiis of t,liis 
tixcd point, ~ ? 1  for cxaiiiplc t,lic gwcplim- 
tion of tlie Hrnoii map, does not destroy 
the rcsiilts (1) and (2). 

These rcsiilts explains why thc ciLscatlc of prriotl 
doubling bifiircation with its iiiiivcrsal iirinibcr 6 = 
4.66920 1 GO9 102 10909.. arc iic tiial I y observed in si icli 
a wide class of dynamical system. 

3 Patterns 
The bifurcations provide thc niost obvious iiiatlie- 
matical explanation for tlic changes which occur in a 
physical system when its parameters arc varicd [15] 

Im o 

I 

P 

t 
Figiirc 12: bypica1 spcc:t.riiiii of D f i l /DUlu.  at a bi- 
frircation poiiit 

wlicrc U = (Ul,U2,..U,,) aiitl / I  is R sct  of k pa- 
ranict,crs p = ( p l , / 1 2 ,  . . i l k ) .  Tlic fixed poiiit w' is 
siicli t,liat. F,,(U*).  Tlic t,opologicaI t.ypc of the How 
iii tlic iiciglihorlioocl of tlic fixcd poiiit U' rliaiigcs 
wliciicvcr an cigeiivdiic of t.he spcctrum of tho lin- 
carizcd vcctor f io l t l ,  D f i l / D U l u .  , crosses thci iiiiagi- 
nary axis. Tlirsc rliaiigcs arc cidlctl bifrircat,ioiis. In  
niany practical applicat,ioiis of bifiircatioii theory a 
st.al)lc fixed point. loses its st.;ibility at t.lie bifrirciitioii 
poilit., In tliat, case, tlic slwctrriiii of D j , , /DUIL, ,  is 
coiiiplet,cly coiitaiiictl iii tlic riglit, Iialf of t,lio coiii- 

plex plane except for a finite yii ibcr of cigciivaliics 
wliicli sit, at. t.lic bifiircat.ion, on the iiiiaginary axis 
(sec figilrc (12)). Tlic iiiiiiii  rcsrilt. of hif;ircnthii tllc- 
ory is that., close! t.o t,lic bifrircatioii cqriat.ioii (9) can 
I)c rctIricccI t.0 i l  siiiipIrr oiic caIIetI its 1ioriiiiiI forti1 12! 
[15) [lG]. This rcsiilt is I ) i ~ s t x l  oii t,lic rriit,ral iiiaiiirold 
tlizorciii wliicli asscirts t,lic cxistcncc of a local 1 m i i -  

ifold wliicli capt,urcs all the int.rrcst.iiig plicIio-iIcila 

occiiriiig at  tlir bifiirciltioii. Tlic t.opologic.id d , i i i ~ g ~  
that tlie vcctor field close to t.hc fixctl poiiit srlffvrs 
at tlic bifurcation caii I)c aiialyzcd on this iiiaiiifold 
only. It is tlie straightforward gciicralizatioli of tlic 
linear space gcncratcd by tlie part of blie spcct,rliiii 

F '  

I 

I 
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Central manifold T<Tc 

=>=, I 

Figure 13: Sketch of the central manifold Figure 14: The buckling of a platc 

of Df,/DVlu. wliicli lies on the imaginary Axis (sec 
figure (13)). The restriction of equation (9) to tliis 
manifold using appropriate coordinates is the nor- 
mal form. Bifurcations of a fixed point. are easily 
classified. The generic (co-dimension one) bifiirca- 
tions correspoiid either to thc crossing of a single zero 
eigenvalue (stationary I>ifiircation) or n pair of com- 
plex eigenvalues (oscillatory or Hopf bifurcation) [ 151 
I161 ' 

3.1 Symmetry breaking 
Synimetry groups play mi iniportaiit rolr in tlic wi- 
dcrstanding of physical systcms. The dcscript ion of 
tlie crystalline strrictrire by Bravais is prol)al,ly tlic 
most famous success of this tlicory. The plicnomrnoii 
of symmetry breaking was first fully apprcciatetl by 
tlie French physicist P. Curie. Bifurcations iii sym- 
nietric dynamical systcms oftcri Icad to the syriiriictry 
broken phcnomcnon [17] [lS]. TIE theory of pliasc 
ctiangc?~ by Landau can bc iiitcrprcted in this frame- 
work. The buckling of a platc provides a siiiiplc cx- 
ample of a spoiltancoils syninict ry breaking traiisi- 
tion. A vertical tension is applicd'to a vertical clastic 
plate (see figure (14)). Whcn the tension cxcccds a 
critical value, the plate bcnds. The side on wliidi the 
plate bcnds depciids on thc cxistrnce of sinal1 fluctu- 
ations when the tension passcs its critical value. In 
a well controlled experiment thcre is a. oqiial prob- 
ability that the plate will bend to the lcft as to the 
right. Let us dcnote the ainplitude of the Imitl  by 
a real number, A. This quantity (the order paraiii- 
eter in Landau's terminology) sliould I)c one of the 
coordinates of the central manifold since the most 
obvious topological change associated with the bifur- 
cation (the breaking of the left-right syninietry of the 

apparatris) is associated wi th  it. The simplcst caqe 
corrcsponds to a one dimcrisional central manifold 
parametrized by A only. The bifiircation equation 
(normal form) is thus a priori 

wlirrc, in ortlcr t,o sat.isfy tlic syiiiiiictry of the pliys- 
iral systzoiii, ! ( - A )  = - f ( A ) .  Siiicc at. blie thrcsliold 
of tlic itist,al)ility (I)ifiircatioii) A is siiiall (at. Ira.st 
ft r sliort times), A caii lit! tq)aiidctl in a Taylor sc- 
rics. Tlic t,riiticiitioii of t.lic! rioriiial foriii nt tlir first 
noiilincar terlii ciill be written 

& A  = f i  .4 + f3A3 (11) 

wlicrc f l  is proport,ioniial t,o T - T,, aiitl T and T, 
rcprcscnts tlic tcnsioii aiitl the critical teiision rrspcc- 
t,ively. The sign of 1 3  is crucial. In tlic c u c  of the 
biickling, f3 is negative. In that case, the bifiirca- 
tion is siipcrcrit.ica1 and the aii1plitiide of t,hr Imid 
satiiratcs t.o a fiiiitr vn~iic, A* = J m j g .  \Vlicw 
f3 > 0, thc aiiiplitiitlc grows iiidcfinit.cly in  time. In 
t.liat casc, cqiiat.ioii (11) is oiily valid for sliort. t.iiiiss, 
wlicn A is still smail. The I)i:iircat.ion of thc biickliiig 
plntc is known tlic pitchfork bifiirc;it.ioii (sec fipirc 
(15j) and tlic amplit.iitlc ccliIation (norinal forill) is 
known ,as tlic Lantlari eqii;it.ion. E'roiii a piircly ifiatli- 

cniatical point of vic'w tliis 1.iiftircation corrrspontls to 
tlic crossing of an cigcnvaluc through zero for a tly- 
namical systcm which posscsses rcflcction symtnetry. 
Equation (1 1) can hr ahtaiiicd in a rigoiirous way 
froni tlic cqiiathis of elasticity. Ttdiiiica!Iy oiir can 
cithcr use singdir pcrtiirlxAoii thcorirs (Poiiicare 
Lintlstcd aiitl its gcncralizatioii [ i ] )  or riorlnal form 
thcorics [2] [Is] [19] [21]. Let 11s coiisitlcr, a.. a siin- 
plcr example of a pitchfork bifiircation, tlie bcliavior 

. ' I  
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Figure 15: Diagram of a siipcrrrittical pitchfork bifiir- 
cation 

of a ball gliding in a hoop which is rotat.ing aroiiiitl a 
vertical axis (also known aq the problem of tlic conic 
pendulum, see figure (16)).  Tlie iiiotion of the 1mll is 
clescribed by the cqiktion 

6 + 2 v 0  + sin6 - R2 sin @cos0 = 0 (12) 

When tlie normalized velociby of the hoop R is grri\tt!r 
t!ian or cqud to 1 tlic eqiiililwiiiiii posi!.ioii of blic hall, 
0 = 8 = 0, bccomcs unstable. The 1m11 Iiwvcs to- 
wcucls a ncw eqnilibririm posibinii. Tlir Iifiirciitioii 
is again a pitchfork bifiircation. Tlic Imll can citlior 
reach a new position with a positive angle or wibh a 
negative and opposite angle. The bifurcation brcaks 
the 8 + -8 symmetry. Close to the bifiircation 
point, a straightforward calculation sliows that the 
spectrum of the linear operator consists of a negative 
eigenvalue whose value is close to --v tmd an eigen- 
value close to zero. This suggests that the dynatnics 
of the ball consists in a "fast" time relaxation (with 
a characteristic time T - l / v )  and a slow time varia- 
tion. For times larger than the fast relaxatiun time, 
the dynamics of thr ball is slow, and the amplitude 
of the motion is smdl. !+ice the amplitude A 3 0 is 
small and A << A equation (12) can be reduced to 
the Landau equation (11) with f l  = ($2' - 1)/2v and 

The third example of spontaneously broken sym- 
metry we want to discuss is associated with the para- 
metric forcing of a pendulum (see equation { 1 of chap- 
ter (2)).  We study here the case where the forcing 
occurs close to twice the natural frequency of the 
yendultun. In that case equation (1) becomes: 

f3 = - 1 / 4 ~ .  

where the detuning, q, measures the deviation froin 

I 

Figlire 1G: Tlic conic pentli!;iitn 

Y 

Figure 17: 1:2 parametric resonance 

the cxact resonance and c = 4 f ( l  - q)*. Tlie insta- 
bility sets in when the forcing, f, exceeds a critical 
value (sec figare (17)). The oscillatGry niotioii of the 
pcnduluni has a period w!iich is thco precisrly half of 
the driven frequency. This bifiircation is actually a 
period doubling bifurcation. 'Close to the instability 
threshold, a solution of the eqiratiun is considered to 
be of the form 

wlicre A(t )  is a real fiinction which is ir,srimrd to be 
slowly varyiiig in  t h e .  The differential cqiiatioii to 
be satisfied by A can he ol)taiiied by iisiiig averaging 
iec!iniques 121, sirice A does not vary milch at  the time 
pede of the oscillation. This equatioli is, a priori: 





f-------) 

Pendulum oscillation 4nln 

Figure 18: Symmetry breaking in the parametric ex- 
citaticm of a pcnduluni 

Equation ( 13) is invariant untlcr tlie transformation 

t + t + 2n/R 

where R = 2(1 - 11) iu tlie actual period of the mod- 
ulation of gravity. Let us  apply this t.rRnsforinntioii 
to the solution given by expression (14) 

X = A(t + 2n/R)e i"e i ( ' - 'J ) '+ '~ .  . . (16) 
-A(t )ci ( l -V)f+i& + . . . 

Since X ( t  + 2n/R) is a solution of equation (13), - A  
should be a solution of equation (15). This require- 
inent implics that f ( A )  = - ! ( -A) .  At tlie Iratliiig 
order, the equation to be satisfied by tlic aniplitude 
is then the Landau equation (11). The parametric 
instability is a syrnmetry breaking bifurcation. Two 
possible oscillatory states can be observrd as the rc- 
sult of the instability. They tliffcr by a pliasc shift of 
n, i.e, a period of the cxternal clrivirig frcqucncy (see 
figure (18)). It nteans that if one considers an as- 
scnibly of sucli pcncliiliinis, statistically half of tlicrn 
will oscillate with a given nmplitutle mid half of tlicrn 
with the opposite aniplitude. Similar to the case of 
the buckling of the plate antl tlie conic pcndriluni, 
the viscotis damping , U, is rcsponsible for the rcduc- 
tion to a first order differential equation. Wlicn t.lie 
damping beconics weaker, the p!iaae of tlic oscilla- 
tion becomes an active parameter. The solut.ion of 
equation (13) is then considered to be of the form 

X = A ( ~ ) C ' ( ' - ~ ) '  + c.c + harmonica (17) 

where A is now a complex amplitude wliiui con- 
tains informations on both the real amplitude and 
the phase of the oscillation. When the expression 

(17) is inserted into the equation (14, taking account 
that, A is small and slowly varying, and that U and 
f are also small quantities, one gets the amplitude 
equation (normal form) as a compatibility condition, 

afA = (-U + iq)A - iaJAI'A + iyA (18) 

where a = 1/4, 7 = r/4 and A denotes the com- 
plex conjugate of A. When the forcing goes to zero 
(y = 0) equation (1G) becomes invariant under the 
transformation A + Ae", where 0 is an arbitrary 
phase. This equivariance property is a consequence 
of ihe translational invariance of the equation of the 
unforced pendulum. The tcrm -,A in cquat.ion (18) 
rcprcseiit s t.lic nyininctry breaking indiiccd by the 
forcing. IL rc~lriccs the syilirnctry group iintlcr wliich 
(18) is inv,ariiuit to tlie transformation A + -A. The 
stakiility aiialysis of the pcnduluni a t  rest procced as 
follow. Let us introduce tlie real and imaginar! parts 
of thc complex amplitude A = X + iY. The linear 
equations to be satisfied by X a n d  Y are 

a'x = -YX + (7- 1 I ) Y  (19) 
O'Y = -vY + ( y +  '))A- (20) 

Let X = X,p?' antl Y = Y&''. Tlie cqiiation for o 
is 

( 0  + .)Z = yz - I? 

The cigc~ivalucs arc I)ot,li rral if IyI > 1111 (frcqucncy 
locking). T!ic iristn1)ilit.y scts iii  inside thc frcqiieiicy 
locking tongric, wlieii yz 2 11' + vZ  

At tlic iiistalility tlircslioltl the cigciivaliics arc- B = 
0 antl 0 = -2u. Tlic marginal cigcnmotlc is such tliilt 

wlierc A', antl Y,, arc tlic coiiiponcnts of the urista- 
hlc mode and @ is tlie pli~~sc introdricetl in the solu- 
tioii giVCll by cxpressioil (14). Near tlrc tlweslloltl tJic 
equation (18) can I)c rrtliicc~l to a siiiiplt-r oiir that 
is first orrlcr in tiiiie. This cqiiatioa for tl!c real iilii- 

plitridc, A, of thc Ili~rgillid liioclc is IIOIW o t h r  tliat 
tlic Laiitlaii cqiistion. 

3.2 Pattern. forming transitions 
At all scalcs iiiatter exliil)it,s structiirrs. Solilt: pat- 
tcriis are vcry rcg:llliir, s i ~ c l i  iw for cxiuilplc the 
Iioncyconil>-likc convcctivc cells ob.. :?. vccl iii  a wcll 
controllcd cxperimcnt. Others arc qiiitt: ~rregiilcar, 
such as the Iiytlrotlynaniical flow 1,cliiiid an olwta- 
clc at liigli Rcynoltls niiiiilwr'. Pnttrrns ;iris(* tliic 

to t.lic spontmicous syniinctry brcakiiig of sp;~(!-  h i i c  

symmetries. LVlicii a iiiatcrial fills an cinpty spacc 
it usually inhcrils its liomogcneity propcrtics. Most 
of the time patterns reflect the topology of tlic space 
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in which the physical system is embedded. In par- 
ticular, patterns which are observed on a flat surface 
or a curved one are quite different. Hexagonal pat- 
terns can regularly fill a piece of plane, it is not the 
case one the sphere. The matter itself can influence 
the morphogenesis when it breaks the hornogeneity 
of space. The molecule of a nematic liquid crystal, 
for example breaks the isotropy of space at the nii- 
croscopic level. Patterns observed in such systems 
wiU have orizinal features associated with the sym- 
metry of the molecules. Mathematically, patternu are 
the solutions of partial differeiitial cquations. Before 
describing formal iispects of the theory of pattern for- 
mation, let us first discuss a very naive example of 
pattern formation. 

The problem of the coupling of two p e ~ ~ d i ~ l i i ~ ~ ~ s  R I -  
lows one to introduce the hasic niedimism of pattrrn 
formation. In this problem, space is simiilatetl by two 
points, the two pendulums. The cqiiatioiis wliicli de- 
scribe the niotion of tlie pcndriliinis are 

61 + sine1 = K ( e 2  - el) (21) 
& +s ine2  = n(el - el) (221 

where s, the torsion constant is assumcd to be small. 
One of the invariance propertics of equation (21) 
( 1 )  H (2) reflects tlie honiogcneity of tlir "space". 
Let us introduce the sum and the difference of tlie 
angle of the two pendulums C = 01 + (32 and 
A = 01 - €32. Linearizing equa'ion (21) arorintl the 
rest state one obtains : 

2 + s  = 0 (23) 
A + ( 1 + 2 t c ) A  = 0 (24) 

The normal modes of this simple mechanical systcni 
are thus given by 

0 A # 0 and C = 0 where the two pentluliinis 
oscillate with the same ampiitude a t  the same 
frequency as a single pendulum. 

0 A # 0 and C = 0 where the two freqiicncy oscil- 
late with opposite pha'ie, a t  B higher freqiicncy 

The first normal mode does not break the ( 1 )  e, (2) 
invariance while the second one does. We will say 
that thz second mode of oscillation describes a pat- 
tern in its simplest form since this solution hreaks the 
homogeneity of the "space". In order to understand 
a little more about the spontaneous appearance of 
patterns; let tis consider the case where tlie two cou- 
pled pendulums are weakly damped and subjected to 
a small periodic variation of the gravitationd field, 
close to resonance (1:2). The dynamics of such a sys- 
tem is described by the equations 

Jrn 

e,  + 2ue1 (25) 

IY 

v \w rl 
-K 

Figiirc 19: St.abi1it.y diagram of the two coiiplctl pen- 
t l l l l l lnls  

+(I  + jn2  c : o s ( ~ ) )  siiiO1 = ti(@' - el)  

+ ( I  + /R2cos(S~t))siii@2 = K ( Q ~  - (32) 

wlicrc R = 2( 1 -TI). Using the siini and tlir tliffcrcnce 
of tlic angles oiw get the liricarizcd rciiiations 

6 2  + 2vb2 (26) 

(27) L + 21,'s 

i + 2"A (28) 

c1 

+(1 + fJPcos(flt))C = 0 

+( 1 + ~ K ) A  + f 51' cos(fP)A -= 0 

We tlicii look for solutions to tlirse rquatioiis of 
the forni 

The stability of thc rmt soliition. A = 13 = 0, is 
straiglitforwartl: wlieii t t i ~ . ~  forcing ircqiicncy is close 
l o  the freqiiency of t1.e structirrccl mode, tlic iiista- 
bility leads to a state wliirli breaks tlir hcinogeiicity 
of the space (see figure (19)). 

A inorc realistic cxaniplc of pat tern f o n i i ; h i i  is 
o1)taiiicd by coripling ir large iiuiiitwr of siich iclviiticd 
pencluliinis. 111 tlic contiiiuous iiiii;t. t,lw cqiiatioii for 
?lie chain :nay be written as 

6 + '4 + ( 1  + in2 cos(nt))s ine = c ' ~ ) , ~  (33) 





where c is P velocit,y which depends upon thc tor- 
sion const.iuit and the distance bct.w&n peiidlilrinis. 
Spate now appcixs cxplicitely through tlic sccond or- 
der derivative by rcspect to r .  T!ie Iioiiiogcnrit.y of 
space irnplics t.lie invariaice of tlic eqiiation iiiitlcr 

the transformat.ion z + 1: + a and t -z. The 
amplitucle of the small oscillation of tlic chain A is 
now a ftiiiction of time and position. It. obrys tlie 
equation 1221 

_.. .. 
, . .'>!I. 

wlicrc ~3 = c2/2. This cqiintion kfw])r ol)t,aiiic(l as 
iisrid by looking for a soliitioii iiiidrr tlir foriii 

When tlic pnraiiietcrs 11 xiti y vanis!i, tlic rqriat ioii 
bcconies the acll known iionlincar Schoedingcr cqiia- 
tion 1231. In thc case wlirrr 00 > 0, (this is tlic caw 
of our cliaiii of pcnciiila), t lie Iioiirogaicoiis soliit ioii 

A = A,,C ~ ~ ~ I A o l ' f  i s  iiiista1,lc witl i  rrxpwt to iioii- 

lioniogencoris pcrtiirbai inns. This instability (srlf fo- 
cusing) lrncls to the fornint ioii of solitary striiel tires. 
In the prcltcnce of small forcing arid tlisaipntioii, pat- 
tcr-s caii I)c ol)scrvrtl ticpcircliliR upan t Iio tlrtiiiiiiig 
parmictrr 6. The niccllairisiir iiiitlwlyiiig tlic foriiiri- 

tion of patterns can be rinderstood M h-forc iii the 
framework of the liiicu equations : 

O,A = ( 1 4  + i6)A + iyA - i/3A,, (35) 

The invariaiicc of this cqiiation iiiiclcr tiiiic arid spicc 
translation wliicli rrflicts the isotropy of spacc allows 
oiic to look for soliitioii iiwlrr tlic forin 

The equation to be satisfied by U is 

A = A c i q r  + c.c + . 
The ecpiation to l ~ i  satisfictl by A is a Iionnnl foriii 

wliicli describes iii a universal \vay tlic t raisitioii to 
one-dimcnsional nioclrilatccl structiirc 1241 1251. 

F 

Figiircr 30: vq as R fiiiictioii of q. ;a) t,lic riiost iiii- 

s t a l h  iiiotlc has a zero wnvcnrinil,cr (h)  the iiiost 
iins:.,il)lc iiiotlc I)re;iks titi:c: translatioris. 
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tiori of a coherent beam can exhibit stnictures 
vhich are related to diffraction. In fluid mccli,ul- 
ics, the first. apprariwice of A pattern is oftcn im- 
soclat,ccl with an intrinsic rharactcri2tic lcrigth. 
Tlie l? :~yIrigli-Bciiard iiistabilit,y iSS], for ewarn- 
p!e, lcatls to convwtivc mils wtiich have a typical 
yize of tlie Idght of the container. In chemicd 
ancl  biological systems instabilities can lead to 
patterns only hccaiisc the species involved have 
differclit diffiisioii coefficients. This mechanism 
is kiiowii as the Tiiring inst.al)ility (341. 'Airing 
pattrriis Iiavc bceii ohscrved expcriiiient,ally only 
very rcccmtly [35] [XI. 

Figire 21: Hcxagoiinl prtkrrn iii t.lic two cli i i i ,  nsiniinl 
vrrsioii of tlic coiiiplw Giiixl)iirg-Laiiclnii rcliiat,ioii. 

r h .  sc*coiicl caw. I Iic liiicitr t.licory srlwts iriorlcs 
wi(h a tiiiitt! w;w* riiini1)cr (In ( s w  figiirc (20.1))). 
Tlic artiial pattvrii nriscs aq n iionliiiritr roiiil)ct i- 
t,ioii h t w r r i i  viii ' 8  111s iiioclrs wit Ii c l i f i c w i i t ,  nrivii- 
t,atioris. Pattc;r* wliic.li only I,rcbak qiiiro trails- 
Iatioiis c w i  bv ' riprs. hrxngoiis [XI). sqiiarrs 
a id  inore crxot.ii imt.trriis, siic.li a$, for cxaiiiplc 
rliiasi-p.riotlic 1 w t  r r m  (SW figiirc (21)). 111 6lic 
caw wlicre U = kid,  t.lie iiist.aldit,y Iweaks t.iiiie 
translation at t l i v  onset. Two caws agaiii liavo 
t.0 bc coiisic!erc.ci Tlicy tlcpcriids oil t,lie foriii of 
tlic rcd part. of . ;LS a fiiiict.i:.ii of Q (sre tigiirc 
(20) w!icrcr U i: ~*pIacctl by its real part.). In 
t,lic first case, 11 1)rvakiiig of space t,ranslat.ioii 
occiirs. It corv miitls t,o Iiniiiogciiroiis oscilla- 
ticns in space. 111 I Ire second case, the iiista1)ilit.y 
selects a wavriv i.iil)rr. Tlw corrrspoiitliiig pat,- 
terii can citlirr ' 1 1 -  a t,ravclliiig wave or a st.ancl- 
iiig wave, w l i a t t w ~  its si)at,iaI stnirirrcl (stripes, 
hexagons, etc..). Tlic sclrctioii ariscs a$ a lion- 

linear cornpetit i w i  hcttwccn riglit ancl left prop- 
agating t,rwclliii~ wavrs. 

Froin a pliysic;il 1v)int. of view pat.t.c*riis appr;w ;LS 

the restilt of ai1 ii!stAiIity wliicli sc1rct.s a part.ic- 
iilar striictmctl r~ioclc [Sl]. Each !)nt.t.tlrii foriiiiiig 
transition lias it?; owti niecliaiiisni. In tlir c a w  of 
the paramctrir writz&xi of a chain of priihla, 
the forcing wlii fh ha5 a wcil tlefiactl frrclriciicy 
picks rip a partit 3ilar waveiiiiniber 1)ccaiisc of tho 
clispcrsive iiat.iii.1- of t,liv v'avcs t h t  t.Iiis syi t .cii i  

c m  siistaiii. TIIV Farahy cxpcriineiit, (271 fiillx 
into this CIRSS. 111 opt.ic.9, (321 t.lie traiisvcrst: scc- 

Acknowledgment: Part. of this work IiiLs I)ecii sup- 
portrd !)y t,lir CSRS (GDR.  "Order aiitl Clinos io 
mat ter" ) aiiti tlic EEC (" St iitly of Topological 3c 
fticts in ~oii-r(iiiilil)riiiiii Systrnis"). Soiiic nf tlie 1111- 

~iirric*nl siiiiiilirtioiis 1w(!sviit,c*il iii  this 1)qirr Iiiivc I)rrii 

pvrforiiircl oil t.lici Coiiiivct ion hlirc4iiiir of t l i r  INRIA 
at Soi)liin-..\iit,il)olis. 
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1. ABSTRACT 
lhis communication is the first pati of the three papers which 
are presented hy the author in the same AGARD Ixcture 
Series (LS 191) [ 1 , $ I .  It aims at the study ol' asyiiiptotic 
solutions of non-linear differential equations depending on 
pumcters. Ihc first part of the comrnunication is devoted to H 

brief prescnlation of the husis of Biliircation Thcoiy which is 
limited to the non-linear phenomena ohserved hy the iilithor 
when he has analysed high performance aircralt behaviour. In 
particu:.., complex hifurcations and chaotic motions are not 
treated in this paper. Numerical procedures developed to use 
results from Bifurcation Theory are presented. Iheii, some 
remarks are stated to establish a conlieclion hctwecn 
asymptotic and quasi-stationary behaviour. Finally, a 
methodology dedicated to the analysis of non-linear systcms is 
proposed. 

2. RESUME 
Cette communication est la prcmitrc d'une sc'rie de trois 
prc'sentkes par I'auteur dms le cadre de la Lecture Series de 
I'AGARD (1,s 191) [ I .  21 don1 I'objet est d'aborder I'dtride des 
solutions asymptotiques des systtmes diffkrentiels non 
lineaires dependant de paramt5tres. La premiere partie de cette 
communication presente rapidement quelques fontlements de 
la thciorie des bifurcations en se limitant aux seuls 
phknomknes non-lineaires que I'auteur a rencontrb au cours de 
I'etude du coinportement des avions trks manwuvrants. En 
particulier les mouvements chaoticpies ne son; pas treitc's ici. 
Ensuite, ICs procedires numkriqucs utilisc'es pour mettre h 
profit les resultats provenant de la theone des bifurcations sont 
passees en revue. Puis, quelques commentaires sont cffectuks 
en vue d'ktablir une liaison entre le comportement quasi- 
stationrlaire d'un systeme et son comportement asymptotique. 
Enfin, une methodologie d'ktudes des systemes non linkaires 
est propostie. 

3. ENTHODUCTION 
In practical situations. non-lincia dynamic systems are very 
frequently simplified or "lineariscd" ut the beginning of their 
analysis. Unfortunately, such linearised equations do not give 
: full account of the observed phenomena and only some 
::oiled conclusions regarding stability may be reached. . 'Ihus 
under certain conditions the noma1 behaviour of dynamic 
systems which is predictable on the basis of "linearised" theory 
suddenly gives way to "incomprehensible" behaviours when 
linearised analysis is no longer vaiid. 

Nevertheless, a careful examination of the observed 
phecomena in connection with inathematical results on non- 
linear systems cnlled 13ifiircntion Theory reveals thi i t ,  in many 
cases, these surprising behaviours can be well unde r s td .  

This communication is the first part of the !bee papers which 
d e  presented by the author in the same AGARD Lecture 

Series (IS 191) [1,2].Thesc communications aims at the 
prcscn1;ition of non-linear flight dynamics phenomena 
occuirirg on high performancc nircran 121. To achieve this, the 
first two p q w s  arc devoled to the presentation of some 
(lieoretical resiilts concerning non-linear t:ynmic systems. In 
p:irticiil;ir. taking into account the cltiss of non-linccir equations 
cncomtcrcd in I:light I)yrainics, this pilpcr deals with the 
study 01' iisyinptotic solutions of non-linear autorioinous 
dillicrcn!iii~ equations depending on parameters. 

Although, a great niiinber of specialised book exists in the 
literature, the first part of the communication is devotcd to a 
brief presentation of Bifurcation Ilieory husis. It is limited to 
the non-linear phenomena which have been ohserved hv the 
author when hc has analysed high performance aircraft 
hchwioiir (tixed points, periodic orbits). In particular, 
complex hi furcations and chtmtic motions iuc not trerted here. 

As iii most practicnl cases it 1.; not possihlc to get ullalylical 
asywptotic solutions. the sccond pait ol' thc piipcr is rcl:itcd to 
the numerical procedures which liavc heen developed to use 
resiil!s from Ihiurcation 'ilieory. 'rht. construction of 
equilibrium solution: by means of continuation r.ocess is 
discussed and a review of the available packages if presenfed. 

From a thcoreticai point of view, parametqr variai;ms are 
wsumed fixed an independent of time. V.'hen temporal 
parameter variations are not sinall, one can observed 
behaviours which are differcnt from thosc initiiilly predicted 
by means of Bifurcation Theory. The following part of the 
p a 7 r  is dedicated to a disccssion of the connection be1we.n 
asymptotic behaviour and quasi-stcltiofiary and/or transient 
behaviour. These last considerations are closely connected 
with !he attracting basin computation problem which will he 
treated ip the following paper 111. 

At the end of the paper, the methodology which has bccn used 
to analyse non-linerir systems behaviour, cspcciirlly in  I:light 
Dynamics, is p:oposed. 

4. SOME, SIMPLE EXAMPLES OF NON-LINEAR 
SYSTEMS 
Let us consider a set of linear or "lineuriscd" tlillcrciitial 
equations dcpcnding on puiunctcrs. It is well knoun tlrcit, Ibr U 

given value of the parameter, there exists cnly one solution to 
the fixed point probiem the stability of which is providcd hy an 
eigenvalue analysis. Even if the fixed point is unstilhlc, there 
is only one asymptotic solution when time tcnds to iiifiiiity'. 
As it will hc shown in the two following exiunplcs. the 

'If one or severnl eigenvalues of the system have null real ptM, 
one can be noticed that it is possible to transform the initid 
system in a law dimensional one which exhibits only one 
asymptotic solutioii. 





situation is more complex when the "linearisetion" is  not valid 
andor when the .system is non-linear. 

4.1 Riemann-Hagonlot's r.atastrophe 
Let consider the differential scalar equation: 

where x represents the state of the system and ( a ,  b )  slowl) 
varying parameters. This equation may be considered as 
desaibi:g the evolution of X in a gradient field the potential 
of which is defined by equations: 

Consequently, a study on the extrema of q ( x )  provides 
information on the stahility of the equilibrium states (figure I). 

i = -(*I +OX + h )  

x = -gmd(cp(x)) 

l r - 3  I bm-1 ' 
i m p  

b r l  . 
Jump 

b r  3 

jig. 1 - Riemann-Hug~:*~~ot catastrophe: potential function. 

cp(x) = (x'/4)+ (ar'/2) + hx with a = -3 

1 1  the (x,o,h)space, the equilibrium manifold (M) is defined 

tw the set of equilibrium points (i = 0)and (C! is its projection 

onto the (a, b) plane (figure 2). 

equilibrium surface A 

fig. 2 - Riemann-Hugoniot catastrophe: equilibrium rnani/bld . and biJiurcotion sutjiace. * .  

I In this plane, ( C )  is the locus of points so that the equation (1 )  
admits Uuee solutions is within a curve in the form of a cusp 

a'/27 + h'/4 = 0 
This curve is  called a bifurcation surface. 

4.2 H o p f  s bifurcation 
Let consider a 2dimensional system in polar coordinate 

E 
! 

(r.e)with a parameter c : 
e - - ]  I r i .=T(c- - )  

wherc r1 = xl* + x,' and 8 = Arcig(x, /x , ) .  For c c 0 ,  only one 

stable equilibrium solution exists ( r  = 0). For c 2 0 , solution 

( r  = 0) hecomcs unstable and a new stnble solution appears 

( r  = 47) -17ii.u latter corresponds to a limit cyc~c (periodic 

orbit) the radius of which increascs as & (figurc 3). 

c=o C'O 

- stable - unstabls 

jig. 3 - I1opf.s hijirrcation. a) Equilibrium soluriotrs (is a 
I ,  , 

Jrnctioti of C , h) return IO steadv state as a futrction of C . I 

S. FOUNDATIONS OF BIFURCATION THEORY . I  

'!hc mathcmaticul hasis of l3ifurcntion Thcory van hc found in 
a great number of specialised hooks 13, 4, 51. Ncvcrthclcss. it 
appears to be essential to prcscnt a fcw uspccts of this thcory 
at thc heginning of this communicatlon in order to facilitate 
the understanding of the following chapters. I t  can he noticed 
that chaotic motions are not treated here. 

~ 

! 
, I  

I 

i 

5.1 Preliminaries 
Ihc present topic is devoted to the bchaviour analysis of non- 
linear autonomous ordinar?, difl'erential cquations depsnding 
on parameters. 

In the following. wc will study systcii~ 

where x is tm n-dimensional vcctor, p IS tin m-dimcnsionul 
x = A x 4 4  (4 1 

parumeter vcctor and J: R" x R"' + R" are n non-linear conti- 
nuous and differentibble relatioris. 





The equilibrium states provide no information about the 
transient response of the non-linear system to a parameter 
variation. Neverlhelesq, the previous examples show that the 
computation of fixed p i n t s  and/or periodic orbits and the 
characterisation of their stability are essential to analyse the 
asymptotic behaviour of non-Iincar equations. In order to 
aclrieve this, thc Iniplicit Funclion Theorem. only for gradient 
type system, and the ccntcr manifnld Ihcorem which are 
stated helow arc two of the most iinportunt contributions to 
13ifurcation Theory. 

Itnplicit Futtctioti Theorem: I,ct f: R" x R" + R" be U gradient 

type system .satisfying, for some p, > 0 and py > 0 sunicently 
small: 

i) J(~,A,) = 0 ,  

i i )  ~ J . ' . , U , ) = [ ~ ~ ~ ~ , ~ ~ ) / ~ ~ ]  has a bounded inverse, 

iii; ~ ( x . p )  atid x(.r,p) continuous for Ix-.r,,l<p, iind 

IP- PI1 < PY 

a) 4Po) = xo 9 

b) nx(P).c)=o, 

Then, thcrc exists I = x(p) Ibr all Ip -pol c p, such that: 

c) for Ip - pol e p,, there is no solution other than x(p), 

d) x(p) is continuous. 

This theorem allows conditions under which II non-lineca 
gradient system of equations hns n unique solution in a sn~all 
region around a fixed point. 

Many real lion-linear autonomous dynamic systems are non 
gradient type. ' hey  cnn exhibit limit cycles (periodic orhits) 
when a pair of two conjugate imaginary eigenvalues crosses 
the imaginary axis under a variation of a parameter. To 
analyse this new situation one need to generalise the previous 
results to general system. This is achieved by the Center 
Manifold Theoiem [SI. 

Center A h f o l d  Theorem farflows: Let f be a C'vector field 

on Rn vanishing at the origin (f (0) = 0)and !et A the Jacobian 

matrix at the ongin (A = Df(0)). I)ivid,e the spectrum of A 

into three parts,~,,~,,~, with 
C O  if LEU,, 

ReL = O  if LEU,,  1 > O  if LEU, ,  

Let the generalised eigenspaces of u,,u, ando, be Es, EC and 

Eu, respectively. Thcn there exist C' stable end unstable 
manifold Wq and Wu tangent to Es and EU at 0 and a C'-' 
center manifold tangent to EC at 0. The manifolds Ws, 'Nu and 

are all invariant for the flow f .  The stable and unstable 
manifo!ds are unique, but 

At the bif&&n point the center manifold theorcm implies 
that &e bifurcating system is locally topologically equivalent 
to 

need not he. 
.'I 

i =I Mi) 
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( 2) 

It a n  be noticed that the essential non-iineiuitieq of thc 
original system are dcscrihed completely by cquation i , and 
since bifurcations occur only in non-linear systems, the 
complete bifurcational behaviour can be studied by analysing 
onlv thc reduced system (2 ) .  

Fram a practical (and partial) point of view, an in!eresting caw 
occurs when the unstable manifold is empty. We assume that 
the lineal part of the bifurcating system is in block diagonal 
form: 

(3) 
i = R x +  f ( x , y )  

i = CY + &,Y) 

whcre (.Y,.V) E U" x R" , B and C hie t t  X t? and n x n matrices 
whosc cigenvaliics hitVC, respectively, zcro real parts and 
negative real parts, and f and g vanish, along with thcir, first 
partial dcrivativcs, at the origin. Tlicn, if we introduce the 
ccnter manifold in the y=0 space 

W' = {(x,y):y = h(x)}  with h ( 0 )  = Dh(0) = 0 

whcrc h:U --f R" is defined on some neighburhood U c R" 
of the origin (tigure 4) and if we considcr the projcction of the 

vector field on y = h ( x )  onto EC one can estimates that 
i = Rr +Ax, Ir(x)) 

is a good approximation of ( 2 )  restricted to W. 
E' 
I w' 

(4) 

' I  

IJ 

fig.  4 - The center manfold and the prajectrJ veclorfield. 

From Henry [7]and Cam IS], it follows that h ( x )  cun be 
approximated arbitrary closely as L) Taylor seiies at x = 0 and 
that the local asymptotic stability or unstability of the original 
systems is given by the stability properties of eqiiation (4) 
which can be deduced from the original system by means of 
the classical projection method 19, IO]. 

Furthermore, let the original system (3) depends upon a k- 
vector of parameter (p) 

i = B p  + / , ( X . Y )  

Y = qY+ &(x,Y) 

G = O  

' I  
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Schematically speaking, branching new solutions may occur, 
in principle in three ways. These situations me called 
transcritical, supercritical and subcritical hifurcation. 
Transcritical bifurcation occurs at a bifurcation point (e to h) 
while supercritical (b, d) and subcritical (a, c) appear at 
bifurcation-limit points. 

where (x,y) E R" x R" and p E R'. One can state that, at the 
origin, the parametrized system has an n+k dimensional 

center manifold tangent to (x,p) space, which may be 
approximated as the power series of the graph 
h : R " x  R' +R". The invariance properties of center 
manif*?!ds g r i t e e  that any small solutions bifurcating from 
11.. . f:, must lie in any center manifold and thus ur: may 
I : :'I : ! W b !  evdiition of bifurcating fmilies of solutions 
in suspcmdetl :kmily of Lenter manifold. 

5.2 Bifurcation o f  fixed points 
When assumption ii) of the implicit function theorem docs not 
hcld, i. e. a real eigenvalue changes sign, the uniqueness 
assumptions c) no longer holds nnd branching solutions, 

stcirting from (.r,,.po) c ~ i n  lippear. Tile most conuiinn situ;ition 
occurs when the equilibrium curve exhibits a limit point 
(ligure 5). A1 this point a real eigenvalue must change sign as 
the parameter is vuried and the solution curve is unique. 

X 

I 

X 

! \ >  , ,. , 

r- 
'llic prcvioiis tigurc:; tirc rclirlcd 10 one diincnsional systems. 
when tlic dimension of' the systcin is greater than one, the 
following c;ises may be cncoiintsrcd (ligurc 7). fig. 5 - Limit (regulw trtniirig) points; 

- stahle solution. - - - - uristahle solution. 

i' 
In fact, considering one uf the state variable as a n w  
parameter a rd  the ancient parameter ns the missing state 
variable, it can be noticed that in most practical siluations the 
followine. inequality is valid2: I 

I.' and the implicit function theorem works. 

With the same restrictions than for limit points. the swond 
case is relatcd to double biftirculions points. Ilicy urc irrcgulai 
point, i. e. the implicit lunction theorem docs not work, 
through which pass two and only two equilibrium brawhes 
with distinct tangent (figure 6). I h e  stability of the bifwcatinr, 
branches is given by the following theorem. 

Theorem :The stability of such equilibrium curves must change 
at eaLh regular turning point and at each singular point (which 
is not a tuming point) and only at such points. 

1 
P 

L'ig. 7 - possible hiyurcatiori cases when ti is greater Iliati 1 
' 

stable solution. - - - - ittistahle solutiori. 

Coming back to double point bihrcations, it is ol' interest lo 
mention that there can exist isolated soluliolis which inay be 
generated by breaking these birurcations points under ;inotlicr 
system parameter variation (direrent from p ). This prohlem 
is known as lmpcrfect or Pcrtiirhcd l3ifurcation Theory [ 3. 1 1 1. 

In I:liglit I1yn:imics us i n  niiiiiy pliysical prohlcin, this siluclt~on 
can occur when the nor.-linear equations possess s p m c t r y  
properties which are broken hy one of the palameters. The 
following figure shows an illustration of this plienomenon in 
which the sign of the breaking bifurcation pariinctcr 
determines the evolution of tlie initial stable hrcincli heyolid 

k e t  n=l and (x'.m') he a regular limit point of j ( x , c t )  = 0. 

Let consider the equation r=[  f ( x , m ) ] l  = 0 which has the 

same limit point. However, at//& = 0 at this point. Thus 

(i., a.) is irrcgulw thr 7 . 





the unpaturbcd bifurcation point and the location of new 
isolated solutions. 

't 

I t 

jig. 8 - Imperfect Bi/urcatiori Theoty - a) the symmetric 
pmblem, b) the asynmmetric problem. 

To conclude with real bifurcations, one must mention that 
there exist (rare) M S ~ S  for which more than one real 
eigenvalue changes sign at the same equilibrium point. The 
case in which two eigenvalues vanish at the same point is 
called the Bogdanov-Takens bifurcation [ 121. 

Coming bas:k to gradient type or locally gradient type systems, 
it  is necessary to mention that the theorem of Elementary 
Catastrophe proposed by Thom [13]. It classifies ti l l  

bifurcational behaviobr (catastrophes) of finite dimensional 
gradient systans for up to four parameters. The list of the 
seven catastrophes which corresponds to bifurcations of 
cndirnension 5 4 is in the following figure. 

Cdiunalm 

jig. 9- Classm~cation o$tke seven elementay 
ca tastrophes. 

Apart from thir clussification, one c w  notice that. for such a 

same equilibrium point. Therefore, through the center 
manifold theorem the complete bihcational khaviour of 
these systems can be analysed by studying either a one or a 
two dimensional system. The exact fonn of the reduced system 
depends on the nature of the higher order terms in its Taylor 
series expansion. One can notice that the fint example of 0 4 
in an illustration of the cusp cataqtrophe: 

Finally, one has to consider the case when two con.iugate 
imaginary eigenvalues cross the imaginary axis as one of the 
parameters varies while the other eigenvalues remain in the 
len half plane. Known as I-lopf Bifurcation, this situatior. 
corresponds to the apparition of closed orbit in addition to the 
fixed point as stated by the next theorem. 

Hopf Rfurcation Theorem: Suppose that the system 

i = y ( x , p ) ,  X E R "  and P E R  has an equilibrium point 

(.r,.p,) at which L(xo,po) has a simpre pair of purc imaginary 
eigeIlvilltic and no other eigenvalues with a zero real parts. 

Then, there is a smooth curve of equilibriiim points (x(p),p) 

with .(pa)= xo. I h e  eigenvalues k(p),x(p) of j . ( x o . p o )  

which are pure imaginary at p = po (L(p),b(p) = f i o ) v q  
smoothly with p . if, moreover, 

= d + O  [ d(R,d))) ll-llp 

then there is a unique three-dimensional ccntcr manifold 

passicg through (xo,po) in R"xR and U smooth system of 
coordinates (preserving the planes p =const.) for which the 
Taylor expansion of degree 3 on the center manifoiJ is given 
by 

i, = (4 + + i:)).i, - (o + cp + h ( i : l +  i l l  I);, 
i, = ( ~ + ~ p + ~ ( ~ , ~ + ~ z ~ ) j ~ , + ( ~ ~ ~ a ( ~ , ~ + ~ l ~ ) ) ~ l  

which is expressed in polar coordinates as 
r = (dp + a 2 ) r  (5) 

k = ( w + c p + b 2 )  
If a # 0, thcrc is a surface of periodic solutions in the ccnter 
manifold which has quadratic tangency with the eigenspace 

h(po) ,h(p,)  agreeing to second order wid1 the paraboloid 

p = -ar'/d.  If a < 0 ,  the bifurcation is supercriticid i 1 d  lhcsc 
periodic solutions are stable limit cyclcs, while if n > 0 ,  the 
bifurcation is subcritica: and the periodic solutions are 
unstable limit cycle (figure 10). 

For an observer, the system behaviour is very diKerciit in the 
two 1-lopf Bifurcation situations. Crossing a subcritic;il Hopf 
Bifurcation leads to a smooth divergence to a limit cycle with a 
small amplitude. Moreover, this divergence disaF1mrs if the 
parameter value comes back to its initial value. R'hcn the 
bifurculion is supcrcritical a sudden and violent divcrgcncc ciin 
be cx!iihitcd by the system. I n  the most siniplc CIISCS, t h i u  
situation niuy lead to a stable periodic orbit with t i  great 
amplitude. The return to the previous "quiet" siiuation ciin he 

I 

1 

i 
i' 

&stan, the Jacobian matrix describing its. linearised 
approximation is symmetrical w d  therefore have only real 
eigenvalues. Moreover, for systems with less than six 
prrameters, no more than two eigenvalues can vanish at the 

. problematic because c,f w hysteiisis erect of the orhits to 
p m a e t e r  varijtinns which is very similu to the phznomcnon 
observed IP tJ,t: R.lsmann-Hugoniot's catagtrophc for fixed 
points (5 4.1 ;. 
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jig, IO- /lop/ Di/utrari;v. 3) .c4bcr&’-~a:, b) sirpercritical 

Comi:ig bac’i to (S), one can note that these equations are 

inva-iant u d e r  the symmetry ( r , e )  + ( -r , -O).  So, cunyir,g 
the normal form of the llopf bifurcatiun up to the linh order 
and replacing tile thi:d order cocllicients (a) by a variable 

parameter (p,), it is then possihle to study the generalised 
llopf bifurcation singularity with the radial part: 

i. = a/  + O( r7 ) 
by independently varjing the cocllicients p, and p2 131. Apart 
from the standard Hopf bifurcation point. II second bifilrcation 
set is the semi partlbola: 

on which a pair of closed orbits, one an attractor and the other 
a repeller, coalesce and vanish (figure I 1 ). 

p*a = 4 q l ,  Wit/’ pl/fll < 0 

r 

fig. 11 - The genem1ise.I Hopjbtyircation. a, <I! c o x  

Although it .seems to be very rare in Flight Dyn.mics, it is of 
interest lo consider the case bifurcation point for which there 
are two conjugstc pure eigenvalues in addition to a null real 
eigenvalw. This case is known as the <;avrilov-GuckenIicimer 
bifurcution for which the norrnai fonn is given by the 
following equations in cy!indrical polar coordinates: 

i = nlrz + a /  + a,rzl + O(lr, zr) 

i = b l r ’ + h ~ ~ ’ + b J , r ’ z + b 4 z J + O ( ( r , I ) 4 )  

Considering the inleraction between the Ifopf‘ bifiirccltion and 
the various real bifurcation point one can find additional 
hi furcations of periodic orbits from non trivial branches and 
additional bifurcations giving rise to three dimensional 
dynamics such as invariant tori [S. 141. 

5.3 Stability of periodic solutions 
‘Ilitrc tire two ways to dctcrminc the stability of closcd orhit. 
llic lirst is the classical Floquct Theory, the second comes 
from the use of Poincarc Maps. Although thcsc two nicthods 
lead to the same results, thc last one is a more gcometrical 
approach. 

Let y bc a periodic solution of some flow a, in RIi arising 

from a non-linear vector licld / ( x ) .  Let Zc K“ be il local 
crass section of dimcnsion n-l to which the llow IS evcqwhcrr 
transverse. Lct p be the unique’ point whcrc y intcrsccts and 
let I 1  E; Z be ti neighhourhood of p . 

For II point q E U ,  the I’oincurt? map or lirst rcturn P:U + Z 
is dclincd hy 

where r=.r(y) is’tlic time tukcn for the orbit @,(q) to lirst 
return to Z (figure 12). Generally, t depends on q and need 

not to be equal to the period (T) of y howcver T --f T as 

q +  P .  

l’((1) = @,(q) 

fig. I t  - The Poincart‘ map. 

’If y has multiple intersections with Z , then shrink C until 
there is only one intersection. 
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It can be noticed that p is a fixed point for the map, P and 
that the stability of p for P reflects the dbi l i ty  y for the 

flow a,. Moreover, considering P as a (n-1) discrete time 
system, stability or instability of the orbit is given by the 
situation of the (n-I) eigenvalues of the linearised map to the 
unit circle. 

Coming back to Floquet Theory, the stability of y is 
dctermincd by the eigenvalues (Floquet multipliers) of the 
following matrix 

!'=I dr ' I 
L J 

which is U rcprescrttation of n pdiculrir r!mdamental solution 
matrix e", where R is a n x n  matrix, of the system. From n 
practical point of view, ff can be obtained by generating a set 

of n linearly independent perturbed solutions of j ( x ) .  

Considering the particular form of the fundamental solution 
matrix, it can be noticed that the multiplier associtlted with 
pcnurbutions along y is always unity while the modulc of the 

remaining (n  - l ) ,  if none are unity, determine the stability of 
the orbit 

Finally, one can noticed that the ( 1 1  - 1 x n  - I) matrix of the 
previous linearised Poincarb map is also e representation of 
thc fundamental solution matrix by suppressing all the 
elements coming from perturbations along y . 

5.4 Bifurcatlon from periodic orbit 
The stability of periodic solutions inay change with the 
variations of system parameters; one or two multipliers can 
move outside the unit circle. 

The Bifurcation Theory for fixed point with eigenvalue 1 is 
completely analogous to the Bifurcation Theory for equilibria 
with eigenvalue 0. .The typical case corresponds to a limit 
p i n t  along the dependence curve of periodic solutions on a 
parameter (figure 13). However, one may encounter more 
complicated behaviour of periodic solution branches in the 
neighbourhood of the bifurcation point when there is an 
inherent symmetry, 

'Ihe second UISC occurs when one multiplier crosscs through 
the unit circle at -1. This bifurcation do not have an analogue 
for equilibria. In the literature, this bifurcation is refereed as 
"Brunovsky bihucation", "flip bifurcation", "period doubling 
bifurcation" or "subharmonic bifurcation". At this point, the 
originally stable periodic solution becomes unstable and a 
bramh of periodic solutions with B two fold period branches 
off (figure 13). 

Multipliers on the new branch arc equal io the square of the 
original multipliers. With respect to the orientation of the 
parameter variafion, the branching can be either supercri:ical 
or subcritical. If the original branch of per ioh  solution is 
unstable, the new branch will also be unstable. Moreover, the 
period doubling bifurcation often occurs repeatedly leading to 
comdex orbit associated to very long period. 

X 

fig. I3 - limit point and period doubling hijurcation. 
0000 stable and 0000 unstable periodic orbits 

n) periodic limit orbit, b) supercriticnl - I  hijurcation, c) 
subcritical -I bijurcation, (0 - I  hijurcation from an unstable 

hmnch. e) repeated - I  bijircation.r 

The lust type of' bifurcation from the bronch of periodic 
solutions occurs when two complex conjiigutc eigenvalues 
intersect the unit circle. At this point, thc originally stable 
branch of periodic solutions becomes unstable and a stable or 
unstable torus may a p p a r  (figure 14). 

fig. I4 - "Complex" bi/urration. 

Analogy with Hopf bifurcation suggests that orbits near the 
bifurcatioii will be prcsent and will encircle the fixed point of 
the Poincurd map. As an individual orbit of a discrete mupping 
runnot f i l l  iin cntirc circle, the biliircrition stnictiirc is inucli 
more compliciited than thut wliich can hc deduced froin U 

search of periodic orbit. Indeed, there are flows ncuc the 
bifurcation which have no periodic orbits near the birurcating 
one but have quasi periodic orbits instead. 

As for fixed point, onc have to mention that tlicre exist cases 
in which several eigenvalues cross the unit circlc at thc surne 
parameter value. This leads to complex phenomena which will 
not presented in this paper. See [SI. 

6. NUMERICAL PR0CE.DURE.S 
During the past ten or filtecn y~.u's m.my method hirvc been 
suggested for the numerical solution of non-linear problcins. 
This includes, in particular, the solution of' ptmmcter 
dependmt non-linear equations by continuation techniques und 
the related methods for bifurcation wd stability analysis. In im 
alphabetical order, and without claiming completeness, we list 
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some relevant available packages: ALCON [IS], ASDOBI 
[IG], AUTO [17], BIFPACK [IS], BISTAB [19], CONEX [ZO], 
CONKUB [Zl), CONSOL [22], HOMPACK [23], LINLBF 
[24], PATH 1251, PllCON 1261, PLTMO [27], Some of these 
codes arc in the nature of packages thnt deal with several 
agpects of the problem while others cQncentrate only on 
specific aspects. However all these codes are based on 
continution methods. 

6.1 Continuation methods 128) 
Continuation methods are a direcf result of the implicit 
function theorern which states that If the Jacobian of a non- 

linear system at a fixed point (xp,po) is non-singular, then 
there exist a unique curve of fixed p i n t s  containing the kr.own 
tixed point Although this result is only valid in a small region 
around the fixed point, the curve of fixed point3 can be 
extended by applying the implicit function theorem at a fixed 
point neor the end of the curve known to exist tkough 

When the Jacobian is singular, the continwtion process fails 
and must be modified. The modification consists in taking the 

arc length o i the  solution curve (s) as a parameter to continue 

the equilibrium curve in the (n+l) dimensional space as 
follows. 

fig. I S  - Continuation principle. 

Intra'ucing the arc length with the following equation 

. .  
and differenting () -with respect to arc length, we obtain n 
system of n linear algebraic equations in n+l unknowns: 

Let us assume that h e  matrix is regular for certain values s 
and k. Then, the eqwtion can be solved in the form 

dx,=p,- dx, i=1,2; . . ,k- l ,k+1, . . . ,n+l  (8 )  
ds ds ' 

in which the coellicients p, can be carried out by means of 
Gauss elimination. 

Now, if we introduce (8) in (6) ,  we get the relation 
/ 

in which the sign of the derivative dr,/dsis given by the 
orientation of t l e  parameter S along the curve. So, the other 
derivatives are computed Gom (8) and the system of 
differential equations (7) can be salved by any nilmerid 
technique for the integration of initial value problem. 

As the errors of approximation accumulate during integration 
and the computed solution deviates from the correct solution, 
i., e., equilibrium curve, it is necessary to improve the 
accuracy of the obtained solution by means of Newton's 
method applied to (7) with a fixed value of x, . 

6.2 Remarks 
It cun be noticed that this continuatior: process allows the 
computation of the various bifurcation points. This is achieved 
hy introdwing additionai "hifurcation functions" to the original 
system. As an example, a curve of limit points is determined 
by the solutions of the new system: 

A x .  K ,P* 1 = 0 

det[ $1 = 0 

The reader is invited to sec 128) for other bifiircation 
functions. 

Another interesting case is the computation of the pcriodic 
orbits envelope. Two different approaches are gaerally 
encountered. In the first, ;he periodic orbit is considered as the 
solution of a classical boundary value problem for partial 
cqirntions. Rather than callsidering the cntire orhit, the 
PoincarC map is used in the second. It Icads to the conipiitution 
o f  fixed point. The dilkrcncc between these two ~cppronclies is 
the dimension of the resulting set of algebraic equation? to be 
sol :ed. It can be noticed that the second approach gives 11 low 
dimensional set of equatioris coinpared with the first one. 

Finally, it  can be noticed that continuation requires the 
evaluation of the system and the computation of partial 
derivatives which can be very time consuming. Tnus, there is a 
need to improve performance of such codes in order to get 
almost interactive procedures even for high dimensional non- 
linear systems. 

7. QUASI-STATIONARY AND TRANSIENT BEHA- 
VIOUR 
Up until now, it has been considered that the value of the 
parameter p i s  fixed and indcpendent of time. In many 
practical situations i t  is not the case and the system exhibits 
quasi-stationq behaviours und transient motions; the 
difference between these two evolutions is the vulLe of 
parameter change over tiine. If it is slow in comparison to 
changes of states varisbles, quasi-stationary behaviour is 
observable. There are at least two situations to be considered: 

a) movement along a stable branch, 
b) movement through bifurcation points. 

In the first situation, Douglas and al (291 shows that if  the 
system has a stable manifold and tixed points corrcspondiq to 
constant inputs. Uien an initial stnte close to this munifold nnd 
R slowly varying input signnl, in an ovcrqe. sense produce D 
trajectory that remains close to the manifold. 

The second situations l a d s  to different behaviour regitrding 
the nature of the bifwcation point encountered. As an 
illustration, the fol1owi;lg figure shows possible situations. 
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r 
J7g 16 - Examples of possible cmssingfb~urcotion 
and limit points during quasi-stationon, behaviour. 

Case a) corresponds to a simple bifurcation point. Ko lu t ion  
continues afler the hifwation point along a stable branch. In 
case b), where the bifurcation is also n limit point, the branch 
on which the solution continues is chosen at random. In real 
problems, the problem has to be formulated statistically; the 
character of distribution of fluctuations of state variables 
determines the probahility of the choice of individual hranchcs 
of solutions. Case c) is a wry interesting one hccause oflcr 
crossing thc limit point :!.e system evolves into the closest 
stable state, i . ,  e., a state in whose domain of attraction the 
limit point belonps. This new notion will bc treated in [ 1 J. The 
last case (d) corresponds to the Hopf hifiircalion. Generally the 
apparition of the shble periodic nrbit seems to be delayed and 
the low amplitude solution around the bifurcation point is 
unobservable 130). 

8 METHODOLOGY 
In many real problem as in Flight Dvnarnics, one has to dea; 
with high dimensional sets of equ;?tions in which the 
parameter cannot always be considercd as independent of 
time. Then it is necessary to set up a methodology to 
investigate non-linear behaviours. 

The first step is to compute all the steady solutions of the 
system and their associated stability. As this step is generally 
time consuming the computations are limited to the field of 
interest. Nevertheless one must be very careful because, the 
number of steady solutions for a given parameter in generally 
not known. 

111e second stcp consists in making graphic representations of 
the results in appropriate subspaces especially if the dimension 
of the system is greater then 3. 1Fis step requires versatile 
graphic codes and a good experience of the system under 
consideration. Sometimes this step shows that equilibrium 
branches miss. 

' 

The third step is concerned with the prediction of the system 
behaviour when a bifurcation point is encountered. To 
achieved this, the computation of the attracting domain of the 
qtnble slcudy states und, oncc niorc, ;b.c experience of the 
engineer arc very u.sef111 to investigate the various possibilities. 

Experience acquired by the processing of a large number of 
case is extremely valuable for correctly predicting the system 
behaviour. Thanks to this experience, it is not always 

necessary to check the predictions by means of numer id  
simulations . But for the dificult cases and if there is my 
doubt, the last step of the methodology consists in performing 
only a few numerical simulations before testing the predictions 
on the real system. 

CONCLUSION 
This paper is the first part of the three communications 
which are presented in the Agard Lectures Series (LS 191) 
which are devoted to a presentation of non-linear phenomena 
observed on high performance combat aircra,? More 
generally we are concerned with the asymptoiic behavi, Iur of 
non-linear differential equations depending on paramer xs. 

Afler introducing the reader to non-linear u)naniit 9 by 
mcahs of simple example, the main part of this pap.: is 
related to a brief present.ation oi Bifurcation Theory ftlr 

ordinary differeiitinl equations. This presentation has been 
limited to the lonely non-linear phenomena encountered by 
the author in  the Flight Dynamics domain. Nevertheless 
basic theorems, bifurcation of fixed k i n t s  and periodic 
orbits have been described. 

In order to compute the bifurcatioid behaviours, the basis of 
numerical procedures have bccn discussed and a lis1 (not 
exhaustive) of available numerical code have been given to 
the reader. Then, II methodology which has bccn set iip to 
investigate the behaviour of high performance uircrcin is 
proposed. 

In many real problem, the piuameter arc fixed and 
indcpcndcnt of time. It m y  follow transient motions or/iirid 
quasi-stutioniiry hchuviours. I n  spite of the tlilliculty of this 
problem which is conriected to Uie computation ol' the 
attracting domain ol' stable steady state trcutcd in the next 
paper [ I ] ,  some typical exuinples are given in the last part of 
the piper. 
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1. ABSTRACT 
This coininunication follows [ I 1  which was prcsentcd i n  the 
s;itnc Agud I.ccturc Series (1,s 191). In  the prcvious 
communic;ilion. some thwrctical fouricl;itions o f  Hifurcation 
Thcory have hcen recalled and a mcthtwlology aiming at a 
systematic prediction of the hchaviour of  iion-linc;ir 
tliffcrcntial equations has k e n  presented. This cotninunicatirm 
mciiticns some pmhleins which are connected with the 
iritrnduction of  ccintnd laws in order to stabilise a11 uiis!ahlc 
dynamic system and presents a hrief state of' the art rclalcd lo 
t he  determination cif the attracting rcgion o f  a slahlc 
cquilihrium point. 

2.HISSUME 
Cvttc communication est la suite de [ I ] .  prtsenti-c clans le 
i n h e  cadre tlc la Ixcturc Series I91 tlc I ' A g a ~ l .  daiis laquclle 
tlcs h;iscs (IC 1;i thtcirie dc hifurceticins des systkines 
diffi';cntic*Is miii lin6;iircs (in( 616 r;ippcli.cs ct ilnc 

ini-thotlol~i&ic visiint i pridirc IC coniportcinciil tlcs s y s t h c s  
tlynutniqucs a CtC pri-sentic. Ccttc ccriiiiniinic.;itioti Gvoqiie 
qiiclqucs pmhltincs l i b  B 1'utilis;iticin dc loix clc coIIiIniiIIdc 
pour skiliiliscr des s y s t h c s  instahlc:; cii It,wclc oitvcrtc et fait 
unc rcviic des IiiCthoclcs ctnployCcs pnur tlCtcrtniiicr la rGgiciti 
tl':ittr:iction l i i n  point tl'Cquilihrc st;ihlc J u n  systkmc 
tlil'fikntiel ncin liii6:iirc. 

3. 1NTHOl)UCTION 
1! is now well known that Bifurcation Themy can he of help 
for the prcdiction of the asymptotic hchaviour of non-lincar 
differential equations dcpcntling on paraineter 1 I ] .  Efficient 
numerical prnccdims are now availalile antl a iiiimlicr of 
previous studies havc detnnnstratctl th:it Hifurcation Analysis 
can Is usctl tci predict complcx phenomena. 

I n  priictical situations non-linearitics ;ire tiumcr(iiis either in 
the dynamic system or in its control 1;iws. K;ithcr than 
detailing non-liiicar ccititrnl theory. the first purpose of this 
cominunication is 111 show that. without invnking complex 
phenomena. i t  can he very iiistructivc to intrndiirc I3ifcircation 
Analysis while dcsigiiitig coritrol I:iws i n  cirtlcr to cxliilrit hisic 
non-linear effccts without performing extensive numerical 
simulations. 

Some nhjcctives of conlid laws are to stabilise unstahlc 
systems and/or to increase their rohustncsses under system 
modifications and under pr(urhaticms. The rtihustness of a 
stahle steady stiitc is closely related to its attrcctinp rcgion. 

The other purpose of this communic:ition is to present ;I review 
of the methods employed to cornputc the attracting basin of  a 
stable cquilihrium state. Starting with the stahility . theory 
;smposLd hy Liapounov. the review describes the tlifferent 
fields of research actually investigated to corrp~te either the 
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slahility rcgicin or its houndary for Icw and high dimensional 
non-linear dynamic systems. 

4. SOME REMARKS mour CONTHOI, rHoBixlv 
As opposul to inany thawctical :ipprOachCS. prxtical conbnl 
l;iws ;irc gcticr;illy non-lincar hcc:iuie o f  their fiiriniilation nr 
the usc of nnn-linear ele1nciits. Tt:cn. i t  is intcrcsting IO 

invcstiga!c i f  the nicthoclology proposed i n  [ I  I can help the 
designer to design "good" contrnl laws fr,m a stahility point of 
vicw. Mnrc ;r::c-iscly. one inus! answer thc fdlowing t!iic,<C,.?: 

can "stabilising" control laws iniroducc new hifurcations whiie 
they arc used to "stahiliac" the open loop system? 

Without invoking Bifurcation Thcory, these contml pmhlems 
iirc studied antl, fortunately. "gootl" solutions havc hcen found 
i n  inmy particular c;ises. An ;unount of rcsiilts is :il:c.c;idy 
tiviiihhlc in the litctulurc (sec [ 21 ;iinniig others). 

ccintlitions. 

As opposite to I I J in which U docs n o t  usually depcnd o n  x and 
t. here we assume that U depends o n  the state variables in the 
following way: 

whcrc p :ire new contml parameters utitl g(x(f).p)arc non- 
linciu fiinctiona satisfying I-ipschitz conditions. 

1 4 1 )  = g ( x ( t ) . p )  ( 2 )  

h i m  the definition of the control vxtor (2). i t  follciws that 
every equilihrium point of the open loop systein ( 1  ) is also iin 
equilihrium point of the closed loop system and vice versa. 
Howuvcr. the stahility of thc closed Imp solutions c;m differ 
frmn thc stahility of the open loop solutions and new complex 
iisymptotic solutions may appear. 

In ortlcr to  precise these phenomena, let us cntisidcr two cases: 

a) a liricar contrnl law applied to ii non-linc;rr systctii. 
h) a non-linear control law applied to a linear system. 

4.1 1,lneur control IHW 131 
The  non-linear dyniunic system t~cscribctl m i t i c i n  eqiititioiis til' 
an F-I5 fighter m;ithematical model. The coritnil Iiiw is D 

linetir 3-axis control augmentiAicx~ system (CAS) for a given 
angle of attack: 

u=kX 
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where k is a gain matrix. This contml law ha9 been designed, 
among other. to delay and supprcsc wing n d  at angle of 
attack greater than 20". 

When lateral control dcflection are at neulral nnd CoI1siul.rng 
gains as new parameters in the ::ontinuation pivcess described 
in 111. i t  is possible to invcstigate thcit inflllcncc on Hopf 
bifurcation at 7em sidzslip angle (figun: 1) and to show that 
this influence is not linear. Further more, heyond a particular 

va!ue of the gain ( k , ) .  the stahlc equilihrium domain 
decreases. 

r n  7 

I 

fig. 1 - Evolution of the limi! ofsruhilir?, oftlie Diitclr roll 
mode as afiinction of elevator deflection and control Rain. 

Hcyond the new stahility limit for the controlled aircriift, onc 
can sce the inllucncc of :he pains nn the existclice ;rnd o n  Ihc 
stahility of pcbindic orhits which are crinsiderrd as wing rnck 
(figure 2) thus hclping to undcntnnd aircraft hchwinur. 

fig. 2 - Marimuni amplitude ojperiodii. i, ,bit.s us ufiinrtion 
of elevator deflection nnd control Ruin. 

4.2 Eon-hear control laws 
In  practical situations. nnn-lincarities arc numernus in ccmtnd 
laws. They c m  hc intriducc hy thc tlcsigner t o  solve specific 
contnd pnddeiii (non-lincar hchaviciur for a linear system. 
"linearisation" of a non-linear systems. ...). They appear :ilso 
hecausc non-lincar clcrncnts arc present (saturation. skip. 
hystcnsis. ... ). I n  spite of the numcrnus prcvinu:; works in 
which Hi furcation Theory is uscd to snlvc contnil ?nihlcms 
l4.S,6.7], the follnuinp cxainplc shows that the incthtxlology 
pnqxwd in I l l  c u i  hc used t i l  predict thc rohustncss o f  the 
controlled system under pcrturhations. 

1x1 an unstahle second ortlcr linciir tl~ffcrcnii;il cquaticui he 
stahilisetl hy Q contnd law which depends cin :I non-linear 
elemcnt U i t  is descrihcd on figure 3 ,  

f i g .  3 - Crintrolled iinvtohle second order d) nomic systetn. 

A 1ine;uised analysis of thc clo:;cd Itwp system 

shows thc int;x:tcc i d  the g i n  oi< the stahility of the 

asymptotic solution. Whcn ( a k ( i ) / d i )  goes from zcnj to the 
;itloptctl v;iIuc k*for thc closctl I(wp systcin. i t  cnwscs :I valuc 
kc for which thc ste;idy st:itc e. . :  d s  two conjugate purr 
iin:ipin;iry eigenvalues. 

From a nnn-lincar point of vicw. onc can say that thcrc is a 

Hopf hifurcation in k'. Mnrcnvcr. Ict k ( i )  a w n  linear gain iii 

thc followine fnrm: 

i. c. the fccdhxk is :ilrnast litic;ir (&( . i )z  k)  it; the vicinity of 

the cquilihriuin poinls :lilt1 is s:itur:itctl (k(.C) 5 k( . ; ) , , , , , )  when 

.i tccicls to infinity. Then, iinc c;in easily shnw that the Hnpf 
1iil'urc:itiwi is suh critical. Thus. when k is grciifcr f1t : i t i  kC. 
pcntidic orhits surround the st iihi lisctl q u i  I il)riutn poinLs. 
Thcsc orhiLq cm exist even for the atloptctl eaiw viilue 
k*(fipurc 4). 

/' 
0 

/ 
0 

0 
0 

0 





Applkd to B typical wmhat aircraft with wvtahlc lateral 
modes which is stabilised hy a .;aturatcd fcetlly.ick on angular 
!ales and stop?; on  lateral contrnl deflections. ,.(imputation of 
the iiiistahlc ci:'nit wmiunding the stahilisccl zilidihrium p i l i t  
gives ii first insight t o  the "rohustness" o f  thc ctmtrnl law. Av 
ihc dimension cif the system is prcatcr ihan ) \ t o .  the unstahlc 
perichlic cirhit is air,ly one clerneill iif the .i:tr;icting mgion 
hiundary(figurc 5 ) .  

loc -1 

,q~..'s . I.'i.rcc! point cind periodic or/)if,$,fiJr fi * rrihi/i.ced lypicYr/ 
ooiiihcrr ctircmft. 

fixed point, -- stuble orhr.  . - . . t ~ i ~ ~ ; d ~ l P  rirln't. 

111 [his cxunplc. stops on contnil tlcflcctions cciicr;ite a stiihlc 
pcricdic nrhit which surrnuntls the unstiihlc liriiit  cycle and 
limits the divergewx of the triotion. The iiii.;i?hlc limit cycle 
helongs to the attracting region hiuntkiry id stahle pcrindic 
orhit. 

5. A I T R A C T  IN<; BASIN 
A stahlc equilihrium state of a non-linear tlyiiatnic system is 
surrnunded b- a stahility rcginn. The detcriuiniition lit' this 
rcgion is of great interest for tlynamics ahc~ oi~iriccrs. 11 ilIIijws 
to define the limit of validity of lineorisctl ;Il'ii"~xirn:itions for 
the oiiginal non-linear equaiions. to hcttcr understiintl the 
glohal hehaviour of the system and to  determine the maximum 
values rif the pcrturhaiions for which the pertcrhed system 
returns to the initial stahle state. 

The aim of this chapter is to present sever:il incrhods which 
are ~ s c d  today in order to give an answer to the attracting 
hasin cornputatinn pmhlem for sets of oniinary non-linear 
diffcrential equations. 

5.1 Pr~llmlnories 
The systems under consideration arc o f  the p i  K I I  form: 

i ( r ) =  /(.v(r)) c 3) 
where f and x arc n-dimensional vcctnrs a n c l  \I licrc /(r(r)) are 
non-linear functions satisfying ! ipschitz contlitiiins. 

I t  exhihits. at least. a steady >.:atex' 

dr'(r)/dr = o r > r ,  

or a periodic orbit @ ' ( t )  defined by 
i ' ( r )  = /(Q'(i)) 

where 

where IV is a positive integer. 

Comidering periodic orbit and without loss a?: generality. we 
can assume that x* = O  and I, = O  and notice that hy 

@ ' ( r  + r) = @ ' ( I )  r = NT 
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sustituting 6 = x - @'( I )  in (3). the study of periodic solutions 
for time invariunt system is &alWfOlmcd in the study d 
pcricxlic sysiems (Poincart mbp). 

The domain of attraction I,tittracting hasin. region of 
:Lvymptotic stahility) of a steady state or of a priodic whit is 

defined as Ihc set of al l  initial conditions xa(fa) that tend 

respectively to x' or to @ ' ( I )  when time tends to infinity. 

Nuiiierous mcihtnls have n d i i  I)rnposal in the literature for 
estimating the rcgion of aqymptotic s t a h  ty. They may be 
rnughly tlivitlcd in several classes acctmling to the following 
ligrire. 

Ncva*rtliclcss. thr distinction hctwccn thew different classes is 
Ic:;s nhvious i n  motlcrn methods because they use generally 
jnint apprniachcs. 

5.2 Sttrl)ility In lhc sense (11 I,lupoitnov 181 
Tii cliamctcrisc thc stahility id' an equilihriuni point ol' non- 
linear differential cqucitinns. two well-ktinwn inethotls arc due 
to I.i+ounnv. 

5.2.1 First ;;;sthod 
In the vicinity of an cquilihriuni point .t'. the non-linear 
differential equation (3) is rewritten under the following form 

j = AY+ R(,v). ,V = X -  .c' ( 4  1 
where A is the jacobian matrix nf 1 in .x* ;d P ( y )  ;ire nnn- 
linear functioiis which satisfies two conditions: 

R ( 0 )  = 0 

t E >  0.3rlZO :gHls * lR(.Y)i 5 El lq l  

?he lirsi method gives stahility conditions for .v* in ( 3 )  using 
stability results from (4). 

v's -: I f  all the cigenvdues o f  the 
jacobiin matrix ( A )  have a stricti!, negAvc real part. then X* 

is an asymptotic stahle stzady statc for (3). If. at Icast. one 
eigenvalue of the jacohian matrix ( A  ) have a strictly positve 
real part, then X' is an unstahlc ::teady state for (3). 

5.2.2.Second method 
This second method is based o n  t!w re1;itinn between 
generalised energy functions amund the cquilifAirii points 
and their stability. Thcse functions are called Liapuuiiov 
functions. They can be. define for iiutcnomous and non- 
autnnorrous systems. 





1 

I 
I 

i 
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h m a  I: a function V(x) is Raid to be poritive definite witbin 
anopcn O ~ . R * . x ~ f l  i f  
a) V and its pmtial daivatives are continuous in fi, 
b) V(x) = 0 for x = 0. 
c)  V(x) > 0 for x # O .  

For an autonomous system. a Liapounov function is a definite 
positive function in the vicinity cc x such thnt its time 
derivative is negative or null along thb trajectory defined by 
(3). { 

Lemma 2: A non-autonomous function W(x.1). is said to hr. 
positive definite inside an open flc R ' , x  E 11 i f  
a) W and its fist partial derivatives arc continuous in 11 frx 
all 1 2 0 .  
b) "(0.1) = 0. for all f 2 0, 
c) there exists an autonomous positive definite function V(x) 

such that W ( x , r )  2 V ( x ) .  Vx E: R,Vr 2 0 .  

Then. an non-autonomous positive definite function W(x.1) is a 
Liapounov function in I) if 

W ( X . f )  2 V ( x ) .  vx E fLVr 2 0 

Theorem: The solution x = 0 of (3) is stable if a I,iapqundya 
function exists in the vicinity of the origin. It i s  asymptotically 

stahle if. in addition. ( - V ( x ) )  is also positive clcfinite. 
I 

5.3 Llapounov methods 
Thc inclhods using 1,iupcwnov functions urc ilerivctl frnm the 
results ohtained by Liapounov in [HI. Two approaches have 
been developed using either results from Zubov or an 
extension of Liapounov's theorems due to La Salle. 

5.3.1 Zubov 's methods 19.101 
All the following methods are. derived from a theorem 
proposed by 7 ~ b o v .  

Theorem: Let us consider an equilibrium point x i n h e  a 
region A c ff . A is an attracting region for (3) if and only if 

then: exisLs functions V(x) and Q(x) such :tat: 

a) V(x) is a continuous function in A and @(x) is a 

continuous function in R", 
b) 

V X E A .  Id#O. ' - 1 < V ( x ) < O  

vx E R'. 1.1 # 0, q x )  > o 
c) 

'dy,  > 0. 3(yl,aI) E R' such that V ( x )  <-y, for 1x1 2 y2 

and @ ( x ) >  a,fnrlx[2y2 

d) V ( x )  + 0 and O(x) -+ 0 when 1x1 -+ 0 

e) if y is on the boundary of A, y # 0, ( 0 is an quilibrium 

p in t ) ,  then lim V ( x )  = -1, ..., 
I 

If the origin is asymptotically rtablo. Zubov qualions 

admit only one solution for all x belonging (0 A and satisfying 
V(O)=O. Mmmva ,  this solution verifies h h o v  conditions for 

all @(x) such that * ( x ) d x  < 00.  for fxu sufficently small. 

Follotving Zubov theorem. V(xk-1 is the houndary'of the 
attracting region. Unfortunately. this last equation nevcr 
admits B closed form solution and, therefore. different 
approximations have been proposed in order to estimate the 
attrdct ing region. 

Referring to the hypothesis of the Poincart-liapounov 
theorem, Zuhov assumed that the system is written as 

whcre A is a constant matrix having negative real part 
eigenvalues and R(x) admils a Taylor expansion. In this case. 
the solution of Zubov equation may be expressed in a Corm of 
the series 

i = AJt + K ( x )  

V ( x ) =  v,(x)+ V , ( x ) +  * . e +  V"(.V)+... 

whcre V,(x) is a homogeneous function of mth degrcc. 

Moreover. Zuhov cshhlishcd the following properties 

a) V,(x) is negative definite. 
h)  thc serie converges in thc vicinity of thc origin. 

c)  V ( x )  is analytically continuiws along the trajectory starting 

ftom the origin and ending t i l  thc houndary (dA) of the 
attracting region. 

d) for every approximation (\;)of V ( x )  truiicated at thc term of 

degree m, the boundary of the attracting region lies hetween 
the surfaces 

\;(XI = Fin  \;: 3(x) = ?ax 3 
r.0 ..n 

I t  can be noticed that the cornpubtion of the tenns VI ,  V2. ... 
Vm is made by solving sequantially equations linear in their 
cocfficienh derived by substitution in 

V(  x) = [ V V ( x ) j '  ./( x) = - @ l x )  .( 1 - V (  x ) )  

From a theoretical point of view. Zuhov method provides the 
true attracting region when m tends to infinity hut the 
convergence is not uniform. From a practical point of view, it 
can bc remarked that the choice of thc function 0 affects the 

domain of convergence of V ( x )  and influences the shape of the 

surface V = d e .  

Drawbacks of these methods appcar to be the assumption of 
analyticity of the system, th; niimerical computation. the 
arbitrariness of Q and thc non-unifornl convergence of the 
procedures. On the other hand. an analytical estimate o f  the 
true region of stability is obtainetl. 

Hued on Zubov equations other mrtliocls hove heen proposed 
in the literature. Several authors express the solution in the 
form of Lie series by means of diffxcntial geometry concepts. 
The last class of method consists in using the following 
equation 

I 
! 

I 
I 

k 

I 

t 





as a genadised 7~1bov equation wircrc; !'it functions '4' and @ 
must satisfy suitable equations. 

5.3.2 La Salle method [ 11.12l 
The largest class of methods for the cs t imihn  of the atuacting 
rrgion trfers to an extension of Liapounov theory due to La 
Salle and Lefschctz which applies to continuous and discrete 
systems respectively. 

I .  

Theorem 1. 1x1 \'(XI: R' -A .. .'; .. . a Continuously 

di.yferentiable function. Ixt ill desi&hitefthe region whcre 

V ( x )  < I .  Assume that 11, is hounded anb;that within Sl, : 

i) V ( x ) > O  for x t O .  

i i )  V ( x )  < 0 along the trajectory of the system. for all x # 0 in 

fl , .  
Illen i 
a) x = 0 is asymptotically stable, 
h) every trajectory of the system in RI tends to x = O  as 
I+-  

. * . a ' ,  

.*. 

Theorem 2. k t  V ( x ) :  R'+ R he a continitnusly 

differentiable function. Let f1, designate the region where 

V ( x )  < I ,  Assume thut 11, i i  hounded und thst within f1, : 

i) V ( x ) > O  for x # O .  

ii) 6 V ( x ) =  V(x(m + I))-  V ( x ( m ) ) <  0 along the trajectory of 
the discete system. 
Then 
a) x = 0 is asymptotically stable, 
b) ever- trajectory of the discrete systeni in Q, tends to x = 0 
as rn+- 

These theorems imply that every solution which starts within 
RI must remain in it. Also, if one adopts the level curves of 

v(x) as the measure of distance from the origin, every 

trajectoiy that s t a r b  within RI converges to the origin 
monotonically. 

This approach has a more limited objective than the Zubov one 
hut it is still bawd on the construction of a suitable Liapounov 
functions. It can be decomposed in two groups of methods. 

The rust group of methods may be applied to low dimensional 
non-linear systems with an exactly defined structure. In this 
field, all the classical procedures ( graphical or numerical) 
have been applied to construct Liapounov functions: 

a) Lurk Liapounov functions I13.14, 151. 
b) variable gradient procedures [ 16. 171. 
C) h o w s k i i  results [ 181. 

Genrrally these'. perhods lead to conservatife n h s .  For 
h i g h  dimensional' systems, several optimieatbn approaches 
have bccn u d  to modify an inital Liapounov function in order 

enlarge the volume of the attracting region [ 191. 
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The sccond group of method is related to the application of the 
concept of absolute stability in the frequency domain an 
proposed by Popov criterion. choosing a suitable Liapounov 
function holding for a whule class of non-linear systcms 
defined by a sector condition in the sense of Ai.Lerman. Then. 
the results obtained with this approach are specific of a type of 
non-linear system but they are more general than the pnvious 
one. Nevertheless, they are also too conservative. 

5.4 Non-Llapouoov methods 
Nowadays, to compute the attracting region, there are 
essentially two methods which do not use explicitly L;;,pnunov 
functions. 

5.4.1 Trajectory reversing method 
This method is known as Wa,jectory reversing method or 
hackwnrtl mapping. I t  is based on La Salle extension of ,the 
Liapounov stability theory. It  provides an itmilive prored8rc 
for ohtaining thc glohal attracting region for multidimensional 
systems. hoth time-invariant and time varying without 
conditions on the topological nature of the asymptotically 
stable point under study. 

Fol!owing theorem I of $5.3.2. let CO the hounday of il,. Let 

{ 1.  ,I , j = 0, f 1. f 2 ,  ... tlcnotc a sequence of time instants, 
whcre t. > tk for j > k. t.i > 0 for ,i > 0 and I, e tk  for ,i e 0. Ixt 

Cj denote the map of the point% on C, along the Wajcctories of 
the system at tiiiic t = t i .  Then 

provided th;it the me;isiirc of' tlist:iiicc nf ii point to the origin is 
given by the value ill' the luiictiqin V at thi:; pctiiit. 

A curve C. is oht:iinctl hy integration of thc  tlynaniic equlitions 
of ( I )  fmm t = 0 to t = :. For ,i > 0, the integration is done 
forward in time. while for j < 0 the integration is hackward in 
time. 

J 

C, c C, for j > k .  j .  k = f1.*2 .... 

J '  
J'. 

Then. if C-- denotes the map of the curve CO as t +--ca. due 

to the uniqueness of the solution of the equation ( I ) ,  C__ is the 
domain of attraction nf the origin. 

The last remaining problem is the construction of an initial 
estimation of the attracting region bounded by the curve Co. A 
solution to this problem follows from Liapounov results. 

Suppose that f(x) in (3) i s  continuously differentiable and 
suppose that its jacohian matrix A has cigepval1tes with 
negative real part. Then, noting that there exists a unique 
positive defirlite solution P to the matrix equation 

for every positive definite matrix Q. Liapounov indirect 
method states that V =  X'PX is a Liapounov function of (1)  
close to the origin. Moreover, assuming an Euclidian norm, it  
can be. stated that: 

PA i A T P  = -Q 

x f P x  < p,xfx = P d  
where pm is the minimum eigenvalue of P .  Hence D curve 

CO definedas 
C,:x'Px = p-r' 

is a suitable inital estimate boundary of the attraction domain. 
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Based on the previous considerationn, n\amdcd proceduns 
ham been get up and applied on low dimmaionel continuous 
time systems 120.211. 

Erampk I :  The Van der Pol's quation: 
x, = x, 

i.,=x,-p(I-x,')x* 

where p is a parameter. For p>O. th\: origin is 
symptotically stable and the attracting rcgion is hounded by 
an unstable periodic orbit. Considering p = I ,  and starting 
with r = 0.5 in Co. the evolution of the successive estimations 
of the attracting region is shown in the next figure. 

7 -_.- - -- r----7 

2.0 . 

0.0 . 

fig.  7 - Evolution of the domain ojatfraction of fhe oriRin,..r 
"te van der Polk eqitarion for the case p = I .  C I is the rota1 

domain of attraction. . 
It can he noticed that the hackward image C-, is 
indistinguishable from the exact domain of attraction of the 
origin. 

Using theorem 2 of 54.3.2. the previous pmccdure may be 
extended to systems with periodic coefficients described by 

difference equations. The existence of the inital curve CO 
derives from unique and positive definite solution P of the 
discrete version of Liapounov's equation 

where H = [ ~ F I ~ X ] , - ~  has eigenvalues with modulus less than 

cine for any given Q . 

&amp& 2: Parametrically excited pendulum 
The motion of a pendulum whose support is harmonically 
excited in the vertical direction is given by ,the following 
differcntial equation with periodically varying coefficients: 

MPH - P = -Q 

x, = x, 

i, =-1~x,-(6-~sin2r)s inx/  

where p , G , a n d ~  are systems parameters. This system 

possesses two equilibrium solutions x, = (0,O) and 

I 

, .  
x, =(fn.O) as well as nurnyrbqs periodic solutions of various 

period. Considering the case M =  0.02.6 = 0:l and E = 1.5 for 
which the origin is stable, the evolu!ion of estimates of the 

I . .  '' . . 

attracting region surrounding the origin ie E~OWII on the next 
figurc with h = n and CO at t =O. 

I .o 

x ,  o.a 

- 1.0 

1 
1 

--1 - 

__A 

-1.5 0.0 I S  
XI  

fig. 8 - Evolution oj the domrrin o/attrarfion oj the oriRin for 
the paramerric.ally exritedpendulum/r,r the rase 

p = 0.02.6 = 0. I and E = 1.5. 

The trajectory methods arc attractive because o f  their 
generality and simple theontical framcworh. However. their 
computational efficiency is generally poor and only low 
dimensional systems have hccn trcatetl with them. 

To wtl1rcc thc com;ltItiitiotd clfort. (11-1) Piccts call he used to 
npprnximutc the htisiii ht1iiiitl:iry o f  iin nth ordcr systcin (221. 
Starting fniin a local qui:dr;4c Ihpiunov I'iinctinn un)tiiitl the 
stahlc cquilihriuin point untlcr study. a small ccinvcx plytope' 
is gcr,cr;itcd. Then. thc vertices of this initial Imlylope are 
integratctl hackwanl in time to generate the vertices of a non- 
cnnwx polytope approximation of the hasin bnundary. Thus, 
the real image approximates the attractihg region as backwards 
integration time approaches infinity. 

f ig .  9 - An iriifnl convex polytope and i f s  backwards inte- 
grafion upproximarion. 

- ~~ ~~ ' A polytope is U finite. flat slide solid in any high dimensional 
space. 



I .  

I 
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As the system i s  a ncn-linear one, a test ia r-liad to check 
whether the new nonconvcx plytop is a &mi Rppxha t ion  
of the image of the original convex plytop.  Advptative facet 
refinement is used to correct any afcuracy of !he image 
approximation (figure 9). 
The vertices of f ,  am derived hy foljowing the flow (half 

tone curvcd with unowr) hackwards fmm tho vetliccn of P, . 
The non-linearity test for facet [v,.v,] is illustrated in the 
uppcr right-hnnd comer. The point gencralod by following the 
flow hackwards in time from the center of the 4- facet should 

he close to the center of the corresponding P ,  facet. As i t  is 
not close. a new vertex will get added to the 1 hypersphere 
hetwecn v, and 

I 
to generate the new plytopc 

Recently. this method has been applied to construct the 
attracting rcgion of an unstable aircraft lateral directional 
model with feedback stahilisation and control saturation 122). 

approximation. M m  generally, cxtrnoion to higher 
dimensional CDBCB is limited actudly by the rapid growth uf 
the (facet number)l(vatex number) ratio with the growth UC 
state space dimension. 

Apart hom these numerical procedures. one must mention the 
method p ~ ~ p o s a l  by Grncsio I231 hecausc he uses a very 
nimplc Irqiectory method in connection with toplogicd 
considerations which have been recalled in the two following 
theorems. - 
Theorem I :  The boundary of the region of stability is formed 
by whole trajectorieq. 

As a consequence, excluding the trivial case n = 1, the 
following conclusions may he drawn: 

a) n = 2. If the region of asymptotic stability is bounded. its 
houndary is fomied by either a periodic orbit or a phaqe 
polygon (with unstahle equilihrium points) or a closed curve of 
critical points. 
h) n > 2. If the region of asymptotic stability is bounded, there 
exist constraints on the number of equilibrium poiilk and 
preciscly the following holds. 

Theorem 2: Given an odd system ( n  # 5 )  without degcnerdte2 
cquilihrium points, a nccessary condition for the region of 
stability to be hounded with a sinmth boundary is that at least 
two other equilibrium points exist apart from the origin. an 
even nuniber of which must lie on the boundary. 

For even ordcr systems, the nccessary condition for the iegion 
of asymptotic stability houndulncss is much weaker. since the 
sum of the indexes of the cquilihrium points on the hundary 
is equal to 0. 

 lo^...............,...,...^ 

fig. IO - Vertices of a polytope approximarion of rhe basin 
boundary ( r = I  sec)/or rhe 1areraVdirectional aircroji: a )  
sldeslip angle vs. y a w  rare, b) roll angle vs, roll rate. c )  roll 
angle vs. sideslip angle. 

Due to a linear representation of aircraft motion equations the 
state values are not realistic. However, this example shows 
that a great number of vertices are still required for accurate 

. . 

I 

t 
fig.  I I  - Esrimulion of the domuin o/atiracrion of fhe orixin 
rot. rhc vun der PN.c equarion. 

Rather than descri?*inp successive appmximations of the 
attracting nsion. Ciencsio used only a limited numhcr of 
starting points from an inital estimate of the attracting hasin in 
connection with the knowledge of all the cquilil..ium statcs fol 
the given system. 

2De.generate equilibrium points are considered those for which 
some of the cigenvaluur of the linearised system are 7cro OT 

pute complex in pairs. 
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Cming back to the Van dm Pal crscillatoz; the mgion d 
asymptotic stobilily is obtsirid pafomriI'?K onh one hwkward 
integration from insido or from outside the periodic orbit 
(figuro I1 ). 

Although this method is only efficient and applicithlo to low 
order systems, use of topological considerations leads to the 
following differential geomehy method. 

5.4.2 Dlffercntlal geomew method 1241 
This method gives a complete characterisation of the stahility 
boundary for a fairly large class of non-linear autonomous 
dyimrnic systems satisfying two generic properties plus one 
additional condition that evesy trajectory on the stahility 
houndary approaches one of the equilibrium states (fixed 
points or/and periodic orbit) as the time t tends to infinity. 
Then, it  is shown that the stability houndary of this class on 
non-linear systems consists of the union of the stable 
manifolds of all equilibrium states on the staoility hundary. 

TO present the theoritical basis of this theory. one need lo 
introduce some definitions. I 

I 
An equilibrium p i n t  ( i )  of (3) is said to be dyperbolic if. in 
local coordinate, none of the eigenvalues of the jacohian 
matrix Jxf at x has 7 m  real part. For this equilibrium point 
we can decompose the tangent space Tx uniquely a5 a direct 
sum of two subspaces €?+EU such that each subspace is 
invariant under the linear operator Jxf. The cigenvalues of Jxf 
restricted to Es have a negative real part. The cigenvduw of 
Jxf restricted to E!" have a positivc rea\ part. The stahlc and 

unstable manifolds W'(i),  W(;) are defined a$ follows: 
~(i )  = { x E M : o , ( ~ )  -+ i ar r -+ m} 

~ ' ( i ) =  {x E ~ : a , ( x )  + i as t + --) 

A periodic orbit ( y ) , i. e. an image of a non-constant periodic 
solution of ( I )  is said to be hyperbolic if all the eigenvalues of 
the transition matrix have modulus not equal to one (one must 
be always 1) [?I. The stable and unstable manifolds of a 
hyperbolic periodic orbit are defined as follows : 

W (  7) = { x E ~ : a , ( x )  -+ y as t + -} 
~ ( y )  = { x  E ~ : a , ( x )  4 y as r -+ --} 

Obviously. one can notice that these manifolds are invariant 
scts, i. e. every trajectory starting inside remains inside. In the 
following, an equilibrium point or a periodic orbit of thc vector 
field f is said to be a critical element. ' 

To further characterise the stability boundary, the idea of 
transversalily is intrrducccr. First we say that a map g: M -+ N 
is an immersion at x if the derivative map 

d f , : T , ( M ) - + q ( , , ( N )  i .8 injective, where T , ( M )  and 

?(,)(A') are the langenl spaces of M and N at points x E M and 

i ( x )  E N. respectively. Then, if A. B are injectively immersed 
manifolds in M, they satisfy the transversality condition if 
either ai every p r in t  of intersection x e A n B ,  the tangent 
spaces of A and B span the tangent space of M at x or they do 
not intersect at all. An important feature of a hyperbolic 
equilibrium point i is that its stable and unstable manifolds 
intersect transvrrsaly at i .  Furthemore. the transversal 
intersection persimts under pertubation of the dynamic system. 

'he  following thaorcm characteri~cs 8 Critical state being on 
the stability boundary of the region of efability. 

fig. I2 - Siable and unstable manfoldr o/a hyperbolic 
periodic orbit. 

Theorem : 1s t  A bc the stability region of a stable equilibrium 
point. Let i be a critical element. Assume the following: 

i) All the critical elements on the stat"ity boundary (AA) are 

hypcrhnlic. 
ii) The stable und unstahlc manifolds of criticul clc!ncnts on 
JA satisfy the transversality condition. 
iii) Every trajectory on dA approaches one of the criticdl 
elements as I +QJ. 
Then, 

a) i is on the stability boundary aA if and only if 

W*(F) A = 0, 
b) i is on the stability boundary aA if and only if 

W(F)GdA. 
The hypotheses of this theorem are very important and must be 
checked carefully. For an example, we can observe that the 
transversality condition does not hold for homoclinic and 

ng. 13 - Thc transversality condition is not verified: 
p E W'(+ ww 

hetermclinic orbit as i t  can be seen on the figure I3 because the 
intersection of the unstable manifold of XI  und the stahle 
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manifold of XI is a portion of manifold whose tangent space 
has dimension-1. 
In the next example (figure 14). the unstable manifold of x i  
does not inbrscct with the stability region and a part of the 
stable manifold of x i  is not on the stability boundnry. 

fig.  14 - The rransversaliry condition is nor verijied; 
W’(r , )nA=@ 

The following theorems characterise the stability boundary. 

Theorem : Let (3) he a dynamic system whoso vector field 
satisfies the following assumptions: 

i) AI1 the critical elements on the stability houndary are 

i i )  Thc stable and unstahle manifolds of critical elements on 
the stahility boundary satisfy the kinsversality condilions. 
ii i)  Evcry trajectory r:ii the stability boundary approaches one 
of the critical elemelits as t +=, 
Let xi, k1.2, .... he the equilibrium points and y,. j = I .  2. .... 
hc the periodic oibit on the stability boundary & of a stahle 

hyperbolic, ! 

equilibhum point, then an = Jw(xJUW(V~) 1 
i 

Now, the next theorem gives an insight on the structure of 
equilibrium poii,is on the stability boundary. 

Theorem : Let (3) be a nowlinear dynamic system *.vhich 
contains two or more stable equilibrium points and satisfies 
the following awmptions 

i) All the critical elements on the stability bouvdary (3A) are 
hypehlic,  
ii) The stable and unstable manifolds of criticd dements on 
31 satisfy the transversality condition, 
iii) Every trajectory on aA approaches one of tht critical 

.. ele‘ipents as I+=.  
. * I.*, 

:’ The%, the stability boundary must contain at least one 
equilibrium point having an eigenvalue with a positive real 
part. Lf, furthermore. the stability region is bounded, theti aA 
must contain at least one equilibrium point having an 
eigenvalue with a positive real part and one source. 

The contrapositive of the theorem gives a sufficient condition 
for the stability region to be unbounded. 

C o r o l l q  : For the non-linear dynamic system (3). if it 

satisfies the assumptions of the previous theorem and if M ( x , )  

contains no source. then lbe stability rcgion A(x,) is 
unbounded. 

With all these results, a numerical procedure can be set up to 
determine the stability boundary hy means of the construction 
of the stable manifolds of all the critical elemenls which 
belong to it 123, 241. 

As an example. after computing the two stable equilibrium 
points, (O . ,  0.. 0.) and (-7.45, -7.45. -7.45). and the unstable 
equilibrium point (-2.45. -2.45. -2.45) of the following system: 

x = - x + y  

y = 0. Ix + 2y-  x* - 0. Ix’ 
i = - v + z  

thc proceclure allows to compute the stability boundary of the 
attracting domain of !he stable equilihrium points as the stable 
manifold of the unstable equilibrium point. A partial view of i t  
is shown in figure 15. 

fig. 15 ~ Partial tiew of rhe boundary ofrhe domain o/ 
srahility. 

For higher dimcnsional system, graphic representation of the 
boundary is difficult. Nevertheless, its projcctiim in particular 
subspaces furnishes useful informations. The next figure 

r 

2o.o (10 00 1000 1 a . 0  imo 
P 

fig.  16 - Projection in rhe (p,r)plane ofrhe boundary rfrhe 
domain ojsrability. PES1 and PES2 are srable equilibrium 
points while PE11 is an unrrable one. 
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sbows partiat view of tho stability mfiqv ttatwwn two 
stablo quilibrium points of 8 set of five nm-linear oquations 
dcsckbing nircraft motion at low anglo of ottack under inertis 
coupling conditionr.. 

It should be noticed that this result seems to bc 
complementary to Gose obtained by the construction of the 
attracting domain in 64.3.2. 

6. CONCLUSION 
This con~municat;on follows 111 which is presented in the 
same Agard Lecture Series (LS 191). In the previous 
communication, some theoretical foundations'of Bifurcation 
Theory have been rccdlcd and a methodology aiming at a 
systanatic pd ic t ion  of the behaviour of non-linear 
differential equations has bezn presented. 

Tbe Fist part of the communication is related to the 
examination of several problems which are connected with 
the introduction of control law; in order to stabilise an 
unstable dynamic system. From a stability point of view and 
under implicit assumptions on the controlled system ( 
continuous time, continuous ncn-linearifics. ... ) i t  has been 
shown that B i h c t i o n  Tbuory can help the designer to 
predict system behaviour and to compute a "good" control 
laws. Although promising results are availahle in the 
literature. some efforts remain to be. done to take into 
account practical discrcte systems. These control prohlems 
arc closely connected with the attracting region of a stable 
steady state. 

The second part of the communication i s  reluted to 
determination of the attracting region of a stable cquilihrium 
point of non-linear dynamic systems. Many works have k e n  
done in this field. They am mainly bwcd on liapounov's 
stability chbory and the extensions due to Zubov and La S a l k  
More recently, introducing topological ; considerations, 
bajectory reversing methods have been developed and 
numerous computational procedures have &en proposed. 
These procedures are appropriate on low dimensional dynamic 
system. However. them is a need for improving them for 
higher dimension. Due to the difficulty to work with high 
dimensional systems, a limited part of attracting basin is 
generally cmputed. Is it sufficent? Are we interested by the 
entire domain of attraction? It seems' that a lot of work is 
needed to give practical answcrs to this problem 1271. 
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NON-LXNBAR FLIGHT DYNAMICS 
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Boite Poetale 72 
92322 Chatil lon CEDEX 

France 

1. AL'STRACT 
In Flight Dynamics. aircraft motion i s  described by a set of 
non-linear differential equations, depcnding on parameters. 
associating the state vector (angle of attack, sideslip angle, 
speed, angular rates, ...) with the control vector (motiwtors. 
...) through flight dynamics equations, aerodynamic model and 
flight control system. This communication presents Some 
works which aim at improving the knowledge and the 
prediction of aircraft behaviour in particular flight phascs for 
which classical lineariscd analysis of non-linear diffcrcntial 
equations i s  insufficient or not valid. 

2. RESUME 
En dynamique du vol. le mouvement dun avion est dtcrh par 
un ensemble dequations differenticlles non lineaires. 
dependant de parambtres, liant les variables d'etat (incidcnce. 
derapage. vitcsse, vitesses angulaires. ...) et les variables de 
commandes (gouvcrnes, ...) par I'intcrmediaire des equations 
de la mecanique du vol. du modele atrociynamique et du 
systEme de contr8le du vol. La communication Cvoque les 
lrnvaux realises en France et h I'Etrangcr en vuc d'amfliorcr la 

nprfhension ct de prtdire avcc precision le comportcinent 
de I'avion dans des situations de vol particuli&ies pour 
lcsqoelles I'annlyse linearisbe habituelle des Cquatiuns 
difffrentielles non lintaire est insuffisante ou inadaptbe. 

3. NOMENCLATURE 
C,.C,.C, : dimensionless body axes force cmfficients 

C,.C,.C, : dimensionless rolling. pitching and yawing 
moment coefficients 
X" ,  Y" ,  Z* : body axes aerodynamic forces 

LA. MA, N A  : hody axes aerodynamic moments 

Fx, 5, F, 

L', M'. N' : body axes thrust moments 
p,9,r : roll, pitch and y~ rates 
U. W. w 
a : angle of attack 
P : sideslip angle 

6, ,6, ,6,  : aileron. elevator and rudder deflections 

6 P 
@,a 
f! : gravitational accelcntion 
m : aircraft mass 
A. B,C 
E 

4. INTRODUCTION 

I 

: body axes thrust components 

: body axes components of aircran velocity 

: lateral offset of the center of grirvity 

: pitch and roll angles 

* '* 
: moments of inertia for &, ,Y Bid Z axes 
: product of inertia for X and.? "' y 

I 

For many years. study of losses of control and spins of combat 
aircraft has been a very important field of research. In spite of 
the efforts made, an ardysis of such phenomena i s  s t i l l  
difficult due to their complexity, their apparently random 
character and the smsll amount of knowldgc available ir. the 
ficld of high angle of attack aerodynamics. 

Ncvcrthclcss. a careful examination of the many results 
obtained from flight tests on very different airciaft reveals an 
astonishing degrce of similarity in bchaviours which i s  
difficult to attribute to hazard. Further. thc study of analytical 
losscs of control or spins showed that i t  was possible, given an 
adequate modtl. to obtain satisfactory rnitching be:ween 
computational and eithcr vertical wind tunnel or flight tests 
results. Thus i t  seems that control losses and spins are closely 
related to the differential system used in simulation. 

In Flight Dynamics, aircraft motion i s  described by a set of 
non-linear differential equations. depending on parameters. 
associating the state vcctor (angle of attack, sideslip mgle. 
speed. ...) with the control vcctor (motivators) through flight 
dynamics cquations. aerodynamic modcl and flight control 
system. 

Since the beginning of the aviation ern, analytical non-linear 
melhods on simplified sets of cquations have hcen used to try 
to cxplain scvcral phenomena occurring in Flight Dynamics. 
Independently of the interest of these approaches to analyse 
ddngerous Flight Dynamics phenomena, the simplified 
assumptions used in thesc cnlculus often reduce thc quality 
and the precision of the results. 

This communication aims at thc prcsentation of recent results 
obtained in Flight Dynamics with a global stability analysis 
mctliodology making use of Bifurcation Thcory for non-liricar 
diffcrcntial ordinary cquations depending on parametcrs when 
linearized analysis i s  insufficicnt or not valid. 

The first part i s  related to ihc early works ahout non-linear 
phenomcna using amlytical techniques on rcduced set of 
equations. 

Using two typical aircraft models, the second part of this 
presentation i s  related to the application of Bifurcation Theory 
to basic. but vcry simplc and well-known. non-lincar 
phenomena such as. for example. spiral mode, auto-rotational 
rolling and Dutch Roll instability. 

The aim of the third part of [his paper i s  to present [he 
results obtained when the previously mcntioncd theory i s  
applicd to a real combat aircraft, i.e. the German-Frcnch 
Alph'a-Jet from Dassault Aviation. The study i s  specifically 
dedicated to oscillatory motions and to sensitivity aniilysis of 
depar:ures and spin predictions to a given sct of parametcrs. 
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4fler a brief derscription of the aircraft modal. the oscillatory 
light cases such as "agitated" spins m studied by means of 
learning the stability characteristics of periodic orbits related 
to oscillstory unstable equilibrium pints. Complex oscil- 
latory modes are pointed out. The synthesis of all these 
rcsults shows tho existence of two very diffcrcnt spin modes 
for some given control deflections. It illustrates too that the 
lack of a realistic non-linear model may lead to great 
difficulties for flight analysis when the motion is quasi- 
periodic or chaotic. Comparisons between predictions and 
flight tests at the French flight tests center are shown. 
Analysis of the sensitivity of predictions to some modcl 
paTameters modifications is also presented. The first 
sensitivity analysis deals with the influence of lateral offset 
of the center of gravity on normal spin recovery. The second 
one deals with the inliuence of gymscopic torques induced 
by engine rotors. 

Finally. the interest of this methodology is discussed in the 
conclusion. 

5. SIMPLIFIED NONLINEAR ANALYSIS OF 
AIRCRAIV BEHAVIOUR 
The pi .diction and the analysis of control losses and spins of 
aircraft arc old problems. However, with the lack of 
computers capabilities, the former works are related to the 
application of exact (1: approximate analytical methods on 
simplified non-linear equations. 

Among .iie others, one can notice thc work donc by Phillips 
[ I ]  about inertial coupling at low anglc of nttack. In this 
pro!-!em, the difficulty cunsists in taking into account thc 
gyroscopic torques in the equations of motion. Ncglecting 
gravity effccts and simplifying the force equations, hc has 
exhibited stability criteria which are still used today [2]. 
More reccntly. Hacker and Oprisiu rcvisitcd the validity 
domain of these criteria 131. 

At moderate angle of attack. losscs of control are more 
generally connected with aerodynamic non-lincaritics. Thcy 
are related to the loss of stability of longitudinal and/or 
lateral modes 141. A lot papers are concerned with h tch  
Roll instability (5.61 for which aerodynamic non-lincaritics 
are expressed as Taylor series. 

I 

. 

At high angle of attack, quiet spin has beet? easily idcntificd 
as an equilibrium state of the complete set of motion 
equadots providing adequate aerodynamic modcl is 
available'.[7];& These studies have shown that spin is a 
vertical helicoidal motion in which lift and drag balance 
weight and centrifugal force. However, in spite of the 
dcvelopment of numerical tools and the similarity hetwccn 
Eulcr-Poinsot motion and spin o' modem combat aircraft, 
agitated spin was always m.1'- It'ercd as an hazardous 
phenomena 181. 

The study of Schy and Hannah Tl.101 can be considered as 
one. of the last works which car* be related to a simplified 
treatment of control losses. They have shown thc possibility 
of rnultiplc equilibrium solutions for a simplified set of 
flight equations; several of them are stable. It can be said 
that these latest works have been the basis of the global 
methodology used in this communication. 

6. BASIC NON-LINEAR PHENOMENA 
The study of Right Dynamics is generally based on a 
linearird analysis of the motion equations. Theve is no 

doubt that- this approah is well suited for learning. 
However, this limited point of view cannot show the genesis 
of loss of stability and cannot explain more complex 
phenomena. 

Based on simple examples and others more complex, i t  is 
proposed to show the contribution of the global methodology 
to the prediction of the behaviour of a natural aircraft for 
which motivators are considered as parameters. 

6.1 Motion equation and non-llnearitles classlPlcstlon 
The adopted system of equations represents a six degree of 
freedom motion of a rigid aircraft. Since, there will be found: 

a. !hrec momentum equations, assuming D = E = 0 

Ai, -Ei+(C-B)qr-Epq= L A F  + L  

B i  + ( A  - C)rp+ E( p 2  - r2)  = M A  + MF 

Ci - E/; + ( B - A )  pq + Erq = N A + N 

b. thrce force equations 
m(u+qw- rv )  = X A  + F, -m,qsinQ 
m ( i + r u - p w ) =  Y A  + &  i-rngcosOsinQ 

m( w + p v  - qu) = Z* + f i  + mgcos Ocos @ 

c. two kincmatic cquations. Eulcr's kincmatic cqualion for 
hcading angle is not takcn intri account 

i = p+ t a n ~ ( q s i n ~ +  r c o s ~ )  

Q = qcos o - r sin Q 

The many non-lincaritics of this systcm can hc classificd inlo 
two groups. 

Thc first onc includes thosc which arc intrinsic to thc systcm 
and which are duc to the motion cquations of a solid i r i  space 
(trigonometric lines and gyroscopic momentum). 

The second one includcs thosc from the acrodynamic modcl. 
In this catcgory. distinction should hc made hctwccn 
curvaturc non-Iincaritics otcocfficients (cx(a), C~(LI). etc..) 
and coupling non-lincarities such as certain coefficients 
which conncct longitudinal and lateral variablcs (Cln(LIL 

c,(a). etc..). 

Such a distinction is not immcdiatcly obvious hut  is juslificd 
by cxpcricncc. Thc first group lcads to suddcn jumps in 
aircraft motion for a smooth variation of thc control 
dcflcctions whcrcas the sccond induces more or lcss stcady 
oscillations. 

6.2 Aireran models 
Thcsc former applications of' Bifurcation Thcory arc 
pcrfornicd on two typical combat aircraft acrtdy.;amic 
models. 

Modcl A is a lincar acrcwlynamic modcl with ctrfliiicllts 
independent of the anglc of attack. I t  is used for thc 
simplified auto-mtational rolling example. 

Modcl B descrihcs the acrtdynamic mcdcl of a ficlivc 
aircraft with high wing nnd tail unit .  It i s  nevcrthclcss 





realistic since it multn fmm a synthesis of nuniemus wind 
tunnel tesis. It is a non-linear aerodynamic d e l  without 
hysterisis. The validity of which is extendcd to angles of 
attack from -IO"to+!MP and sideslip angle from 
-4o"t0+43' (figure 1). It is used for spin1 mode example 
and for Dutch roll instability. 

Imporhnt non4neultlr Important non-llncuitiea 
U 8 function of e 81 function of b -r- f -r I 

I I I 

I 6o t 

I 
lo +- Innexion point on tho cL t J '  

30 _j ' 0  

-L 
0 

Control mrrwea dfWthn*N 

Jig . I - Recapitulativc diagram for thc principal non- 
linearities of model B. 

The formulation of model B has heen adapted to the 
requirements of flight mechanics numerical computations. 
Each of six global cocfficients:Cl.C,,C,.Cx .Cy.Cz. is 
expressed independently as a funcrion of the influencing 
parameters:a.fL p.4.r. control surfaces. Thus the non- 
linearities and aerodynamic coupling are expressed by means 
df a Taylor series expansion around reference values (steady 
state) defined as follows: 

a = E .  p = o .  p = 9 = r = 0  6,=6,=6,=0 

6.3 Spiral Instability 
This slow motion occurs at low angle of attack when the 
aerodynamic model is symmetrical. Then.inertiul coupling is 
negligible and the aerodynamic d e l  is almost linear. Only 
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gravity and pitch angle have an effect on the stability of h e  
motion at zero sideslip angle. 

When lateral control dcflections are at neutral, the 
equiliblium surface of the system shows that spiral 
instability coincide with the existence of a fork bifurcation 
on the lateral variables of the system [ I  1,121. Moreover, i t  
shows the stable steady states which can be reached by the 
system when Ute instability is encountered 

fig. 2 - Spirul bi/iurcation: a )  (a.6,)plane. b) (@.6,)p/une. 

- stablefixed points. - - - - unstable fixed points 

L *- 

I 

Starting from an equilihriurn condition at an angle of attack 
of 13" and a slightly nose up altitude. we encounter the 
instability for an elevator deflection value of -0.5". It 
corresponds approximately to the appearance of spiral 
instability foreseen by traditional criteria. Stability returns at 
ahout 6, = -4."jfigurc 2). 

ou I.-- 
! . ~  

U (") E//-- 

-5 
1 

i l  
I l  

fig.  3 - Simulation ojspiral instability. 
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Between these two limits of stability. the aired is unstable 
in straight level flight and, in n s p n y  to a letera81 
disturbance. it tends towords a turning down fliRht, the 
characteristics of which are Jetermind by the stable 
equilibrium branches located between the two limits of 
stability at zero sideslip angle (figure 3). 

By comparison to the classical linearized flight mechanics, 
this methodology is able to predict the system hehaviour 
beyond the limit of stability. I t  gives also an idea on the non- 
linearities which are responsible of the instability. Thus, 
considering the essential non-linearhies it is possible to 
analyse the aircraft behaviour by reducing the motion 
equations to a scalar one: 

6 = ( A  si;) 8 + Bcos Bcos @)sin @ 

+ (C$/ 4. C.&) cos Q + D$f + D,6n 

in which A. B. C. D. are coefficients which depend on the 
aerodynamic chnracteristics. In particular. B is the classical 
stability criteria for the linearized motion equations when 
e=o. 

This scalar equation describes the evolution of variable @ in  
a gradient field. The potential function (V) is defined by the 
following equation: 

dr = -grad( V(@)) 
In spite of its simplicity, this formulation synthesises aircraft 
behaviour in the vicinity of the spiral instability. Moreover, 

it exhibits that spiral bifurcation can appear in the (SI&) 
plane even if level flight at zero sideslip aigle is stahle 

(6, = 6, = 0). (figure 4). 

f.9 p""' 

fig,  4 - Spiral hijurcation; U )  (6,.6,) plune. h) (a.p) p / m p .  

6.4 Auto-mtatlonal rolling [ 12) 
This phenomena is known for a very long time and its study 
has becn recently revisited by Schy 19,101. Mehra I13 1. and 
cthers (14 to 171. 

Experimenu and previous computations have shown that 
autwotational roll iq occurs at low angle. that speed varies 
only a little and that the influence of p v i t y  is negligible. 
Thus, the complete get of equations of motion i s  simplified 
as rollows: 

i )  the aircraft aerodynamic model is model A. 
i i )  the drag equation is absent (constant speed). 
i i i )  the terms including quantity g/V are assumed to bc 
always small and constant. 

This last assumption has the advantqe of h u p l i n g  the 
two kinematic equations, i. c. aircraft motion is not 
constraifkd to be about a vertical axis. Pbrthermore. 
considering also that pitch rate and yaw rate are much more 
smaller than roll rate, it is still possible to transform the 
initial problem in the study of a polynomial non-linear rcaiar 

equation relating yaw rate and control deflections: 

P = idS")P: + h & 6 /  + iSb6n)P4 + h(6,)P' 

+(&SI+ 4&&' +A(6 , )P+  ( A & 6 l + A h d  
which, by a change cf variable: 

comes back to the differential equation: 
= P+(h/.h) 

x = x s  + dx' +CX' + bx+u 

Thus, we demonstrate the canonical form of a singularity 
R' + A" which i s  called "butterfly catastrophe" a study of 
which gives bifurcation points which can result ill jumps Tor 

certain values of parameters (a,b.c,d). For our example. an 
illustration of the bifurcation surface is given in the figure 5 .  

6 I A$m'oJ 

- 2 0  0 20 

fig.  5 - Bi/urcation suqacr in rhc (6,.6,)plune. rudder a/ 
neutral. 

For a pitch down elevator angle from the trim posilion 

(A6, = 6, - b,,,) , corresponding to the selected angle of 

attack (a = 5") with thc lateral control surface$ at neutral. 
there arc five possible equilibrium states identified by A I  to 
A5 on figure 6, and not only one as predictcd by the linear 
approximation. States A I .  A3 and A5 are stable; A2 and A4 
are unstahle. 

Beginning from steady state A3. progressive ailerons 
deflection which correspond to a small right hand roll. 
performed at slightly ncgativc load factor. displace the 
operating point to A'3 and thcn causes i t  to ''jump" towards 
AI. Precisely, the roll rate responds at the very beginning 
more or less linearly (that is to sdy intuitively) lo the pilot's 
input and thcn i t  suddenly "jumps" to a level which is 
excessively high in relation to the control deflection. 
Generally the pilot immediately dccidcs to return the 
ailerons to ncutriil whilc the clcvotor remains i n  ;I pitch 
down deflection. It can be noticed tho1 this action will hc 
more or less without effect, irnd remains s o  even i f  he 
deflects the aileronp in the opposite diretion. 

, 





roll (degreesfs) 
S r n  = (I' A 

6. 

fig. 6 - Evolution of equilibrium roll rate as afitnction of 
ailerons deflection-. 

These two pheno:,iena appear clearly in the Following 
simulation which has been performed with complete 
equations (figure 7). 

-ioJ 

7 

.. .-.--- ,---- ~ 

0 5 I O 1 5  2 0 2 5  3035 
Time (s) 

jig. 7 - Simulation 0, 'auto-rotational rolling conditions. 

Taking account of gravity effects, this simulation leads to the 
following remarks: 

a) gravity effects result in an oscillation of the state variables 
around a mean v a l x  and, 
b) cause the aircraft to dive and "accelerate. It follows that 
the roll rate does not stabilise at the predicted value. More 
generally. it is observed that it is possible to rewrite the 
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system under study using the reduced variable p* = pl /V .  
We lhen verify tha:, in spite of the increase of the aircraft 

speed and the roll rate. the value of p* i s  perfectly stabilised 
at the value anticipated by the equilibrium computations. 

bn 0.5 IbPo - bPG)  

bm = b m  trh at oo = 5" 

6 9  = . 5' roll (degreesfs) 

f ig .  8 - Auto-rn!a:ionnl rdlinR, clevalor itij7rtence. 

Simihrly, a pitch down clcvalor aclion can recull in a 
spontaneous jump hnni A3 type equilihrium In .41 type 
(fic,urc 8). 

6 .  

-20 

- 201 

p ( W -  q-v- 
c---c-_---- 

-200 

0 5 K) 15 20 25 30 35 
Time (s) 

f ig .  9 - Simulation of auto-rotational rolling cnnditinm wirh a 
pitch down elevator action. 





Finally. after an examination of the quilibriim curves, i t  
can k observed that. beginning from point AI .  ailerons at 
neutral. i t  is possible to return to the initial state without roll 
rate. This can be achieved hy another jump ohtahed hy 
returning the elevator to its trim position (figure 91. 

Regarding thc influence of acrodynamtc ctefficicnts. i i  can 
be noticed Ihat. in  spite of the dirfcrcticrc hetwecii mcxlcl A 
and model R. the equilihrium surkccs arc vcry similar 
(figure IO). 

! 

t -? 

From a practical poitit of view. i t  can hc. said th;it this typc a $  

ioss of control can he rciichcd in spin rccrlvcry (licurc I I 

0 

In addition t o  aircraft behaviour malysis. computation of 
cquilihrium surfaces and bifurcation points providcs 
valuahlc information on the appropriate method to be uscd in 
order to avoid jumps. In thi: present casc. cnmputation of the 

bifurcation surface i a  the (6,.Sn) plane Tor a given 
deflection of the elevator shows that thew is a region free of 
hifurcation (figure 12). 

Jig. 12 . Actio-roltrlinrittl rolling. IriJlrtmcr o/lhr cc~nrrol Inw 

i:t Ih l*  (6 , .6")  planr 

I t  f'clli~ws thiit i f  thc systcm i s  ccmstraincd to rctnain in this 
prcvioilsly i:wiiamcd rcgion. thr aircraft will havc :I quas:. 
lincnr hcha\:twi !n rcsponse to pitch and roll control. In 
practice. such P ;.! \',ciq is an aileron-rudder coupling (ARI)  
which i s  uscd o n  i ~ ~ y  aircriilt. Although i t  docs not modiiy 
thc p;itt.xn o f  thc hrl'urcaticln c u n w  which is intrinsic: ((1 thc 
;iircr;if't. i t  dtrs nitdiry thcir iccurrcnce: thr possihlc 
cquilihriii arc n o  lonpcr thc samk. iind arc n o t  s o  barictl. ax is 
shown in fipurc 12. In simul;itiirn. thc j u m p  disiipciira. 

Jig. I3 - Auro-rolurionnl rolling. Influrncr o/lhe conrrol Ittw 

on rhr roll rulr. 

6.5 Dutch roll instability 
This phenomena is \*cay well rcportcd in thc litcraturc (Sec 
151. 161 and I I R I  among rhc othcrs!). It is now considered that 
the instabilitv is conncctcd to a Clopf bifurcation point which 
i s  approximated by classical theorctic;il and cx~r imcntn l  

Handling Quality criteria (Cn&n, Kalvistc. ... ). 

In this casc. thc first pc,int of intxcst of' Bifurcalion Thoory 
and cspcrially the projcction mctbtd is 111 chiir,ictcrisc the 
Hopf birurcntion (subcritical or supcrcritical) 1191 in ordcr to 
gct an indication ahout the amplitudc of the periodic motion 
beyond the limit of stability. The second point of intcrcst is 
the computation periodic orbits envelopc without usual 
simplified assumptions (figure 14) in order lo in*.cslig:itC 
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secadmy bifurcations vhich un induce ths rppuilion d 
wing met or spins 

Jig. I 4  - Dwch Roll i ru la r i i l i~  and prriodic orbits mwlope. 

6.6 Mom m p k r  phenonvru 
In the previous paragraphs. i t  has hcen shown that 
Bifurcation Theory i s  a powerful ton1 to dve a hetter 
understanding of several classical non-linear Flight 
Dynamics phenomena for which a l inear id  appmach i s  not 
adapted. This last paragraph presents m m  complex 
p h c n o m  whirh are alsoencmntemd on combat aircraft. 

Computation of periodic orbits envelop and their 
hifutcations for different aircraft showu that agitated 
hehavinur can hc also analysed means of Bifurcation 
Thlhmry. 

The mmt currcnt hifurcation i s  prrialic llmll orbit as il 1% 
exhibited on the previous figure. 

When a pair of IW conjugate imaginary cigcnvalucs crosses 
the unit circle. the stable Omit hecotm$ unstahle and the 
motion lies m D tmYdal surface surmunding the newly 
unstable ahit (figure IS). 

&. I S - M o I i o n o n a 1 o r v r / 2 / / - ~ ~ r ~ o s r i l l a t o r y u n s l a b l e  
orhir. 

In this pniculv C.IC [IS]. the mtim letnu to bc a 
supposition of Iwo priodic mOtionr with vay different 

priod (71 -&et T, - 120s). Then it could result in  ~ x n e  

dilficullia to malysc: auch a phenomena fmm flight ICSIS 

becnuw Ihc Nnning time is generally less than the larger 
period. 

The second illusvation i s  related to flip bifurcation which 
w considerably modify Ihe appcmce of spin behaviour 
under small perturbations on conmls [ZOl (figure 16). 

/is. 16 - Period doubling biJurrorion. a )  8- = -IR.7RIa. 

bJ 8, = -18.971°. CJ 8, =-l9.M)Zo. 

Finally. when all the equilihrium states are unstable 
excepted one which is weakly stable. very long transient 
motinns can appear [ZOI. Sometimes. thtse motions seem to 
he complex andlor chaotic (figure 17). 

-sa w/:. 
'----__-------- 

fw. I 7  ~ Traruirnl cho l ic  osrillalions l.21,. 

I 





In m*r IO p m w i  antinuntion pmbkm and liclivc 
Iw l i zaJ  dofarmtiae d equilibrium surfrrr d y n n m k  

&m,fiCisnts arc uaually nnmched IO C ~ W U ~  mncinuiiy and 
&nvability conditions F n  thc itssHin8 non-linur dymmk 
system. 

In nur application. m pdiminay smoothimp was done. 
raollidca(r m d m l e d  hy lincat hmpobtiim d the 
ubulaiul &U. Thc fdbwing rc%ultr will illuslrale Ihc 
mhcrstnens nf our continuation dgorithm. 

Tho dopcnl mn-lincpr diffmnlial cqmtimr mruists ni: 

IO 
-a 

-a 

JI 
V ,' 

bt(7 a 
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rT. I 9  ~ Equilibrium c u w  for 6, = 17". 
_- stable - - unusblr divergm 
-. - oscIlla~ory unsrabtr. 

It can he obsnved thai right spin is ruble while kft spin is 
always a c i l h ~ y  unruble cacepied fa a few positive 
aileron delkciions. In UK vicinity of h i s  last equililwium 
hnnch (6, negative). here eaist r e v m l  periodic nhib 

when a i l m  &kction dfflcpfcs fm 6 1 = 4 . 2 0  io 

6, = -w. (figure 20). 

Two d' ..cl bnnehes can he O ~ S C I V C ~ .  On the Rnl me. ihe 
limit poinu arc numerous. B c t w m  61=4.30R" In 
8, = -7". IW m V e r & .  M l e N C i  d flip periodic hifunxiom 
demmine a mgian in which an Alpha-la can eahihit a 
chaa i i  hduviwr.  In a# cw. m chc wnmry with lypical 
&ani* bduvioun cahibilcd hy well k n m n  panieular 
diflaentW equUia~s. lhac ue mly link d i f f a m n  in 
mplindr hclwen h e  diNetmt abiu d prkd T. ZT. N. 

IL. 20 - Envelope of petiadic orbits when 6, wries for 

61 a -200 and 4 = -I lo. 

Thm. it -mi that lhir bshaviour will be vcry diriicuit IO 
o b c  md to chamclerise in flight. Finally, the mast 
important phenomena m this braneh of ihe envelope is the 
rapid vUration of orbits ampliludc when 6, is  less Ihan - 
100. This could uplain the sensibility of spin agitations 
vcrsus aileron which i t  well known by pilou. 

On another branch of the periodic envelope. helwcen 
6,=-3,So and 6,=-7.Y. (hem eaisl oacillamry unstable 
orbits wilh g m  mpliludc. (figure 20). Amund them. lhe 
motion tskcr place an a mmidal surfw if it is stable. 
Neverthelus. the exisknee. f a  same values of 6,. of an 
invariant tms and a suble orbit can lead to tion similar 
flight hehwioun. These differeat behaviours dcpend on the 
initial st% and of the history of wnml dcflstions during 
the mIIuMcuyIc. 

0 
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AII t k ~ ~  phmomau cm be demoos(rrucd In flight. In orda 
U, m&e m l a t i o n s  b*wcm p d i a i o n s  and flight. f l i ~ h l  
mu haw ba I dom i t  the Fte& Flight Test Center in 
1-m. The rerultr whi;h M going to be prcsencel in the 
following have bcen obUincd 81 the end uf 1988 and 
wlyscd with :mdprd flight test tcchniques 11 
ONERMMF! in Ulle during 1989. 

~a fill ekvator and rudder deflections 

(6-= -~0~.6 .=17 ' )  quiet icn spin i: obtained for 

6, =ao. ((igllte 21). 

Far an aileron deflection in the vicinity of 6, = -5'. chaotic 
motion was not demonstrated. This result is due lo the short 
duration of spin tests and to the abwnce of great 
diffetences hetween he arbiu in prcscnce aq i t  was 
previously mentiannul. 

When ailemn dellccljon is close ID -10'. Alpha-Jet can 
eahibil thrce vcry different molians due to the eaislcnce of 
two stable orbits and a stable invariant IONS. (figures 22 10 
24). 

Anotkr vny  inktesting behaviour is what happens when 
pilou fail left spin envy. In this case. an oscillatory motion 
at a modcraCe angle of alack appears. (lieure 23. I t  
m s p o n b  to wbilr which surmund the lower oscillatory 
unstable equilibrium branch of figure 19. 

fu. 11- Quirt IrP spinfor 6, nnvingfmm -20" m 0" 

0 

10 

/is. 23 - Rc&oroRilowd spinfor 6, = -10". 

0 

b 1 
cb io tl.) io 

&, 24 - Motion on a toroidal surjflrr Jor 6, = -10' 

0 





Stating wilh the pcviatl quia kfi spin fa 8, - -4' and 
mmring rudder deration. another quiet rpln cm be 
obaand fa a rather unusual combination of lateral mntrol 
kflcctions. (figure 26). Howva. thwe is I \'cry pad 
agrement with the scnble equilibrium h h  obtained fa 
9 =-IP andnegative ailemndcflations. (figure 18). 

( 0  20 t(4 w 
J7#. 26 - Quirt IC# spin for 6, = -I P and nqalivr aileron 
deflection 

Caning b s k  lo full positive rudder deflaion. quiet spin 
turns into flat spin when p i l m  push on the stick according 
to equilibrium slates compumtions for different elevatw 
delkctiont. (figure 27 ad flgure 28). 

fir. 27 - Equilibrium surface for 6, = 4' in rhr(a.8,.&J 
apace. black stablr. grey oscillafory unsfabk, llfflr pny 
w m b l r  divrrgrnt. 

As i t  can hc Ken an the following figure. lvr erample. spin 
recovery i s  always sa t i s f x t y  schievcd by putting lateral 
mnml deflections at neutral. a h  a transient small positive 
aileron delleaion. and pushing an the stick in order lo 
dslm ckvata defkction. 

4 s  . 
0 

7__- 

10 20 t(9) 3 0  

0 .. . ._ 
-,.-9L _._.a. -.-.A 

-LO' 
10 LO t ( 4  50 

Ji#. 28 - Flat spin fur 8, = 4'. 
7.3 lofluence d a  lateral ofht of (he cg 
During previous flight tesls on Alpha-Jet and spin tesls in 
the venical wind tunnel at ONERMMFL. it has been found 
that spin i s  very sensitive to a lateral o f f a  of the center d 
gravity. 

In the following. we will show that Bifurcation Theory i s  
also able to study this influence of Ute position of  the cg on 
spin recovery. 

It is assumed that the latual offset of the cg is only similar 

to a shift (6,) of the cg outside the symmey plane. along 
the Y body axis. Then. only momenks due to ertenor forces 
arc modified. Rudder at neutral and for a positive value of 
elevator deflation. spin nmvcry from left spin i s  achieved 

thmugh a limit point for 6, < 4 O .  Due the stabilising effect d 
positiveS,v on left spin and when 8,  increases, the limit 

p i n t  moves in the (6,.6,) plane in a such way that spin 
ruuvery may he less easy to wlain. (figure 29). 

rrcovrry in the (4 p&nr 

I 
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In the following, we will consider constilnt mtor spccd. 
Then, these effects are easier to take into account. I t  is 
similar to introduce additional momenu in the prcviws 
riiotion equations which have the same effect that taking into 
account cross coupling aerodynamic coefficients due to 
angular rates ! 

\ 
Considerirlg inertia characteristics and rotor spccd of 
LARZAC engines which are used on Alpha-Jet. i t  seems that 
these additional tcrins are non negligihle damping terms. 

Equilibrium computations show no significant influence of 
this cffect excepted only few localised deformations of 
equilibrium surfaces. 

. 

In simulation. when only one stahlc equilibrium exists, no 
difference can be seen with or without rotor effects. 
However, when several stable equilibrium states arc in 
presence. the influence of mtor speed is mort important. In 
certain cases, i t  can lead to very different final states for thc 
same control deflections. (figure 30). 

1 
I 

r 

I J 

10 LO t(a) 30 
fig. 30 - Influence of engines rnior gyroscopic torqur nn 
final state. -------- without - - - - with gvros. torques 

This difference cannot bc explained by a possible instability 
of one equilibrium slate. This phenomena is more surely 
related to the stabilising effect of rotor speed during the 
transient motion which is closely related to the lime history 
of control deflections. Then, i t  can be said that. if no 
signhicant effect is found on equilibrium state. gyroscopic 
torques due to rotcr speed have to be taken into account. in 
simulation. i n  order to increase the reality of spin entry. 

8. CONCLUSION 
At high angle of attack flight, fighter aircraft behaviour is so 
complex that it is very difficult to predict i t  exhaustively. 
Usually, this flight domain is investigated by means of 
systematic or Monte Carlo numerical simulations before the 
Grst flight and by means of extensive and expensive flight 
tests. 

However, in  spite of these tedious efforts. i t  remains that an 
analysis of such phenomena is still very delicate due to thcir 
complexity and their apparently random character. 

Thanks to Bifurcation Theory and to computers capabilitics. 
a methodology a d  a softwarc to investigate asymptotic 
hchaviour of non-lincar differential equations depending on 
paramctcrs have been developed. This methodology has been 
used to study high angle of attack behaviours of an Alpha-Jct 
aircraft. 

Aftcr predicting aircraft behaviours by mcitns equilibrium 
surfaces and periodic orbits cnvclopcs. flight tcsts have bccn 
pcrformcd. Thanks to flight tcst pilots. to which i t  has been 
askcd to pcrform rather unusual flight tests. very good 
co;rclations with results predicted by the theory have been 
ohtaincd. 

The results presented in this papcr show thc intcrest of the 
informations providcd by this mcthodology. However. one 
cannot forgel that thc quality of przdiclions is directly 
connectcd with thc quality of thc aerodynamic data base of 
the aircraft modcl. 

Then. considering all these results. i t  can he said that this 
tcchnique has a great potentiality and is appropriatc to 
investigate aircraft bchaviours. using only wind tunnel data. 

At a further step. it can also be used to investigate non-lincar 
hchaviours induced by non-linear elements in  flight control 
systcms. In this ficld. it  seems very interesting to complctc 
Ihc aniilysis by the determination of thc region of asymptotic 
stahility of a stahlc equilihrium point in  ordcr to quantify 
control laws robustness. 

Finally. for a complctc understanding of non-lincar syslcnrs 
hchaviour. transient motion have also to hc studied in ordcr 
to understand the immediate hchaviour and tlic influcncc of 
specd variation of controls on the motion. 

lndepcndcntly or these future studics. i t  can hc noticcd that 
stcady khaviours arc of grcat intcrest bcc;iuse i f  asymptotic 
statcs arc not always achievcd hy n limitcd numhcr o f  
simulations and flight tests. they cxist and prohahly will 
happcn. at least one time. durihg aircraft life. 

In the futurc. duc to i ts  nhility to dcal with non-lincar 
differential equations. this methodology woirld hc 
successfully applied to other highly non-linear systcnis like. 
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just for example, high performance missiles. helicopters or 
submarines. 
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INTRODUCTIOIJ TO 

QUANTITATIM ttEDBACX TEEORY (QPT) TXCENIQUE 

Constantine H. Houpis 
A i r  Force Institute Of Technology 

Wright-Patterson AFB, Ohio, 45433, USA 

I -- INTRODUCTION 
r-1 -- QU antitative Feedback Theon -- QFT 
has achieved the status' as a powerful 
design technique f o r  the achievement of 
assigned performance tolerances over 
specified ranges of plant parameter uncer- 
tainties without and with control effector 
failures. It is a frequency domain design 
technique utilizing the Nichols chart (NC) 
to achieve a desired robust design over 
the specified region of plant parameter 
uncertainty. An introduction to QFT 
analog and discrete design techniques is 
presented for both multiple-input single- 
output (MISO) '*'*'' and multiple-input multi- 
?le-output (MIMO) 3-4.c-7*10-12 control systems. 
QFT CAD packages are readily avaglable to 
expedite the design process. The 'purposes 
of these lectures are: (1) to provide a 
basic understanding of QFT, (2) to provide 
the minimum amount of mathematics neces- 
sary to achieve this understanding, (3) e o  
discuss the basic design steps, and (4) to 
present 2 practical examples. 

1-2 -- Fjhv Cmedb8ck3 -- For the answer to 
the question of "Why do y ~ u  need QFT?" 
consider the following system. 

D2 

Fig. 1. An open-loop system (basic plant) 

The plant P responds tc the input r(t) 
with the output y(t) in the face of dis- 
turbances d,!t) and d,(,t). If it is de- 
sired to achieve a specified system trans- 
fer function T ( s )  [- Y:s)/R(s)J then it is 
necessary to insert a prefilter, whose 
transfer function is T(s)/P(s), as shown 
in Fig. 2. 

DI D2 

Fig. 2 A compensated open-loop syatem 

This compensated system produces the 
desired output as long as the plant does 
not change and there are no disturbances. 
This type of system is senbit5ve to chang- 
es in the plant (or unce,rtai'nty in the 
plant), and the disturbanced'hre reflectsd 
directly into the output. Thus, it i a  
necessary to feed back the information in 
the output in order to reduce the output 

s6.1sitivity to parameter variation and 
attenuate the effect of disturbances on 
the plant output. 

In designing a control system, it is de- 
sired to utilize a technique that: 

ii. Addresses all known plarit variations up 
front . 
b. Incorporates information on the desired 
output tolerances. 

c. Maintains r,?asonably low loop gain 
(reduce the "cost of .feedback"). 

Item c is important in order to avoid the 
problems associated with sensor noise 
amplification, saturation, and high fre- 
quency uncertainties. 

1-3 -- What Can QFT Do -- Assume the 
characteristics of a plant, that is to be 
controlled over a specified region of 
operation, vary. This plant parameter 
uncertainty may be described by the Bode 
plots of Fin. 3. This figure represents 
the range of variation of plant magnitude 
(dB) and phase over a specified frequency 
range. The bounds of this variatic , for 
this example, can be described bi LTI 
plant transfer functions. By the apt, ica- 
tion of QFT a single compensator and a 
prefilter may be designed to achieve a 
robust design. 

..._ -_ 
- 1- 2: : . _ j  
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Fig. 3 Bode plots of 6 LTI plants: the 

1-4 -- Benof.Cta of a F 2  -- The benefits of 
QFT may be sunnarized as follows: 

a. The result is a robust design which 5 9  
insensitive to plant variation. 

b. There is one design for the full enve- 
lope (no need to verify plants inside 
templates). 

c. Any design limitations are spparent up 
front . 
d. Thero is less development time for n 

I I D  I W  
hr.u..v 1-1 

ranga of parameter uncertainty. 
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full envelope design. 

e.. One can determine achievable specifica- 
tions early in the design process. 

f. One can redesign for changes in the 
specifications quickly. 

Structure of compensator (controller) 7; determined up front. I 

11. The MI80 An81oU Contto]. BvetQIp' 

7- 11-1 -- Introduction -- As shown in Sec 
Iv-2, an mxm feedback control system can 
be represented by an equivalent m2 MISO 
feedback control systems shown in Fig. 4. 
Thus this and the next section present an 
introduction to the QFT technique by 
considering only a MISO system. 

-1 - 1  -i 

€ig. 4 m2 MISO equivalent of a 3x3 MIMO 

11-2 -- MISO Svatem -- The MIS0 OFT design 
technique is presented in terms of the 
minimum-phase (m.p.) LTI MISO system of 
Fig. 5 .  The control ratios for tracking (D - 0) and for disturbance rejection (R - 0) 
are, respectively, 

feedback control sye?em. 

D 

R - ,C 

' .( . .  --- 
Fiu. 5 A MISO plant 

The design objective is, to design tho F(s) 
and G ( s )  so the specified robust design is 
achieved. for the given. ke'gion ' of plant 
paramuted uncerzainty .: 'The:design proce- 
di:re to accomplish tki's objGqive is as 
f 01 1 OYS : 

_Sten 1: Synthosize the desired tracking 

I 

model. 
Step 2: Synthesize the desired disturbance 
model. 
Step 3: Specify the J LTI plant models 
that define the boundary of the region of 
plant parameter uncertainty. 
Step 4: Obtain plant templates, at speci- 
fied frequencies, that pictorially de- 
scribed the region of plant parameter 
uncertainty on the NC. - S t e D :  Select the nominal plant transfer 
function P,(s) . 
Step 6: Determine the stability contour 
(U-contour) on the NC. 
Steps 7-9: Determine the disturbance, 
tracking, and optimal bounds o?? the NC. 
Step 10: Synthesize the iominal loop 
function L , ( s )  - G ( s ) P , ( s )  chat satisfies 
all bounds and the stability contour. 
Step 11: Based upon Steps 1 through 10 
synthesize the prefj lter F (s) . 
Step 12: Simulate the system to obtain the 
time response data for all J plants. 

The following sections illustrate this 
design procedure. 

XI-3 -- Svnthesize Trackina Models -- The 
tracking thumbprint specifications, bTsed 
upon satisfying some or all of the step 
forcing function figures of merit for 
underdamped (h, t,, t,, t,, K J  and over- 
daaped (t,, t,, 5)  responses, respective- 
ly, for a simple-second system, are de- 
picted in Fig. 6(a). The Bode plots corre- 
sponding to the time. responses y(t), [Eq. 
( 3 ) )  and y(t), [Eq. ( 4 ) 1  in fig. 6(b) 
represent the upper bound B, and lower 
bound BL, respectively, of the thumbprint 
specifications; i.e., an acceptable re- 
sponse y(t) must lie between these 
bounds. Note that for the m.p. plants, 
or ly the tolerance on I Ta(jwl)l need be 
satisfied for a satisfactory design. For 
nonminimum-phase (n.m.p.1 plants, toler- 
ances on LT,(jw,) must also be specified 
and satisfied in the design process.'.' It 
is desirable to synthesize the tracking 
control ratios 

(4  1 K 
=& = ( 9  - a , )  ( s  - a,)  (s - a,) 

corresponding to the upper and lower 
bounds T,, and TRL, respectively, 30 that 
6,( jw,) increases as CO, increases atove the 
'0 dB crossing frequency of TRu. This 
characteristic of 6,. which determines the 
tracking bounds B,,( jo,), simplifies the 
process of synthecizjng L , ( s )  - G ( s ) P , ( s ) .  
The achievement of the desired performance 
specification is based upon the frequency 
bandwidth BW, 0 e o q,, which is deter- 
mined by the intersection of the -12 dB , 
line and the B, curve in Fig. 6(b). 

I 
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(a) Thumbprint specifications 

I 

(bl Bode plots of T. 

Fig. 6 Desired response specifications 

11-4 - Diatu-a M& -- The simplest 
disturbance control ratiomodel s cifica- 

constant [maximum magnitude of the output 
based on a unit step disturbance input (d, 
of ?iq.l)l. Thus the frequency domain 
disturbance specification is Lm TD ( jw)  5 Im 
a, over the specified BW. Thus the distur- 
bance specification is represented by only 
an upper bound on the NC over the BW. 

XX-5 -- J LTI P l M t  I(od.1. -- The simple 
plant, for illustrative purposas, is 

tlon is I To(jW)l - I Y(jCO)/D(jw) v 5 g a 

where X’ - Ka, K E j1,lO) and a C 11,101. 
The region of plant parameter uncertainty 
18 illustrated by Fig. 1. This reqion is 
described by J LTI plants, where j - 1.2. . . . J. which lie on the region’s boundarv. 
That is, the points 1, 2, 3, I ,  5, L 6 are 
utilized to obtain 6 LTI plant models that 
adequately define the region of plant 
Parameter uncertainty. 

- With L - GP, Eq. (1) yield? 
- -- P C W  - of P 1. 3 

1 I I -a 
0 1 5 10 

Fig. 1 Region of plant uncertainty 

The change in TI due to the uncertainty in 
P, since F is LTI, is 

A(LmT,)  - L m T , - t m F * L m  - [ 1 4 L] ( I )  

By a proper design of L - 1. and F, this 
change in T, is restricted so that the 
actual value of Lm Tn always lien between 
e, and a, of Fig. 6. The first step in 
synthesizing an 1. is to make NC templates 
which characterize the variation of the 
plant uncertainty (see Fig. 8 ) .  as de- 
scribed by ths J LTI €unctions, €or vari- 
ous values of w, over the BW. The plant 
template boundary can be obtained by 
mapping the boundary of the plant parame- 
ter uncertainty region. Lm P&&) vs 
Lp,(jw,). 6s shown on th3 NC in Fig. 8. A 
curve is drawn through the points 1, 2, 3, 
4, 5, and 6. The shaded area, labeled 
3P(jll, may be represented by a plastic 
template. Templates for other iralues of 0, 
are obtained in a similar manner. A 
characteristic of these templates is: 
starting from a low value of 0,. they widen 
(angular width becomes larger) for in- 
creasing values of 0, then as W. takes on 
larger value8 and approaches infinity they 
become narrower and eventually approach a 
staight line of height V dB [see Eq. (9 )  1. 

U-, -- *drul Plant -- While any p:ant 
case can be chosen it is an accepted 
practice to select, whenever possible. a 
plant whose NC point is always at the 
lower left corner for all frequencies for 
which the templates are obtained. 

ntour CStabilitv bou ndl -- The 11-8 -- u-co 
frequency domain specifications on System 
performance [Fig. 6(bl1 identify a minimum 
damping ratio C Cor the dominant roots Of 
the closed-loop system which becomes a 
bound on the value of & - U.. On the NC 
this bound on M. - n, [Figs. 6(b) and 91 
establishes a region that can not be 
penetrated by tho templates and by the 

I 

f 
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r K r l 0  

Fig. 8 The template 3 P ( j l l  

~ ( j o )  plot for a11 U. This region's 
boundary is referred to as the universal 
high-frequency boundary (UHFB) or stabili- 
ty bound (U-contour) because this becomes 
the dominuting constraint on L I j o )  . Thus, 
the top portion (eta) of the & contour 
becomes part of the U-contour. For a 
lerge problem claas, as w+- ,  the limit- 
ing value of the plant transfer function 
approaches 

T@--- B&OUIIdDry 

c 
m o w  

Fig. 9 U-contour construction 

where A represents the excess of poles 
over zeros of P(s). The plant template, 
for this problem class, approaches a 
vertical line of length equal to 

Lim A (U--)[- p- - - PU.1 (9) 
- rm'L. -Lmh&,-vdB 

If the nominal plant is chosen at K - k,., 
then the constraint M, gives a boundary 
which approaches the U-contour abcdefa of 
Fig. 9. 

J1-0 -- m-1 -d' ll(,o) n L l + w L  -- 
The determination of the tracking 6 . ( jw , )  
and the disturbance b(jy1 bounds are 
required in order to yield the optimal 
b u n d s  B e . ( j y l  on L ( j w . 1 .  

-- The solution - -- 
for L ( I w 1  reauires that the condition 

(aCtu.11 b T ~ ( j W 1  S 6 m ( j ~ )  dB (Fig. 611 

must be satisfied. Thus it is necessary 
to determine the reaulting constraint, or 
bound 6,(jW,l, on L ( j f & ) .  The procedure is 
to pick a nominal plant P.(s) and to derive 
NC tracking bounds, at specified q values 
and by use of templates or a CAD package, 
on the resulting nominal function L.(sI - 
G(s)Pe(s). That is, along a NC phase angle 
grid line move the nominal point on the 
template 9 (jq) up or down, without rotat- 
ing the template, until it is tangent to 
two M-concours whose difference ii M 
values is essentially eqial to 6.. When 
this condition has been achieved the 
location of the nominal point on the 
template becomes a point on the tracking 
bound &(jo,) on the NC. This procedure is 
repeated on sufficient NC angle grid lines 
to provide enough points to draw %(jail 
and for all values of frequency for which 
templates have been obtained. 

11-9.2 -- DLDtUrbDCC. BoUlld8 -- The gener- 
a1 procedure for determining disturbance 
bounds for the MIS0 control system of Fig. 
5 is outlined as follows (for details see 
Ref. 2 ) .  From Eq. (21 the fOllOWin9 
equation is obtained: 

where W - (Pa/P) + b-. From Eq. (101. 
setting Im To - 6D - Lm q, the following 
relationship is obtained: 

L m I = L m P , - 3 ,  (111 

For each value of 0. for which the NC 
templates are obtained the nagnitude of 
I W ( j y ) l  is obtained from Eq. (11). This 
magnitude in conjuction with the equation 
W(jw,) - [P+(jq)/P(jmLll are utilized to 
obtain a graphical solution for h(jw.1 as 
shown in Fig. 10'. In this figure the 
template is plotted in rectangular or 
polar coordinates. 

I*l,".Il 

Fig. 10 Graphical evaluation of &(jus) 

11-9.3 -- ODt i u l  Bounde -- For the case 
shown in Fig. 11 B,( jw, )  is composed of 
those Dortions of each respective bodnd 
6,( jw.1 'and 
values. The aynthesizmd L.(jo.) must lie 
on or just atmve these k i n d  So( jm,) . 

jw,) that have the largest dB 

~ ~ ~~ ~~~~~ _ .  
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11-10 -- Svnthoeirina (or LOOR Ihavina) 
E(sl 8nd r ( r L  -- The shaping of &,(jO) is 
jhown t - 7  p h p  dashed curve in Fi7 1 1  A 

-- 

dU -la. - 1.0 -lW -w 

Fig. 11 Bounds Be( jw,) and loop shaping 

point such as Lm k(j2) must be on or above 
B,(j2). Further, in ordor to satisfy the 
specifications, Lo( jw) cannot violate the 
U-contour. In this example a reasonable 
& ( j w )  closely follows the U-contour up to 
w - 40 r/s and m*Jst stay below it above w - 40 as shown in Fig 11. It also must be 
a Type 1 function (one pole at the ori- 
gin). Synthesizing a rational function 
L,(s) which satisfies the above specifica- 
tion involves building up the function . 

L , ( j o )  = L , , ( j o )  

where for k - 0, G, - lLOO, and K - r?”,.,K,. 
In order to minimize the order of the 
compensator a Ltarting point for building 
up the loop transmission function is to 
initially assume that L,,(jw) - P,(je)) as 
indicated in Eq. (12). L,(jw) is built up 
term-by-term or by a CAD loop shapinq 
routine,’ in order (1) that the point 
L,(jw,) lies on or above the corresponding 
optimal bound B,(jw,) and ( 2 )  to stay just 
outside the U-contour in the NC of Fig. 
11. The design of a proper L.(s) guaranteos 
only that the variation in I T,(jw,)l i t s  

I 

less than or equal to that allowed, i.e., 
6 , ( jw , ) .  The purpose of the prefilter F ( s )  
i i  to msi.ti.on Lm [T(jo)] within tho 
‘ 1  I , ,* i l $ m  i i r r  specifications, i.e., 
that it always liec Jetween El,, and B, [Fig. 
6(b)] for all J plants. The method for 
,determining F ( s )  is discussed in the next 
section. Once a satisfactory L,(s) is 
achieved then the compensator is given by 
G ( s )  = L,(s)/P,(s). Note that for this 
example Le ( j w )  slightly intersects th6 U- 
contour at frequencies above @. Because 
of the inherent over-design feature of the 
QET technique, as a first trial design, no 
effort is made to fine tune tho synthesis 
of L,(s). If the simulation results are 
not satisfactory then a fine tuning can be 
made. The available CAD packages simplify 
and expedite this fine tuning. 

11-11 -- Prefilter Desian’’””5 -- Design of 
a proper L,(s) guarantees only that the 
variation in 1 TR(jw)l is less than or equal 
to that allowed, i.e., Lm TR(jW)n.x - Lm 
TR( jw)m,n 5 5,(jw). The purpoee of the 
prefilter F ( s )  is to position 

within the frequency domain specifica- 
+.ions. A method for determining the 
bounds on F(s) is as follows: 

Step 1: Place the nominal point o f  the 0, 
plant template on the L,(jo,) point on the 
L,(jw) curve on the NC (see Fig. 12). 

Ster, 2: Traversing the template, determine 
the maximum Lm T,,, and the minimum Lm Tmi, 
values of Eq. (13) are obtained from the 
M-contours. 

Fig. 12 Prefilter determination 

Step 3: Based upon obtaining ?ufficient 
data points within the desired Bbl, for 
various values of w,, and in conjui:ction 
with the data used to obtain Fig. 6 ( b )  ti.9 
plots of F i q .  13 are obtained. 

SfeD: Utilizing Fig. 13, the straight- 
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line Bode technique and the condition 

L f m F ( s )  s-0 - 1 

for a atep forcing function, an F(s) is 
synthesized that lies within the upper and 
lower plots in ' 

Fig. 13 Frequency bounds on F(s) 

11-12 -- Simulatigc -- The goodness of the 
synthesized L,(s) and F(s) is deternined by 
simulating the QFT desisned control system 
for all J plants. CAD packages, discussed 
in Sec. 11-13, are available that expedite 
this simulation phase of the complete 
desian process. 

11-13 -- HIS3 QFT W Packaues -- The 
first useable MISO QFT CAD package was 
developed in 1986 for the analog design 
(see App. A) and in 1991 for the discrete 
design (see App. 8) at the Air Force 
Institute of Technology, (AFIT). This CAD 
prckage h. been a catalyst in assisting 
the newcomet t,:, QFI;' to understand the 
fundamentals of this powerful design 
technique. 

- 

I 

-- 11-13.1 -- MISO QFT CAD --,The AFlT pack- 
age is called "ICECAP/QFT" which is de- 
signed for the VAX. Those desiring a copy 
of this package can contact: Professor 
Gary B. Lamont, AFIT/ENG, Wright-Patterson 
AFB, OH 45433. Currently Professcr Lamont 
is develcping a PC version of this pack- 
age. These packages have been designed 3s 
an "educational tool. " 

11-13.2 -- MISO QFT PC CAD -- Dr. Oded 
Yaniv, Tel-Aviv University, Israel, has a 
MIbO OFT PC CAD package for both analog 
and discrete sys'tem design. This package 
can be purchased from Dr. Yaniv. 

111. The MIS0 Discrete Control System" 

111-1 -- Introduction -- The bilinear 
transformation, t-domain to the w'-domain 
and vice-versa, io utilized in order tc 
accomplish the QFT design for both MISO 
and HIM0 sampled-data (discrete) control 
system design in the w'-domain. This 
transformation enables the use of the MISO 
QFT analog design technique to be readily 
used, with minor exceptions, to perform 

- 

the QFT design for the controllar G(w'). 
If the w'  -domain riinulations satisfy the 
desired performance spocification then by 
use af the bilinear transformation the z- 
domain controller G ( z )  is obtained. With 
this controllei: d. discrete-time simulation 
is obtained to verify the goodness of the 
r l e s i q n .  The QFT technique requires the 

$ 1  , iininlt,ion of' 1 1 1 ,  r i i i i i i m t i T  sampling 
is needed frequency (o,),,, bandwidtli  I 

for a satisfactory design. " . I *  The l a r y e r  
the plant uncertainty and the narrower the 
system performance tolerances are, the 
larger must be the value of (0),)min. Hence- 
forth, the prime is omitted from w '  thus 
whenever the svmbol w is used it is be 
interpreted as U' .  
- 

Fig. 14 A MISO sampled-data control system 

111-2 -- The MISO Sampled-datn Control 
Svstem -- Figure 14 represe;ics the MISO 
d i s c re t e con t rol  , having plant u n ce At a i n - 
ty, that is to be designed by the QFT 
technique. The equations that describe 
this system are as follows: 

-. 111-3 w'--Domai~ -- The pertinent s-, 2-, 

and w-plane relationships are: 





1 
--- 111-4 -- Assumptions -- ror t h i s  paper t he  
fo!:iowinq assumptions a.ve assumed: 

a .  Minimum-phdse tmp) st .able p l an t s  
b .  The analogue des i red  models, E:qs (31 
and ( 4 ) .  yield t h e  des i red  t.ime response 
c h a r a c t e r i s t i c s  €or t he  discrete- t ime 
system. 
c. The ?ampling time T i s  smsll enough so  
tha t  over t ne  BW, 0 < (11 5 m,, Ea. (23) i s  
Sralid permi t t ing  t h e  apprcximation s - w 
a n e  in- turn 

' I ~ ! W )  rq,(.e)!#., ( 2 4 )  

Both the  upper and lower bound w-domain 
t r ac l i , i a  models a r e  obt;ined i n  t!,is 
manrer. The d is turbacce  apec i f i ca t ion  ' i s  
tke  same a s  for . ~ . e  analog c63e.  

,111-5 -- Nonminimm Phasr L,Lwl -- I t  i s  
important t o  Tote t h a t  i n  ?.he w damain a n y  
p r a c t i c a l  L ( w )  i 3  nor.ainimcm phase (nmpl 
cont.aininc .I ze ro  a t  Z/T ( t h e  s a n p l i n j  
ze ro : .  T h i s  r e s u l t  i o  l . : ~  t o  the  fact 
t ha t  a n y  p r r z t ? c s l  I i r l  has an excess of 

1 a t  least. one pole over zeros Thus, t.ha! 
dcsiqr, technique ioi a s t a b l e  uncgrtair .  
p l an t  i s  rmdified:' ~3 . nc s ipo ra t e  t h e  a i  1- 
pass f i l t e r  ( a y f l  

a 5  fcllows: l e t  t h e  nominal loop tra2smi.q- 
siori he defined a s :  

Lo - L , = ( W ) A ( w ,  = & , , ( w ) A ' ( t / )  ( 2 6 )  

Fror. Eq. ( 2 6 1  it. i s  seen t.hat 

0 , (28 )  

Ar; ana lys i s  of  Eqs. ( 2 6 )  through ( - 8 1  
revea ls  t h a t  t he  bounds 8,,' ( jv , !  ar. L,(jvl 
be:cme the  bounds E,(jv;) on L.,,(jv) btf 
s h i f t i n g .  over t he  dez i icd  df4. L,' ( j v , )  
pos i t i ve iy  (to the rjai-t on the  E!C) by the  
anqlc /A' ( j v . )  , as  shcwn i n  F i g .  1 5 .  The 
U-contour ( & , ' I  m u s t  also be s h i f t e d  t o  the  
r i g h t  by the  same amobnt, at t he  sFeciflec:  
f r y u e n c i e s  v , ,  t o  ob ta in  c%e s h i f t e d  U- 
contour B,( jv , )  . The c o n t m r  R , ' i s  s h i f t e d  
t o  the  r igh t  u n t i l  i t  reaches the  vo.rt'.cal 
l i n e  U, , , ( jv , )  - 0". The value of vK, which 

! 
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is , function of U, and t h e  phase margin 
angle  a s  s town in F i g .  15,'' is given by 

! I 
wL---- I --L--L----J ,"". w- 0' 

\"11 I ""I. J?.." .r.",",C ,I 1.1) '0 u.1, 

€ i g .  15 The s h i f t e d  bounjs on the  N: 

I t  should he rnzntionei'l t h a t  L ~ o p  shaping 
o r  synthes lz inc  L , ( w )  can  be done d i r e c t l y  
without t he  use of an a p € .  

--- I S A - ~  -- P l a n t  Temolates zP(3v-L . - ' .ne 
plan:. templates i n  t he  w-donair. have t h e  
same cha rac t e r ;  s t i c  a s  tncse f o r  t h e  
analcg case ( see  Sec. 1 1 - 4 1  f a r  t he  f rc -  
que.Tcy rang* 0 < (11, 5 0,/2 !see i i q .  
l 6 ( a ) .  I n  t h e  frequoncy range 0 ) , / 2  < (11, < 

t:.s w-domain templat+:s widen once again 
ard then e-mntual ly  approach a v e r t i c a l  
l i n e  ; see  F15 l 6 ( b ) J .  

111-7 -- Svn-sirinq I-( y 1 -.. The f re -  
quency spectrum i s  divi$ed in to  four 
reqicns fo r  the  purpose of s;: t h e s i z i c g  a n  
t . ( w )  chat w i l l  s a t i s f y  t h e  system per for -  
mance s,?eci f icat-ione for  Lhe p:.-nt havir,.; 
p lan t  parameter unce r t a iq ty .  'i'llesc four 
reqiorls a r e  : 

- ReZion 1: f o r  t h e  frequency r a n q  w h s r C  
Eq. (23) i s  s a t i s f i e d  UTI t he  analos  
t anp la t a s ;  i . e .  3 ~ ( _ i c o , )  - 3 ~ (  j v : ] .  ' 1 ' 1 1 6  w -  
dornaip t racking ,  d: stur3a.ice and  optima! 
hounds and the  U-cor.tour are essen t i a  I . l y  
t he  same as :!,-se f :r t he  analog sys i . sn .  
The templates a r e  used t o  Dbtain these  
bounds on the  NC i n  t1.e sand manner a s  T3r 
t he  analog system. 

Resion 2 :  For ?he frequ-ncy xangc v: .. C 

v, v!,, where U) 5 0.25(11, ,  use the  w . . J c . n ~ i n  
templates .  These temp!.ates a r e  used t o  
obta in  all 3 types of bnunds, i n  t he  s;l.?le 

oanne? as  f o r  t he  analog systcm, i n  t h i s  
re9 i .m arid the  corrtspondbng R' , ( j v , )  -, 
ccntours  a r e  also obtained.  
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(a) 1 b) 
Fig. 16 w-domain plant templates 

Reaion 2: For  the frequency range v. v .  - < v., for the specified value ot' (I),, only 
the Bo,-contours are plotted. 

m q i o n  4: Fur the frequency range v, > v. 
use the w-domain templates. Sinco thc 
tomplates 3P.(jv,) broaden out again for * J ,  - vK (see Fig.16) it is aecessary to obtain 
the more stringent (stability) bounds 8, 
shown in Fig. 17. The templates are used 
only to determine the stability b9unds H,. 

I 

I 
" 

! 

Fig. 1 7  A satisfactory desigp: 
I..,( jv) at (1). 240. 

The syxthesis'of I+.(w) invoi*res the syn- 
thesizing the following function: 

where the noeinal plant P, , (w)  is the plant 
from the J plants that has the smallest dB 
value and the largest (most negstrve) 
phase lag characteristic. The final syn- 
thesized L ( w )  functicn must be m e  that 
satisfies the following conditions: 

1. In Regions 1 and 2 the point on the NC 
that represents the dB value and phase 
angle of L.,(Jv,) Rust be such that it 
lies c;n or above the correspondinq Ei,,(jv,) 
bound (see Fig. 15). 

2. T h e  values of Eq. ( 3 0 )  for the frequen- 
cy range of Region 3 must lie to the right 
or just. below the corresponding 8'"-contour 
(see F19. 1 5 ) .  

3. The value of Eq. 13d)  for the frequency 
range of Region 4 must lie below the B, 
contour for negative phase angles on the 
tJC (see co?t:c.ion 41. 

4. In utilizing the bilinear transfonna- 
tion of Eq. (22a), the w-domain transfer 
fmctions are all equal order over equal 
c, r de r. .  

5. The Nyquist *tab!.lity criterion dic- 
tates tha.. the  X+.(jv) plot is on the 
"right side" or the "bottom riqht side" of 
the 8, ( JV,) -contours for the frequency 
r,ange, of 0 5 v, 5 v,. it has been shown 
that: 

(a) L.( JV)  must reach the riqht-hand 
-- bot tom of E. ( jv,) , i .e., approximate1.y 
point K in Fig. 17, ar a vaiue of v 5 
v., ana 

(b) LI+,(jv,) < 0' in orde- that. there 
exists a Fracticai L-,, which satisfies 
t h e  hiunds B(jv) and 3rovideP tt.e 
requ i red 3 t a h i 1 i t y . 

6. For the sitdation r!he:e one or more of 
the J LTI plants, th.~t represent rhe 
uncertain plant parameter characteris- 
tics, represent unstable plants and cne of 
the-e unstable plants is selected as the 
nominal plant, then tne apf to De dsed in - thc QFT deuiar. must include all- riqht- 
har,d-plane ( ~ h p )  zeros of P z e .  This gitua- 
tion is not discussed in this paper. 
Nota: for experienced QFT designers L,(v) 
can be synthesizeo without the use of 3 p f .  
This approach is not covered in this 
r,irper. 

The synthesized &*(U), obt.ained following 
the quidelines c.f this section, L; Zhoun 
in Fig. 17. 

- 111-9 -- Prefilter D e ~ i a n  -- Ttic procedure 
for synthesizing F(w) is the same as for 
the analo? case (see Sec. 11-il) over the 
frequency range G < v, 5 v,,. In order to 

I 

B 
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satisfy condition 4 of Sec. 111-7, a 
nondominating zero or zeros ("far-left" in 
the w-plane) are inserted so that the 
final synthesized F(w) is equsl order over 
equal order. 

111-9 -- w-Domain Simulation -- The good- 
ness of the synthesized L , , ( w )  [or L , ( w )  I 
and F(w) i s  determined by first simulating 
the QFT w-domain designed control system 
f o r  all J plants in the w-domain (a? 
"analcg" time domain simulation),. See 
Sec. IX-13 f o r  CAD packages that expedite 
t h i s s i mu 1 at i on . 
- 112-10 -- z-Doamia -- The test of t.he 
goodness of the w-domain QFT designed 
system is d discrete-time domain .airnula- 
ticn of the system in Fiq. 14. lo accom- 
plish this simulaticn, the w-domair. trans- 
f o r  functions G ( w )  and F(w) are trans- 
formed to the z-domain by. use gf the 
bilinear trrnsformacion of Eq. iilbl. 
This transformition is ?rtilized since the 
degree of the numerator and denominator 
poiynomials of these functions are equal 
and the controller and prefilter do nor. 
contain a zero-order-hold device. 

111-10.1 -- Commarison of the  Controllor'r 
U- and r-Domclin Bodo Plot% -- Depending on 
the value of the sampling time T, :warping 
may be sufficient to alter the loa? shap- 
ing characte.istics of the controller when 
it is transformed from the w- to the z- 
domain. For the warpina effect to be 
minimal the Bode plots of the U- and t- 
domain controllers must essentially lie on 
top of one another within the frequency 
range 0 < (I) 5 [ (:, ' 3 )  ( 6 ~ , / 2 )  J . If the 
warping is negligible then a discrete-t i.ne 
simulation c.an procebd. If not, a smaller 
value of T needs to be selected. 

. 111-10.2 -- Accuracy -- The available CAD 
package determines the aegree of accuracy 
of the calculations and simulaticns. The 
smaller the value of T the greater the 
degree of accuracy that is required to be 
nlaintainzd. The accuracy is enhanced by 
simulating G ( z )  and F(z) as a set of g and 
f cascaded transCwr functions, respective-. 
ly; that is 

111-10.3 -- Analvsis of Characteriet i .  
tguation Q& -- Depending on the value - f  
T and the plant parameter uncertei.ity, the 
pole-zero configuration in the vicinity of 
the -1 + j0 point in the z-plane for one 
or more of tt.? J L T I  plants can result in 
an unstable discrete-time response. Thus 
before proceeding with a discrete-tine 
domain simulaticn an analysis of the 
characteristic equation G , ( z )  for al! J LTI 
plants must be made. If an unstable 
system exists an analysis of Q,(z) and the 
correspcnding root-locus 5 ; r y  reveal that a 

slight relocation of one 01: more control- 
ler polo l n  the vicinity cf the -1 4 j D  
point toward the origin may ensure a 
stable system for all J plants and main- 
tain the desired loop shaping characteris- 
tic of G ( t ) .  

1x1-10.4 -- S imulation and CAD P8ckaa.s -- 
With the design checks of Secs. 111-10.1 
through 111-10.3 satisfied then a dis- 
crate-time simulation is performed to 
verify that the desired performance 
specification3 are achieved. To enhance 
the MIS0 QFT discrete control system 
design procedure that is presented in this 
chapter tne CAD flowchart of Sec. 11-13.1 
is shown in App. B. 

1-11 IV -- I4 x)(o Svst.arr 

- IV-1 -- Introduction_ -- Figure 18 repre- 
sents an mxm MIMO closed-loop system in 
which T, G, and P are each m x m matrices, 
and 0 - (Pi is a set n f  J matrices due to 
plant parameter uncertainty. There are m' 
closed-loop system transfer functions 
( t ran sm i s s ions ) t , con t a i ned with i n its 
sysrem transmission matrix, i.e., T = It,,) 
relating the outputs y ,  to the inputs r l ,  
e.g., y, - t,:r:. These relationship hold 
for both the s- and w-dumain analysis of a 
MIMO system. In a quantitative problem 
statement there are tolerance bG*inds on 
each t,:, giving a 

\ - 1  f 
- I  

Fig. 18 A 3 x .  MIM3 feedback 
control system. 

set of m' acceptablr! regions T,. whirh are 
to be specified in the desig:], thus t , :  E 

T,, and 3 = [K,]). From Fig. 18 the system 
control ratio relating r to y is: 

The t,, expressions derived from this 
expression are very complex and not suit- 
able for analysis. The QFf design prnce- 
dure systematizns and simplifies the 
manner of achieving d satisfactory system 
desigr! for the entire raiige of plant 
uncertainty. In order to rbadily apply 
the QFT technique another mathematical 
system dezcription is presented in the 
next aection. Ths naterial presented in 
this chapter pertains to both the s- and 
19-Jomain analysis of MIMO systeins. 

IV-2 -- Derivation of m' HIS0 System E a u i v -  
alents -- The G, F, P and P" matrices are 
defined. as follows. 





i 

I 

I 

Although only a diagonal C matrix is 
considered, the use of a nondiagonal C 
matrix may allow the designer more design 
flexiblity.' The m' effective plant trans- 
fer functions are based upon defining: 

1 de1.P 
q 4 1 .  -- = -- Pi, adj?,, ( 3 5 )  

There is a requiyement that detP be mp. 
The Q matrix is then formed as: 

The matrix P '  is partitioned to the form: 

where A is tho diagonal part and B is the 
balance of P I ;  thus h,: - l/q,& - p 4 , * ,  b:; 
0, and b:: - l/q., - p,,* for i # j. Premul- 
tipling Eq. (32) by [I + PG] yields: 

where P is nonsingular. Using Eq. (37) 
with G diagonal, Eq. ( 3 8 )  can be rear- 
ranged to the forn: 

Equation (39) is used to define the de- 
sired fixed point mapping where each of 
the mz matrix elements on the right side of 
this equation zan be interpreted as a MISO 
problem. Proof of the fact that design of 
each, MISO system yields a satisfactory 
MIMO design is based on the ScPauder fixed 
point theorm.' This theorem is described 
by defining a mapping 

where each member of T is from the accept- 
able set 3 .  If thin mapping has a fixed 

I 

point, i.e., T E 3 such t h a t  Y ( T )  - T, 
then this T is a solution of Eq. (39). 
For a 3 x 3  case, for a u n i t  impulse i nrmk, 
Eq. (4'2) yield8 the outpvt: 

Based upon the derivation of all the y,, 
expressions from Eq. (401  yields the four 
effective MISO loops (in t h e  boxed area), 
in Fi9. 4 ,  resulting from a 2 x 2  system and 
t.he nine effective MIS3 loops resulting 
f r o m  a 3 . 3  system.' The control ratios for 
the desired tracking inputs r ,  by the 
corresponding outputs y L  for each feedback 
loop of Eq. ( 4 0 )  have the form 

where w, - q , . / ( l  * 9,q::) and v:. - 9,f.:. 
The interaction betwee7 the loops has the 

and appears as a "disturbance" input in 
each of the feedback loops. Thu3 Eq. (42L 
rerxesents the control ra-?f the ith 
pIS0 system. The transfer function u,,v,, 
relbtes the "desired" ith output to the 
jth input r and the transfer function 
w,,d:. relates the it.h output t o  the jth 
"distiirbance" input d; . The outputs given 
in Eq. ( 4 2 )  can thus be expressed as 

OL', based on 6: unit impulse input, 

and where ncw the upper bound, in the low- 
frequer,cy rdnge ( 0  < (I) 5 ( 1 4 ) .  is expresseo 
as b..*. Thus 

( 4 7 )  

represent? the maximum portion of b,, 
ailocated toward disturbance r,ejection and 
b,>' represents the upper bound f o r  the 
tr?cking portion, respectively, of t 1 2 .  
For each MISO system there is a distuc- 
bance input which i s  a frinction of a11 the 
other loop outputs. The object of the 
design is to have e a c h  loop track its 
desired input while mi Tiirnizing the outpu':~ 
due to the disturbani:~~~ input:. 

In each of t.k.e 9 structures of i - j g .  I it 
is necessary that the control ratio t,, 
must be a member of the acceptable t., E 
T,,. All the g ,  and f,, must be chosen to 
ensure that this condition is satisfied, 
thus coqstituting 9 MISO design problems. 





If all of these HISO problems are solved, 
there exist9 a fixea point, end then y,, on 
the left side of E?. (40)  may be replaced 
by t,. and a l l  the elements of T on the 
right side cy t. .. This means that there 
exists 9 t ,  and t,, each in i t s  acceptable 
set, which is a solution to Pig. 1 C .  I f  
each element. i s  1 : 1 ,  than this solution 
must be unique. A more formal and &?- 

tailed treatment is given in R e f .  7 .  

W-3 -- Trackina .ad Dirturbgace SWCifi- 
cation* -- The presentation for the re- 
maining portion of this chapter and the 
next is based upon not only a diagonal G 
matrix but also for a diagonal I matrix. 
Thus, in Fig. 4 the t;. terms, for i 3 j, 
represent disturbance responses due to the 
cross-coupling effect whereas the t., 
terms, for i - j, [see Eq. (45)J is com- 
po.sed of a desired trackin? term t, and of 
an unwanted or disturbance term t,. There- 
fore the desired tracking specificetions 
for the diagonal MISO systems of Fig. 4 
zontain an 'ipper and lower bounds as shown 
in Fig. 6. The disturbance specification 
for all MIS9 loops is given by only an 
upper bound. .Tnese performance specifica- 
tions axe shown in Fig. 19 for a 2x2 (in 
the boxed area) and for a 
back control system. 

It, I t  

3 x 3  MIMO feed- 

hp. 

?t 

d a b , ,  , & d a b ,  - 
h.0. m. 

Fig.19 Trsckinq and disturbance 
specifications for a 2x2 (in 
boxed area) and for a 3x3 MIMO 
system. 

I V - 3 - 1  -- Trackinu Srmcifications -- Based 
upon the analysis of Eqs. (45) through 
(471, the specifications fur the ti, re- 
sponses shown j i i  Fig. 19 need to be nodi- 
fied as shown in Fig. 20. As shown in 
this figure a portion of S,(jw,) (see Fig. 
6 )  has been allocated'-' for thcr distur- 
bnnce specification. Thus, based upon 
this modification, given an uncertain 
plant 8 - (PI) (j - 1,2, . . .  , J) and the 
BY (4, above which output se.igitivity is 
ignored it is desired to sinthesize G and 
F such that for all P E 8 

*. finite q is recommended because in 
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strict:y proper systems, feedback is not 
effective in the high frequency range. 

1 .o 

0.6 
---c---c---t4-+----u 

U/ 
Fig. 20 Allocation for disturbance 

and tracking specifications 
for the t,, responses. 

Di8turbncm S m  cificati~n -- 
Based 'Jpon the previous discuss'.on the 
disturbance specification, an upper bound, 
is expressed as 

IV-3.2 -- 

(49 )  
7 

ltd,,l s ' 4 3 '  

Thus the synthesis of G must satisfy both 
Eqs (48) and (49). 

IV-4 -- Determination of Track-, D i s t u x  
banco. b Ovtimal Bound8 -- The remainirig 
portion of the MIYO QFT approach is con- 
fined to a 2x2 system. The reader can 
refe? to the references for higher order 
s y s t d  (m > 2). From Eq. (39) the fol- 
lowing equations axe cbtained: 

d1,VIl t,, = - 
1 ' L, 

where d12 = --- t z 2  , € 1 2  = 0 
9: a 

- d21c22 
- 

where dZ2 = -* 
9 2  1 

Equations (50) and (51) correspond to the 
MISO systems for the first row of loops in 
Fig. 4 and Eqs. ! 5 2 )  and (53) correspond 
to the MISO loops for the second row. 

IV -4 .1  -- Trackina Bounjs -- The tracking 
bounds for the ii MISO system is deter- 
mined in the same manner 4s f o r  the MISO 
system of of PART I1 (see Sec. 11-9.1). 
By iisu of the template3 for the ii loop 

, 



. .  .. ... 5 , 
.I 
I .’ % I  
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plan: the ialue of 8,’ (jq), ehoun in Pig. 
20, is used to satisfy the constraint of 
Eq. ( 4 8 ) .  

IV-4.2 -- D i s t u r ~ c o  Bound* -- From Eqs. 
( 5 0 )  and ( 5 2 ) .  considering only the first 
row of MISO loops in Pig. 4 ,  the foliowing 
disturbdnce transfer functions are ob- 
ta ined : 

By substituting for d:, and d,, into Eqs. 
( 5 4 )  and ( 5 5 ) .  respectively, and replacing 
t,, and t,, by their respective upper bound 
values b,, and b::, and rearranging these 
equations yield: 

Substituting into these equations L: - 1/1, 
yields: 

I 

By analyzina these equations. for eazh of 
the J plants, over the desired BW the 
maximum value that &, that each of these 
equations can have, for,each value of (1 ) .  

(or v,), is readily determined by use of a 
CAD package. Thus, since L, - l / l : ,  the 
reciprocal of these values yield the value 
of the corresponding M-contours or distur- 
bance bounds, for (I) = (0, ,(or v:), on the 
NC . 

IV-4.3 -- Optimal Bounds -- The point3 on 
the optimal bound, for a given valu? of 
frequency and for a given row of MISO 
loops of Fig. 4 ,  are determined by select- 
ing the largest dB value, for a givon NC 
phase angle, from a l l  the tracking! and 
disturbance bounds for these loops at this 
frequency. rhe MIMO QFT CAD package (Sec. 
IV-7) is designed to perform this determi- 
nation of the optimal bounds. 

t2r-5 -- Q FT-Methods o f  Desianina MIMO 
Svstems -- There are two methods of achie- 
ving a LCT MIMO design. Method 1 involves 
synthesizinq the loop transmission func- 
tion L, and the prefilter f,, independent 
of the previous synthesized loop transmis- 
sion function3 4nd prefilters. Method 2 
substitutes the synthesrzed q, and f,, of 
the first (or prior) MISO loop(s) that is 
(arc.) designed into the equations that 

described the remaining loops t o  be de- 
signed. For both methods it is neceseary 
to make the decision as to the order that 
the L, functions are to be synthesized. 
Generally the loops are chosen a n the 
basis of the phase margin frequency y 
requirements. That is, tte loop having 
:he smallest value of g is chosen as the 
first loop to be designed, the loop having 
the next smallest value of (84 is selected 
as the second loop to be designed, etc. 
This is an important requirement especial- 
ly for Method 2 .  

IV-5.1 -- k$ t b d 2  -- Method 1 inv3lves 
overdesign (worst case scenario), i.e., in 
getting the M,, values of Eqs. ( 5 6 )  and. 
( 5 7 1 ,  for the 2 x 2  case, the maxirrum mLgni- 
tude that 9:; and the minimum magnitude 
that q:: :an have, for each value of 64, 
over the entire J LTI plants are utiiized. 
This method requires that the diagonal 
dominance condition’” be met. If this 
coneition is not catisfied then Method 2 
needs to be utilized. 

IV-5.2 -- Method2 -- Once the order in 
which t!ic loops are to be designed and 
designated accnzdingly (loop 1, loop 2 ,  
etc) then the compensator g: and the prefi- 
lter f : :  are synthsjze,i. These are now 
kndwn LTI functions which are utiLi:ed to 
define the :ocp 2 effective plant transfer 
function. That is, substitute E?. (30) 
into Eq. ( 5 2 )  and then rearrange the 
result to obtain a new exprecsion for t,, 
in terms of g: and f,, as follows: 

wnere the effec‘.ive loop 2 transfer func- , tion is: 

Repeating a similar procedure the expres- 
sion for t7? is: 

Remember that a diagonal prefilter matrix 
has been specificd. Note that Eqs. (59) 
through (61) involve the known fi, and g, 
which reduces the overdesign uf lGOp 2 .  

IV-6 -- Synthesizina the LOOP Transmission 
and Prefilter Functions -- Once the opti- 
mal bound has been determiced for each L, 
loop then the syncbesis procedures for 
deter- minin,g the loop transmission and 
prefilter functions are the same as for 
the MISO analog and discrete systems as 
discussed In Chapters I1 and 111, respec- 
tively. 





c. 
-7 -- iaarr of tbm m m m  CAD 

-he UIr(O/QFT CAD package, 
implemented using Mathematics, is capable 
of carrying a discrete or analog I4IW QFT 
design problem from problem setup through 
the design process to a frequency domain 
analysis of the compensated MIW3 system. 
For analcg control problems, the design 
process is performed in the s-plane, while 
for the discrete control problems the 
plants are discretired and the design 
prccess is performed either in the w-plane 
usinq the diract design approach or in the 
s-plane usin0 the pseudo-continuou3 design 
approach (PCT) . A flowchart of the pack- 
sqe is siven in App C. 

i'te packaqe automate3 the many design 
steps of the QFT control technique. For 
problem setup. the  J plant. model3 may be 
loaded directly in State space form from a 
PV\TRIXx fsave file or may be defined in 
transfer function form at the console. in 
addition. sensor dynamics, Tctuator dynam- 
ics, and all problem specifications are 
defined using a menu driven data entry 
process. 

The QFT design process then begins with 
the selection of the weighting matrix W 
and sensor gain matrix W,,,, for squaring 
non-square plan+.s  (m:.:c matrix P) to 
athiewr an effective m:.  plant matrix P., 
for I - 1, 2 ,  . . .  , J. he CAD software 
allows the designer t f \  q l y  the Binet- 
Cauchy thesrem to seler' where possible, 
a weightinq matrix whin results in the 
farmat icn of a mi.ninum-i.:.-ise detP.. 

The design process then co3tinues with 
formation cf ,he square efyeceive plants 
P,, fur I - I ,  3 ,  . . .  , . T .  The poly- 
nomial matrix inverse is ther: performed on 
the square effective plants P-, to form 
the equivalent plant matrices Q, for I - 1, 
2 ,  . . .  , J. The designer may then perfor3 
automatic cancellation f nearly equal 
pole-zero pairs after SF tying a measure 
of how closely the pol, e r o  pairs must 
mztch. Once the Q, matric. :? are availeble, 
the compensators g, and refilter f,, ele- 
ments of the mxm diagonal G and F miiy be 
designed bised on the equivalent inxm set 
of MISO looPS which represent the more 
difficult MIMO contra1 . robl.em.\ For a 
discrete design the ste. , as discussed, 
are identical except now ?., and Q, are in 
the w-domain. 

I 

For each channel, or fee?'?ack loop, a com- 
pensator g, and a pref. '.er f,, are de- 
signed to satisfy the : cificati0r.s for 
row i of the mxm set of I '  ,2 loops associ- 
ated -gith t'lat channel. First, a set. of 
templates are generated ' j r  a user-select- 
ed set of template frequencies and a 
nominal template point is sslected. Next, 
the designer selects the sat of bounds to 
be used during loop shaping on the NC. 
All selected stability, tracking, distur- 
bance, gamma, and composite bounds are 
then automatically generated by the CAD 
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package based on problem spbcifications. 
The bounds are then used for loop shaping 
of L,, - grq,i. on the NC. Loop shaping is 
perfor.ned by adding and modifying pcles 
arid zeros and by adjusting the gain of g1 
until the bounds on rhe NC are satisfied. 

Once a satisfactcry compenrator g, has been 
designed, the prefilter f,, is designed. 
The CAD program automatically generates a 
set of prefilter bounds which must be 
satisfied by the nominal closed loop 
transmission f , , L , , /  ( l + L . , )  on the Bode plot. 
The prefilter is designed by adding and 
modifying poles and zeros and by adjusting 
the gain of f,, until the prefilter bounds 
on the bode plot are satisfied. 

Once the compensator g A  and prefilter f,, 
have been designed for the first row of 
the MISO loops chosen for the initial 
designed loop L,?, the improved method may 
be applied. When the designer applies the 
improved method, a new set of equivalent 
plants are generated for use in designing 
the remaining compens?tors and prefilters. 

Once all compensators and prefilters are 
designed, a f requency-domaj:, analysis of 
the completed design may be performed. 
For a stability analysis, the CAD program 
allows all open loop transrr.issions to be 
plottod alcng with the M, contour on the 
NC. If no open loop transmissions violate 
the M, contcur, the desired stability 
margin has been achieved for that channel. 
For a performarce analysis, the CAD pro- 
gram allows an mxm array of Bode plots to 
be generated, each I1lustratir.g the set of 
J possible transmissims for the true MIMO 
closed loop system along with the fre-iuen- 
cy domain performavice bounds. If no 
performance bounds are violated, then the 
performance specifications (tracking and 
disturbance) are met in the freqsiency 
domain. 

For the final step in design validarion. 
the completed dezign may be exported to 
MAThIXx or Matlab for time-domain eiaula- 
tion. For a discrete design, t!): compen- 
sators g, and prefilter3 f,, 4 :e first 
tranJformed into the z-domain. he tran- 
Pient response of the closed 1. ~p system 
is then Evaluated. 

b 

. 

V -- Q FT APPLICATIGI '!. 
V-1 -- Introduction -- Two MIMO OFT ex3m- 
ples are presented to illustrate the power 
of this design technique. The first 
example is for . I  2x2 analog flight control 
system whereas the second example is for a 
3x3 discrete flight control rystem. 

V-2 -- Analoa QFT Deeian -- The successfc:! 
validation cf the MIMO/QFT CAD" package, 
based on Arnold's design preblem16 was a 
major landmark in the CAD software devel- 
opment effort. This va1idatic.n illustrat- 
ed the increased accuracy and efficisncy 
achieved by the CAD package, and the 
straightforward method for desjgning an 

- 
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anal00 nIwO control mystm. The spcif- 
ications" repuit. a robuat anal00 
for the AFTIIF-16 which pr0Vid.B #t.bllitY 
and meets time dollah perforunce require- 
ments for the specified 4 flight condi- 
tions (Table V-1) and the 6 aircraft 
farlure modes (Table V-2 ) .  Table V-3 
lists the rrsultrng set Of 24 plact Cases 
which incorporate the-e flight condi%ions 
ard failure modes. For stabllily a 45 '  
phase margin is raquirod for each of the 
two feedback loops. Frequency domain 
perfonnancr spec1Kicr:ions. when met. 
rewlt in *he desired :losed 10,p Dystem 
performance in the time domaLn. The 
frequency domain specifications ara shown 
a¶ dashed lines on the 8ode plots 3f Fig. 
74. 

Table V-I Flight conditions 

Table V-2 Arnold's failure modes 

Table v-3 Plant models for 
Arnold's design 

The specifications, the plant models" for 
the 24 cases, and the weighting matrix are 
entered into the CAD package. The auto- 
mated IeaCures accessed through the de- 
signer interface of the CAD package re- 
sulted in the synthesized loop trarismis- 
sion function L,.(s) shown along with 
associated bounds on the NC in Fig. 2 1 .  
Pn this design, a trade-off exists between 
performance and bandwidth and in synthe- 
sizing 4.1s). In this example, the de- 
signer ahooses ta accept the consequences 
of violating tho disturbance bound for CO - 
2 r / s .  L , o ( s l  was synthesized in a 
similar manner. With L,-Is) and L*&Isl 
synthesized, the CAD package's automated 
features expedite the design o€ the pre- 
filters f,,(sl and fa2fs). 

The CAD package validation routines are 
now tested. First, a stability analysis; 

Fig. 21 Channel 2 naminal loop 
with bounds on NC 

for example. the &, 1s) are plotted for the 
I - 1. ... , 24 possible open loop trans- 
missions along with the U contour on the 
NC shorn in Flg. 22. None Of the 24  OpOn 
loop transmisslons violate the M, contour. 
in accordance wzth the fact that the 
nomisal laop transmission &.tal satisfied 
all stabllity bounds. Fcr the second step 
in the design validation procbss the 2x2 
array of Bode plots shown in Fig. I4 is 
generated shoring on each plot the 24 
possible closed loop transmissions fzom an 
input to an output of the completed ays- 
rem. The consequence of violatlnq the 
channel 2 disturbance bound for 0)  - 2 I ' m  
is seen whexc the closed loop transmls- 
siona violate b,:, denoted by dashed line. 
bginning at CO - 2 r l s .  Violation of 
porfonnance bounds during loop shapIng may 
result in violation of the performance 
apecifications for the closed loop system. 

Fig. 22 open loop transmissions on NC 

i 

Fig. 23 Channel 1 nominal with 
bounds on NC 

c 
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As seen in Fig. 24 a robust design has 
been achieved for this 2x2 MfMO analog 
flight control system. The time domain 
results. although not drawn. meet all 
specifications. 

"-3 -- DImEnt a OTT D.8 ian -- The specifi- 
cations for the digital control design 
require a digital controller be desianed 
for the AFTIIF-16 which provides the 
required robustness with respect to sta- 
bility and satisfying the time domain 
performance requirements for any of 4 
flight conditions (Table V-1) and 9' fail- 
uze modes (Table V-4) .  For stdbility, a 
4 9  phase margin is reqiired for each of 
the three feedback loops. Frequency 
domain performance specifications are 
shown as dashed lines on the Bode plots of 
Fig. 27. 

Table V-4 Schniider's failure modes 

. I . ,  .. , 

Fig. 24 Closed loop transmissions .or an analog system 

l 
a 
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The design process begins by entering the 
specificrtions, the plant models' , for the 
36 cases (see Table V-5) .  and the weight- 
ing matrix into the CM package. Because 
of the nature of the failure cases and 
being a digital design, loop shaping for 
all three loops was difficult with respect 
to satisfying nll boucds (cracking, das- 
turbance, and stability bounds). For 
loops 2 and 3 the & stability bounds were 
satisfied. However, all stability bounds 
r3uld not be satisfied during the design 

Table V-5 Plant models for 
Schneider' s design 

The loop La.(*) was shaped to ninimire 
violation of the stability bounds while 
maintaining the low frequency gain ad 
large as possible to achieve the best 
possible performance. The final l'>op 
L,.(w) was in violation of the stability 
bounds for m - 2, 20, and 4 0  r /a  and the 

I 

I '  
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high frequency atability bound for 0 - 400 
r/s. A atability analyaia is then p r -  
formed to evaluate the conaeguencer of the 
stability bound violationa. by plotting 
the open loop tranamlssions L, , (w)  for a11 
I - 1, 2, ... , 36 plant casea along with 
the Ir, contour, as ahown in riq. 25. The 
actual phase margin 

Fig. 25 II ~ , . i j w )  plots for 36 
cases and &-contour 

is thereby determined to be y - 20' rather 
then the desirod 45'. The shortfall is a 
consequence of the degree of phase and 
magnitude uncertainty among the 36 plant 
casea. Plant case 33 (FC 4 ,  FM 6 )  was 
zesponsible tor the largest contribution 
in plant uncertainty, as shorn in Fig. 25. 
The designer will have to accept whatever 
level of performance is achieved for 
channel 1 since stabllity i a  the most 
critical reqoirement. 

rl*rrd 

0.41 

Ob P I 4 6 I I O  I I  

Fig. 26 yI,.(t) reaponsea t o  unit 
step input for input 3 

For the design of g z ( w )  for channel 2 (the 
Roll channfal) and .&(U) for channel 3 (the 
Yaw channel) the stability margins of 7 - 
45' were acnieved while adding aa much low 
frequency gain as possible to satisfy the 
performance bounds. The disturbance 
bounds for channel 2 and the tracking 
bpunds for channel 3 proved to be impossi- 
010 to aatisfy while maintaining the 
desired stability margin. The design of 
the prefilter f r r ( w )  for channel 2 was 
straightforward, as for channel 1. For 

the design Of f l 1 ( w ) ,  the prefilter bounds 
mre aatiafied up to the frequency at 
which they croaa (thm frequency at which 
the tracking boundb were violated). 

The 3x3 array of eode plota shown in Fig. 
27 illustrates on each plot the 36 possi- 
ble closed loop transmissions from an 
input to an output of the completed sys- 
tem. The consequence of violating track- 
ing or disturbance bounds is soen whare 
the closed loop transmissions violate 
frequency domain performance specifica- 
tions, denoted by dashed lines. Note the 
violation of the upper bound b2, on the 
third bode plot of the second r o w .  The 
violation translates into a larger-thm- 
desired response in roll when a yaw com- 
mand is applied to the channel 3 input. 
The resulting set of 36 possible step 
responses of output 2 due to a unit step 
of input 3, shown in Fig. 26, illustrates 
the consequences of violating bZ8 in the 
time domain. Note for r,(t) - ?,It) - 0 
and r,(t) - U ,(t) that 

y , l c ~ . y , , l c ~ - y , , ~ c ) . y , , ( c ) . Y , , ( t ~  (621 

For plant case 433 the most extreme 
Jiulation of b,, occurs, resulting in a 
step response much larger than for any of 
the other responses. For all other plant 
caqes and for a11 other transmissions the 
perk step disturbance responses are below 
the maximum specified peak value (that is, 
Iy,?I S Iy,,l". for i L j l .  The tracking 
rcspansos of channels 1 and 2 (that is, y.. 
for i - 1, 2) fell tightly within the 
performncn bounds a,, and b,,, while the 
responses y,, for channel 3 fell outside a,, 
and b,, but did not exceed the maximum 
allowable peak valae. The larger than 
desired settling time for y,, is 
accepted as a tradeoff for achieving the 
desired stability margin. 

This design of the digital Contrnl 
illustrates the results obtainab' 
an aQtomated QFT CAD package. De? 
difficulty and largo scale of ' 
problem, the MIMO/QFT CAD package I 
a straightforward mothod for des 
rohust digital controller while r 
insight into each stage of the PI  
process. 

roblem 
using 
-e the 
, MIMO 
wides 
7 of a 
.iding 
iesign 

V-4 -- mal rliaht Control 3vat.m SenariQ 
For a flight control system where 

battle d a m a g e  is of concern, a possible 
dual flight control system is as follows: 
a control system designed by QFT in combi- 
nation with an adaptive control system. 
The QFT controller is designed to maintain 
a stable aircraft under certain battle 
dammage senarios while giving the adaptive 
control system time to identify the battle 
d a m a g e  and adjust its controller to 
improve the flying qualities as much as 
possible, as illustrated in Fig. 2 6 .  

-- 

/ 
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Fig. 27 Closed loop transmissions for a digital system . 
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APPENDIX B 

CAD flowchart for MIS0 discrete QFT 
desicrn 
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nonl inear control systems: s t a t e  equation models. heUrIStIC approach 

- 09208-1160-007; C9208-1340K-011 
- B i f i r r ca t i on  phenomena of a d i s t r i b u t e d  parame 
having negat ive res is tance 
- NAKANG H . ;  O K A Z A K I  H. 0. 
- Dept. of Mech. Eng.. Shonan Ins t  o f  Technol. 
- Journal paper 
- Theoret ical  mathematical 
- ENG 
- JP 

er  system w i t h  a nonl inear element 

Fu j I sawa , Japan 

J T  - I E I C E  Trans. Fundam. E lec t ron .  Commun. Comput. Sc l .  (Japan):  IEICE Transacttons 

so - VOL.. E7S-A;  NO. 3 :  PP. 339-46: 7 Ref . ;  PP. March 1992 
SN - 0916-8508 
A8 - Dynamic behrtvlor of a d l s t r l b u t e d  parameter system descr ibed by the 

on Fundarn~~r*t;rls of E lec t ron ics .  Comnunications and Computer Sciences 

one-dlmenslonal wave equation w i th  a nonl inear boundary cond l t l on  is examinea i n  
d e t a i l  us lng  a graph ica l  method propose0 by  W l t t  on a d i g i t a l  cornputcr. The 
b i f u r c a t i o n  diagram. homoC1lnlc o r b i t  and one-dimensional mag are obtained and 
examined. Resul ts us ing  i n  analog simulator a re  introduced and comparea w i t h  that 
Of the  graph lca l  method. The discrepancy between these r e s u l t s  i s  considered. 'and 
f r o m  the  comparison among the b f f u r c a t i o n  diagrams obtained by  the graphical  
nlethod. i t  i s  noted that the energy d i s s i p a t i o n  i n  the  system considerdbly 
"es t ra ins  the  chaot ic  s t a t e  i n  t he  b l f u r c a t i o n  process 

cc - 91160; C 1 3 4 0 K  
E - Chaos; d l s t r l b u t e d  pa ramte r  systems; negat ive res is tance:  non1 inear systems 
IT - d i s t r l b u t c d  paramotm systrm: nonl inear element: negat ive res is tance:  olie 

dlmcnsional wave equation; nonl lnear boundary cond i t ion :  graphical  method: 
b i f u r c a t i o n  diagram: homocllnic o r b i t :  one dimensional map: analog s imu la to r :  
chaot l c  " t a t e  
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No - C92U6-134oG-011 
E T  - m l l n g a r  Control t h w r y  and chaotlc dynamlcal systems 
cr - arw:eMlngs of the I V E  I991 Matlonal Aerospace an8 Electrocllcs Conference 

LC 
DC 
AU 
A F  
s p  
DT 
TC 
LA 
PO 
EO 
so 
8 Y  
AB 

WAECON 199l-(Cat. NO.WCW307-2)  
- Dayton. OH. USA - 20-24 May 1991 - JONES J .  - ~ l r  Force Inst. of Technol.. Wright-Patterson AFB. Dayton. OH, 
- IEEE 
- Conference paper - Theoretical mathematlcal 
- ENG - us 
- I:€€; New York. NY. US& 
- NP 3 vol. xviil*1345: PP. 571-6 vo1.2; 0 Ref.; DP. 1991 - 0-7803-0085-8 - The author treats tne role of multiparameters In the existence 
highly coupled nonlinear bynamical systems and numerical computa 
An attempt ls made to develop methods applicable tc control of h 
nonlinear dynamlcal systems contalning multloarameters which may 
behavior. Due tu the loss of components of a nmlinear dvnamical 

USA 

o i  solutions of 
Ion of solutions. 
ghly coupled 
have a Chaotic 
system i t  may 

have a chaottc solutton tnstead of a stable controllable observable solution. The 
basic mathematics involved In such nonlinear multiparameter systems is treated so 
as to make sufflcient ch,anges in the system without losing the system completely 
as far as apollcatluns are concerned. Th:s rewires the development of 
time-dependent multiple objective numerical algorithms involving time to acompltsh 
varlous deslred maneuvers results obtaived can be used to esteblish feedback 

. control IaWS for nOnllneaP dynamical systems of a specified form 
cc - ~ 1 3 4 0 ~ ;  ci34oe; ci:rio 
DE - Chaos; Control system synthesis; multivarlable control systems; nonlinear 

I T  - ChaOtlC dynamlcal systems: highly coupled nonlinear dynamlcal systems; numerical 
control systems 

computation; nonlinear multiparameter systems; tlme dependent multlple objective 
numerical algorithms; feedback control laws 

NO - C9206-134oK-009 
ET - Local predlctlon of chaoti: tlme Series 
CT - Proceedlngs of the 33rd tatawest Symposium on Circults and Systems 

LC - Calgary, Alta.. Canada ~0.9OCH2819-1) 

DC - 12-14 Aug. 1990 
AU - GIONA M . ;  CIMAGALLI V.; R'XIRGAVI G.; PERRONE A.; JOHNSTON R .  H . ( E d .  
AUS - NOWROUZIAN B.(Ed.): TURNER L .  € . ( E d . )  
AF - Rome Unlv.. Italy 
SP - IEEE 
D l  - Conference paper 
TC - TheOflt lcal mathematical 
LA - ENG 
PO - IT 
ED - IEEE: New York. NY. USA 
So - NP. 2 vo;. 1205; PP. 804-7 vo1.2; 13 Ref.: DP. 1991 
ON - 0-7003-0081-5 
CTN - CH2819-1/90/0000-0894001.00 
AB - Conslaeration 1s qlven to two dlfferent methods for chaotlc signal 

Cat. 

local 
forecasting: a locai tnterpolat ion and functional reconstruct ion: A m i e f  review 
i s  presented of the mathematical framework on nonstatistical forecasting. An 
outline of some matn technlques for chaotic signal characteriratlon is furlitshed 

Cc - C1340K; C1310 
C.E - Chaos; nonlinear Systems 
I T  - chaotic time series: chzotlc signal local forecasting; 10c.11 Interpolatton: 

functional r"-3nStruCtlOn; mathematlcal framework; nonstattstlcal forecasting; 
Cham ic slgr 11 characterization 
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No - C92U5-134OJ-005 
ET 
CT - proceedings of the 33ra lhaldwest SympOsium on Circults ana Systems (Cat. 

LC - Calgary. Alta.. Canaua 

- Analysts and reauct Ion of an lnflnite dlmensloqa. r;haot 1: system 

W. 9 0 ~ 2 8  19- 1 1 

DC - 12-14 Aug. 1990 
&U - HARTLEV 1. 1 . ;  KILLORV H . :  DE ABREU GARCIA J .  A.; ABU KHAMSEH N.; JOHNSTON R 

H. (Ea. I 
AUS - NOWROUZIAN R . ( E d . ) .  TURWER L .  E . ( E C I . )  
I F  - Coll. Of Eng.. Akron UIllV., OH. USA 
SP - I E E E  
01 - Conference Oaper 
TC - Theoretical ma?hemat ica1 
LA - ENG 
PO - lJS 
ED - I E E E ;  New York .  NV. USA 
SO - NP. 2 vol. 1205- PP! 869-93 vo1.2; 14 Ref.; DP. 1991 
BN - 0-7803-0081-5 
CTPI - cn~~i~-i/~o/oooo-o~~~soi.oo 
AB - A singularly perturbed nonlinear time delay system 1s considered. I t  I s  Shobn 

that as the system b e c m e s  more siqgular. i t  evolves through a series of 
blfurcatlons lnto Chaotic behavior. Describlng functions are used to preaict wnen 
the Inltial blfurcatlons occur. Based on the attractor dfmension. reduced-order 
flnlte-dimensional models are obtalned that qu3lltatlvely reproduce the system 
dynamlcs 

CC - C1340J; C1310; C134OK 
DE - chabs: delays; descrlblng functions; multidimenslmal :,ystems; nonllnear systems 
I T  - analysis; nonlinear dynamics; model reduction: describ'ng funct!ons. reductton. 

tnfinite dimensional chjlotlc system: singularly pcrturberl nonllmar tlme delay 
system; bifurcations: chaotic behavior: Inttlal bifurcat'ons; attractor ulme.7Ston; 
reduced order finite dimensIona1 models 

NO - C91056445 
E T  - Chaos prediction in nonlinear feedback systems 
AU - GENES10 R.; T E S I  A .  
A F  - Dipartlmento dl Slstemi e Int.. Firenze Unlv.. Italy 
DT - Journal paper 
TC - Theoretical mathemat lcal 
LA - ENC 
PO - I T  
JT - I E E  Proc. D. Control Theory Appl. (UK); IEE Proceedings D (Control Theory and 

AgpliCatlOnS) 
SO - VOL. 138; NO. 4; PP. 313-20: 29 Ref.: DP.  July 1991 
CO - IPDAD9 
SN - 0143-7054 
CTN - 0143-7054/9i/$3.00*0.00 
A @  - Investigates the chaotic bshavlour of nonllnear feedback systems. A heurIStlC 

model of thls phenomenon i s  proposed and applied. Conditions for the exlstence and 
the location of chaotlc motions are derived In terms of simple relations among the 
Parameters of .the System. TWO examples Show the application of the method and i t s  
approximation i s  discussed 

CC - C1340K; Cl3rO 
DE - Chaos; foeCDack; nonlinear control systems 
IT - nonltnear feedback systems: chaotic behaviour; heuristjc w u e l :  chaotic mottons 
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- 091060515; C91051691 - Chaotic p h e m n a  i n  DCr;JQr systems 
- In te rna t i ona l  Conferenca 011 Cmtrol '91 (Conf. Pub1 - Edinburgh. UK - 25-28 March 1991 - LA1 L. L . :  JIANC 2.  V . ;  JIANG A .  H. - C i t y  Unlv..  London.iUK - Conference paper ' - T w o r e t i c a l  mathomatlCa\ - EWC 
- CB 

- NP. 2 Vol .  rtXVi*1282; PP. 916-14 ~ 0 1 . 2 ;  18 Ref . ;  DP 
- IEE; London. UK 

- 0-85296-509-5 
- The authors o u t l i n c  some fundamenta 
may be app l ied  to wwer systems. They 
Wlelnikov's method to  study the cond i t  
occur i n  such a mwrr system. The ana 
nenltnear phenanena such 1s subharmon 
system. Cer ta in  mode 1 n t e r . x t i o v s  may 
autonomous system occurs a t  a c e r t a i n  

concepts of chaos taeory and show h o w  they 
apply nonl inear c o n t r o l  theory and 
ons under wh!ch Chaotic OnenOmgna cou la  
y t i c a l  r e s u l t s  demonstrate tnat  c o m ~ l e x  
cs and chaos can a r l s e  In a simple nonl inear 
a r t se  when a simple zero of a nonl inear 
c r l t l c a l  comblnation of the  parameters ana 

as a r e s u l t  i n t e r e s t l n g  ph@nomena could occur 

- chaos: nonl lnear con t ro l  systems; o o c w  systems - mwer systems; chaos; nonline.3r con t ro l  theory;  Melnikov s method; ccmplex 2 

nonl inear phenomena: subriarmonics: moae In te rac t i ons ;  simole zero 

- aei io:  ~ 3 3 4 0 ~ ;  ci34ox 

NO - C90050517 
E T  - Oesigning autonomous r e  
CT - Proceedings of the  28th 

Na.89CH26-2-7 1 
LC - Tampa. FL.  USA 
OC - 13-15 Dec. 1989 
AU - A l R A N I  0 . ;  ATHERTON 0 .  P. 

ay systems w l t h  Chaotic mot 
IEEE Co.rfercvlce on DecIsion 

AF 
SP 
DT 
TC 
LA 
PO 
EO 
so 
CTN 
A0 

cc 
OE 

IT 

on 
ana Control (Cat 

- Sch. of Eng. 6 Appl. S c i . .  Sussex U n i v . .  Br ighton. UK - IEEE - Conference paDer - Theoret ical  mathematical 
- ENG - C0 - IEEE; New York. NY. USA 
- NP. 3 v o l .  2747; PP. 512-17 v01.1: 6 R e f . :  DP. 1989 - CH2642-7/89/0000-0512$01.00 - An i n v e s t i g a t i o n  has been conducted. us ing  s imu la t ion ,  o f  the existence of 
chaot ic motion i n  several r e l a y  feedback systems. Par: icular emphasls has been 
placed on determining when chao t i c  motion might e x i s t  from a knowledge of the  
unstable l t m l t  cyc les  p red ic ted  by the Tsypkin method. the  largest ampli tude 
@instable l i m i t  c y c l e  belng approximately s inuso ida l .  I t  1s Shown that t h i s  
s lnusoidal  l i m i t  c y c l e  can be ca l cu la ted  q u i t e  accura te ly  by the deSCribing 
func t ion  method, ana I t  I s  found e s s e n t i a l l y  to  bound the reg ion  of chaot lc  motlon. 
The Chaotic motion g ives  the  appearance of jumcs between two or more of the 
unstable l l m i t  cyc les  found w i t h i n  the region. These unstable l i r n f t  cycles e x h i b i t  
two or more o s c i l l a t i o n s  per h a l f  per iod.  or s p i r a l s  i f  viewed on a phase plane. 
and t h e i r  peak ampli tudes can be pred ic ted  approximately "om Consideration o f  the 
re lay  swi tch ing  l e v e l s  and the  OC ga in  o f  the ' : inear t r a r . ' e r  func t lon  
- C1340K; C1310; C1320; C l l 2 0  
- chaos; control systen Synthesis; bescr tb ing  func t ions ;  feedback; 1 im i t  cyc les ;  
re lay  con t ro l  - con t ro l  system synthesis;  autonomoaJs r e l a y  systems; c h i 3 t i c  motion; unstable 
I t m i t  cyc les ;  TSypkln m e t h a ;  desc.rlo;cg func t i on  method: r e l a y  switching l eve l s :  
DC gain;  l i n e a r  t rans fe r  f unc t i on  
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- i0~53508 
~ chaos a m  fractals f r o m  t~otiI1riear control process 
- A R A T A N I  1 
- Journal oaoer 
- TheoretlCaI mathematical 

- z z  
- Syst Control Inf. (Japan). S!tstems. Control and lnformat !on 
- VOL 34: NO. 2; PP. 98-105: 2;' Ref.; DP, Feb. 1990 
- FSEJL3 
- 0916-1600 
- The folloulng topics are' discussed: Chaos. fractals, control systems. computer 
graphics and system nonl'inearit(es 
- C1340K: C6130B 
- BASIC Ilstlngs; Chaos; englneering graohlcs: fractals; nonlinear control s y s t ~ m s  
- nonltnear systems; fractals: nonlinear control process; chaos; control systems: 
coclouter graohlcs; system nonllnearltles 

- JAP 

NO - 
E T  - 
AU - 
A F  - 
Of - 
TC - 
LA - 
PO - 

~8908a2ii: ~ 8 9 0 4 ~ ~  
Adaptive control of ChaOtlC svstems 
HUBLER A .  
Inst fur Theor. Phys. una Synerget 
Jour na 1 paper 
Theoretlcal mathematical 
E NG 
DE 

k .  Stuttgart Unlv.. West Germany 

J T  - Helv. Phys. Acta (Sultterland): Helvetica PhySiCa Acta 
SO - VOL. 62; NO. 2-3; PP. 343-6; 8 Ref.; DP. 1989 
CO - HPACAK 
ZN - 0018-0238 
CTN - 0018-0238/89/030343-04$1.50+0.20/0 
AB - In order to describe the chaotic dynamics of a nonlinear system. a dlscrete map 

1s reconstructed from the time serles af ap eRperimenta1 system. The parameters Of 

the map may depend on time. The map is a model for the dynamlcs of the 
experimental system. This moael can be used :n order to control the dynamics of 
the experimental system wtth smali external perturbations. e.g. \ n  order to get a 
Soeclal Deriodlc dynamlcs or a special type of ChaOS. The author arg . 
nadelllng and controlling can be done simultaneously 

CC - A0545; C1340E; C1340K 
CE - adaptlve control; chaos; nonlinear cmtrol systems 
IT - adaotlve control; simultaneous muelling control; chaotic systems; 

dyrdmlcs; nonlinear system; dlscrete map; time series; small extwna 
oerturbatlons: soccial perlodic dynamics 

es th 

Chaot 

I 

1 
I 





- .  

w 7  

NO 
€ 7  
AV 
AF 
01 
TC 
LA 
PO 
JT 
so 
CO . SN 
CTN 
AB 

cc 
DE 

11 

NO 
F T  

i U  
AF 

cs 
01 
Lh 
PO 
NU 
so 
CTR 
LO 
AB 

A N  
cc 
DE 

- ca9037iaa - ~ o o l i c a t i o n  of s tochas t i c  control techniques to  chaot ic  non l inear  systems 

- M i t r e  Corp.. UcLean. VA. USA 
- Journal oaoer , - Theoret ical  mathemt lca !  - ENG 
- us 
- I E E E  Trans. Autom. Control  ( U S A ) :  IELE Transactions on Automatlc Contr.21 
.- VOL 34: NO. 2;  P o .  201-5: 29 R e f . :  OP. Feb. 1989 
- IEfAA9 
- 0018-3286 
- 0018-9286/89/0200-0701$Oi.00 

- FOWLER 1. 8 .  

- A con t ro l  a lgo r f thm based on s tocnas t lc  con t ro l  technlaues i s  devised f o r  
chaottc nonl inear Systems. The a lgo r i t hm uses a s t a t e  est imator based on t he  
Kalman f i l t e r .  ana y i e l d s  performance improvements i t i  a t  least  some reglons of 
s t a l e  space wi th  reSDeCt to tha t  ob ta inab le  b y  use o f  a c o n t r o l l e r  u t l l i 7 l n y  on l y  
the cond l t i ona l  mcan of the  system s t a t e  vec to r .  The method i s  doohled to  two 
t y o i c a l  chaot ic  nonl inear systems ( t h e  Henon-HelleS system ana the  Loren2 system). 
and t h e i r  behavior wicn c o n t r o l  i s  e ro lo red  numerical ly 
- ~ 1 3 4 0 ~ :  ci3aoc; c1220 
- cnaos; Kalman f t l t e r s :  nonl inear con t ro l  systems; s t a t e  estimation: Stochast ic 
systems 
- s t a t e  est imat ion:  chaot ic  systems: s tochas t ic  c o n t r o l :  non l inear  systems; Kalman 
f l l t e r :  Henon Heiles system: Lorenz system 

- C-92-FO3981 - Ac t lcn  concertbe de t r a n s t e r t  ORE1 Les systbmes non l l n e a i r e s  Tome 1 1 1  Commande 
des systdmes non I l n e a i r e s .  - MUUVON P . ;  OESCUSSE J . :  LEVINE J . :  NORMAN0 CVROT 0 . ;  FOSSARO A .  J.  
- CERT/DERA TOulOuSe (FR): ENSM Nantes ( F R ) :  ENSMP/CAI Fontalnebleau ( F R ! ;  L S S I E S E  

OCA AFCET Croupe Non L inea l re  ( F R )  
RapOor t 
F RE 
FR 
CNL 1992 
360 0: nb R e f . :  nb F i g . ;  DP. 1992/03 
OR6T8034222004707501 
OS; M1363-8/7 
Commande au oremier ordre aes s*/sc&mes non I i n 4 a i r e s  oar P MOUVON (DD 9-60 D 1 

L lnear i sa t i on  en t rees -so r t i es  par diffeomorphismns e t  bouc:age par J.OESCUSSE ( O D  
63-123 ) .  L i n b a r l s a t i o n  entrees-&tats oar diff&omOrohismes e t  oouclage oar 
J.LEVINE (PO 127-176 o ) .L in&ar i sa t i on  en t rees -so r t i es  e t  decouplage par retour 
d ' e t a t  : 1 )  reacteur chimique de n e u t r a l i s a t i o n  : 2 )  commande en p o s i t l o n  des 
systemes electropneumatiaues par E .  R I C H A R D .  S . S C A V A R O A .  O.THOMASSET ( O D  179-263 ) 

OPtimlSatiOn aoprochee en boucle fermee des systemes non l i n b i r e s  par l a  
methodo1wie des per tu rba t lons  s ingu l i e res  par A.J.FOSSARD. J.FOISNEAU. T.HIJN 
HUVNC (pp 267-358). 
- I N F O N U  
- 12 0 1 :  14 02 

NUMERIOUE: SVSTEME COMMANDE: OlFFEOMORPHISME 
S Y S T E M  NON LINEAIRE': LINEARISATION*: FORME CANONIOUE: SVSTEME 60UCLE; COMMAWE 
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- C-92-FO3980 
- Ac t ion  concert&! de t r ans fe r t  DRET Les  rvstemes non 1 ineet res  11 
Stab i l ! sa t i on  des s y s t e w s  non I I n @ a f r ? s  : quelgues approches. 

- ENS#P/CAI Fontafnebleou (FRI. L A I I / I D N  v l  I leneuve 'd'dscs (FR): uTC/~Eu~laSvc  
Complegne (FR); LAAS/CNRS Toulouse (FR); LAAS/CNRS Toulouse (FR) - D;A-(IRET Crou1:e Non L in&a i re  (FR) 
- R a p w r t  
- FLE - FR - GNL1992 - 320 0; nb R O f . ;  no F l g . :  DP. 1992/03 
- ORET8834222004707501 - OS; M1363-8/7 
- Comwrtements asymgtotiaues des systemes non comrrandes par J . L E V I N E  ( 5 0  0 )  
. S t a o f l l t 9 .  s t a b i l l s a t i o n .  regu la t i on  ApDrOChe oar les normes v e c t o r t e l l e s  Dar 
P.BORNE. J.P.RICHaR0. N.E.RADHY.(68 0 ) .  S t a b i l f ~ a t i o n  rczus te  des svstemes A 
Qynanique PertUfbee oar O.MEIZEL (29 D ) . S t a b i l i t e  e t  COmmdnOe des sys:emes 
l t n e a i r e s  avec sa tu ra t i ons  oar C.8uRGAT 6 S.TAR8OURIECH (13'2 9 ) .  - INFO/VU - 12 01 
.. SVSTEME NON LINEAIRE'; SYABILITE S' fSTEME';  SVSTEME COMANDE' :  COMPORTEMENT 
ASVMPTOTIOUE; ROBUSTESSE; SYSTEM€ DYNAMIOUE: SATURATION:  REGULATION; COURS 
ENSEIGNELENT - SVSTEME A DYNAMIOUE PERTURBEE: SVSTEME I N S T A T I O N N A I R E  

- LEVINE J.;  BORNE P. , ;  PYIZEL 0 . ;  BURGAT C . ;  TARBOURIECH S .  

' ,  
I 

I 

NO - C-92-FO3979 
FT ,- Act ion concertee de t rans fe t  DRET : Les cysternes non I f n 6 a t r e s  Tom I 

Modelisation Est lmat lon.  
AU - DAUPHIN TANGUY G . ;  WALTER E . :  LOTTlN J . :  SCAVARDA S . :  BORNARD G. 
AF - LAII / lDN V i l leneuve d'Ascq (FR); LSS/ESE C i f  sur Yvette ( F R ) ;  LAM11 Un : r s i t &  

CS - OCA AFCET Groupe Non L i n e a l r e  ( F R I  
DT - Rapport 
LA - FRE 
PO - FR 
NU - CNL1992 
SO - 200 P ;  nh P e t . .  nb F i g . ;  OP. 1992/03 
CTR - ORET8834222004707501 
LO - OS; M1363-0/7 
AB - #aod&Iisation des sys tems physiques par Bond-graDhS ( graphes de l i a f s o n s  1 par 

G.  DAUPHIN TANGUY b S .  SCAVAROA ( 7 5 p ) .  I d e n t i f i a b i l i t & s  e t  non l i n 6 a r t t e s  : 
m o a e l i s d t o n  et es t imat ion  p a F a d t r l q u e .  methcsoes de tes t  pour les  moaeles 
l i n e a l r e s  e t  non l i n e a l r e s  par rapport  aux entrees. l i e n  avec l a  p l a n i f f c a t i o n  
d 'exp&rience par E. WALTER 6 L .  PR3NZATO ( 41p) I d e n t i f l c a t l o n  et r & a l l % t i o n  Dar  
modeles d & t a t  a f f i n e  PAR J.LOTTIN b D.THOMASSET ( 4 0 p ) . O b s e r v a b l l i t ~  et 
observateurs par G. BORNARD. F.CELLE b CILLES G.(4Cp). 

de Savole Annecy (FR); LAI/INSA Lyon ( F R ) ;  LAG/INPG Crenoble ( F R )  
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DE - MOOELISATION*: S Y S T E M  NON LINEAIRE.; CRAPHE LIEN.; IDENTIFICATION PARAMETRE': 

CLI - SYSTEME E T A T  AFFINE;  OBSERVATEUR DE KALMAN 
SYSTEME MULTIOIMENSIONNEL: OBSERVABILITE: PROGICIEL: COURS ENSEICNEMENT 
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- C-92-01m47 - Les rescaur neuronaun arttflclels - Second Internattonal Confermce on Artl~lclal Neural Networhs 
- 8ournemouth Internat lonal Centre (CB) - 
- FALLSIDE F .  
- IEE ( C B I  - Congres 
- ZNC - CB - f t E .  
- SO 3 4 9 ;  383 D . nb 4 f . no Flg . no T a b i . .  OP. 1931 
- 0-8S296-531-1  
- 0537-9989 
- 05;  W 1 3 1 - 3 / 3 4 9  
- Les sujcts de ccs actCS de conferences Sont les Solvants 1- i .a  thbor le  (Barttri 
une structure nebironale Qut amrcnd a orendre des dectsions ae rtsaue mintmum 

8ayeslen. reseaux neuronaux A correct foii aval I>ar aes algor 1 thmes g6Ci.t *ciics I .  
2 - ~ e s  !mp;ementattons (mOde1tsatlon de ctrcult:; CMOS analogtaucs D o J r  
aoprent Issage. une conccot ion raoide et nouvel le Dour acs vciseaun mu1 t ~ - C O U C ~ W  

powant etre montes en cascade). ~ - L C S  lmages i Idect t f  tcat ! o ~  et mursuttc tcnns 
reel i)O'Jr obJets mult lnIt?s dans *Jn envlronnemcnt brui~e. un rAsc.>ii oourondl ~a!;ci 
sur un system? de recOnna\ssance ac cou\eur. reseaux neuronaun Dour l a  
reconstruct ion J '  tnag?s), 4-Les arD1 (cat tons en Ingenter tc (rcconna tssa~icc? a Iinaga 
d aetecteurs ra*;jit gamma S C ~ S ~ D ~ ~ S  A 12 Dostt ton. .r?sea>x ncuron.fur pour %?5 

dlagnost 1cs electrontaues). 5 - ~ e s  s;.st&es dynamtques (structures t e m r w r C I  : P S  .J 

apprent lssagc oar rbt'oorooagat ton con( 1nr.Ivi. 6-Commanacs ct rot)ot t ~ i ~ e  i Systews 
non 1 tnealres uti I tsmt I C G  rbseaun neorori.iua. commandos Intel I !gentes [Jour 
vChtcu1es autonomcs utillsant des r&seauv vuronauN d m6motres associat\vcs 
adaotatlves temps rbel), 7-Systemes basl ' , .  sur des regles. 8-Pdrole et ianqage 
nature1 (algorlthmes raDlaes wu" trouver des caratt&\stlques tnvartanfes a 
oartlr a'un reseau neuronal rcconnaissant les mots. aoprenttssaye algcbriaue aans 
les reseaux neuronaua syntaKlaues). 9-Les appltcatlons m@d\calcs (survcillanct? i l ~ s  
&Iectrocardlogrammcs a v x  des r&eaux ncur'onaun), I O - L ~  reconna\ssance ac' 
caracteres (texte calltgraontaue. c a r a c t b r e s  Ccr t ts  d \ a  main). 11-Reconnaissance 
de Clbles. trattemcnt rle oarole. oroblemc de satisfaction de contratn'es. 
comoosltlon muslcale. recherche vtsuelle ,3e coacs p3staua. 
- INFO/SN 
- 09 02 
- RESEAU NEURONAL.; DECISI3N PROBARILISTE,. APPRENIISSACE. ALCORITHME. CMOS; 
STRUCTIJRE MULTICOUCH€.: TEMPS REEL; P3URStJI 1E  : RECONNAISSANCE IMAGE ; RECONSTRllCT ION 
IMAGE; CETECTEUR POSITION; SVSTEME NON LINEAIRE; ROBOTIOUE; RECONNAISSANCE PAROLE; 
LANGAGE NATUREL ; ELECTROCARDIOCRAFE ; ELECTROENCEPHALOGRAPH1 E ; RECONNAISSANCE 
CARACTERE: RECONNAISSANCE C I B L E ;  SVSTEME EXPERT; METHODE MOINDRE CARRE 
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- C-92-FO3292 
- Sttuctdrcs aisslodt Ives. Cnacs nt t u r b u l e n c e  
- MlNNEVILLE P 
- C N G .  Saclay ( f r0 
- Ouvrage 
- FR€ 
- F a  
- CEA. Saclay 
- ai7 p . ;  196 Ref : 142  F I g  ; 1 TaDI 

- rnalyse de la StaDiIlte des struct 
- 2 0 ;  9 2 - 6 2  STCAN/BIB 

: DP 1991/05 
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t@ - C-92-003527 
FT - R e s u l t a t s  recnr i ts  sur  la  s t a b i l i s a t l o n  a d a p t a t l v e  des systemes de dlmensions 

inf i n i e s .  
ET - Recent r e s u l t s  on a d a p t l v e  s t a b i l i z a t i o n  Of l n f l n i t u  dl.nensiona1 systems. 
CT - Actes ae l a  premldre conference europeenne d 'automat ique.  Proceedings of t he  

LC - Grenoble ( F A )  
f i r s t  european c o n t r o l  conference - ECC 91 - 
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so 
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- 
- LOGEWNN H.; MARTENSSON 0. 

199 1 /07/C.:- \ J9 1 /07/03 

- u n i v .  of Bremen (DE) ;  Un iv .  of Bremen (DE) - Groupement de r e c h e r c h e ' a u t m t l q u e  - CNRS - ( F R )  - Memoi-a Conares - ENG 
- DE - Herm(s. P a r l s  'FH) 
- VOL 3 ;  pp. 2067-207,; 31 R e f . ;  1 Fig.; DP. 1991 - 2-866-01282-8 - 0 5 ;  M 6153-1/1991 VO1 3 
- ~ ' a u r e u r  a montre. prec&demment. que. pour s t a b i l  
lnconnu. i n v a r l a n t  dans l e  temps, de dimensions f l n  
c o n n a t t r e  l ' o r d r e  de chaque c o n t r d l e u r  de s t a b i l i s a  

ser un systeme l l n b a i r e  
es.  1 ;  e t a i t  s u f f l s a n t  de 
ion. I c i .  on g e n e r a l i s e  ce 

r e s u l t a t  aun systPmcs d dlmensions l n f i n i e s .  On donne quelques r g s u l t a t s  
d i s p o n i b l e s  sur  l a  s t a b i l i s a t l o n  a d a p t a t l v e  de ces svstemes. 

A t !  - INFO/CD 
cc - 12 01 
DE - E S T I M A T I O N  PARAMETRE.: SVSTEME STABILISATION; SVSTEME A D A P T A T I F ;  SVSTEME 

LINEAIRE; ALGORITHME: ESPACE HILBERT; SVSTEME A PARAMETRE H E P A R T I ;  COMUANDE 
ADAP'TAT I V E  * ROBUSTESSE 
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C-92-003125 
S t r u c t u r e s  d grand? C c h e l l e  en phys ique non l l n e a i r e .  
Large s c a l e  s t r u c t u r e s  l m i  n o n l i n e a r  Phys ics .  
Proceedinss of t h e  workshcrp "Large s c a l e  s t r u c t u r e s  i n  n o n l l n e a r  physics". 
V i l l e f r a n c h e  sur  Mer ( F R )  
I99 1 / O  1/ 13 - 199 1 / O  1 / 18 

TOUNIERS J. 0 . ;  SULEM P .  I - .  

Observa t ion  C6te d 'Azu r .  N l c e  ( F R ) ;  Obcerva t ion  c 8 t e  d 'Azur .  N ice  ( F R )  
M e m i r e  Congres 
E NG 
FR 
L e c t u r e  n o t e s  in PhyS1Cs (DE) 
Spr 1 nger Ver 1 ag ( DE 1 
VOL 392: 353 p . ;  nb R e f . ;  r,t, Fcg. ; nb Tabl .  ; DP. 1991 
LNPHAQ 
3540548998; 038754899-8 
05; 8490-392 
La conference e t u d l e  l e s  & t a t s  coherentS. l e s  modeles c o n v e c t l f s  e t  t u r b u l e n t s .  

l e s  cascades inverses .  l e s  i n t e r f a c e s  er  l e s  phhomenes c o o p e r a t i f s  dans 1 %  
f l u l d e s  e t  l e s  plasmas. I ' l m p l e m e n t a t l o n  des concepts de l a  mecanlque s ' a t l s t l q u e  
d l a  phys ique des p a r t l c u l e s  e t  d :a m a t i e r e  n u c l e a i r e .  E l l e  i n s l s t e  !Sur Certa lnS 
phenom&nes commr? l a  p - & Y l c t a b i l  i t &  Qui l n t e r v l e n n e n t  dans ;es carac ter is : lques  
macroscopiques. meme d a m  les processus dynamiques d f a l b l e  B c h e l l e  : StruCtUf . 
homoClinique. t h e o r i e  KAM, s t a b i l l t e  de Lyapunov. Un expose es t  consacrb aux 
n o u v e l l e s  techniques p e r t u r b a t i v e s  des champs c l a s s l q u e s  non l ln&a l rc !s  e t  
auant lques.  On presente  de nouveaux r 4 s u l t a t s  r e l a t i f s  d l ' a n a l y s e  des obe je ts  
h lerarch lquement  o r g m l s e s .  
- !NFO/CD - 20 05; 20 00 
- MECANIQUE FLUID€*; PHVSIQUE PARTICULE*; SVSTEME NON LINEAISE: EFFCT COHERENCE: 
CONVECTION; TURBULENCE; S T R U .  I R E  CASCADE; MECANIOUE S T A T I S T I Q U E ;  S Y S T E M  
DYNAMIOUE; LVAPOUNOV METHDDE 
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NO - C-92-001150 
FT - Rdmnse stationnaire enacte ,dos systemes dynamiques non lineaires hamiltoniens 
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mu1tl-dlmnslonnels avec excitations enternes et paramdtriques. 
- EAact stationary response ,of multi-dimensional non-linear hamiltonlan dynamical 
systems under parametric and erternal stochastic excitations. 
- SOIZE c. - ONERA (FR) - Publlcatlon en serie - ENG - FR - ONERA Tires d Part (FR) 
- NO 1991-185; pp. 1-24; 33 Ref.; DP. 1991 - ONTPAD 
- 05; M 147-9/91-185 
- On etudie une grande categorie de syctdmes dynamiques non lineaires hamlltoniens 
avec excitations externes et parametriques aleatoires. L.es excitations aleatoires 
sont modellsees par un bruit blanc gaussirn. La partie conservative est une 
formulatlon hamiltonlenne pour les systemes dynamiqucs non llneaires independants 
du temps. La partie non conservative comporte trois termes : un terme 
d'amortissement lineacre ou non llneaire. une excitation externe aleatoire qui est 
le terme non homogene, et un terme d'excltation parametrique albatoire. La 
stabilite du systeme et l'exlstence d'urle reponss stationnaire asymptotique sont 
etudiees car l'excitation parametrlque dldatoire a des variations des 
caractdristiques dynamiques avec le terrps. La fonction de densite de probabilite 
en regime etabli est construite COmme solution de l'equation de Fokker-Planck. La 
fonction caracteristique et la matrice de croissance de la reponse stationnaire 
sont calculees explicitement. Plusieurs exemples montrent clairement les effets 
des non lineartt&s et de I'excltation parametrlque aleatoire pour des systemes 
multi-dlmensionnels. 

AN - INFO/PA 
CC - I2 01: 14 0 2  
DE - SVSTEME DVNAMIQUE.; REPONSE*; STABILITE SYSTEME; ETUDE THEORIOUE; EOUATI@N 

FOKKER PLANCK; EXCITATION STCCHASTIQUE: SYSTEME MULTIVARIABLE; SYSTEME NON 
LINEAIRE: HAMILTONIEN 
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- C-91-013059 - Examen de plusieurs aspects de la conception de contr6leurs flous. - A review of some aspects on deslgning fuzzy controllers. 
- Knowledge-based system applications for guidance and control. 
- Madrid, ES 
- 1990/09/18-1990/09/21 
- TRILLAS E . ;  DELGADO M . ;  VERDEGAY J .  L.; VILA M .  A. 
- Minlstere de Defense. Madrid, E S ;  Faculte des Sciences, Grenade. E S ;  Faculte des 
Sr iences. Grenade. E S ;  Facultb des Sciences, Grenade. ES 
- Memoire Conpres 
- ENG 
- ES - AGARO Conference Proceedings (FR) 
- AGARO (neullly-sur-Seine) - VOI- CP474; pp. 31.1-31.12: 23 Ref.; 2 Fig.; 1 Tabl.; DP. 1990/04 
- AGCPAV - 9-7.83-50610-3 
- 02; AGARD-CP-474 
- DeSCriptlOn des fondemnts les contrdleurs flous et des diffbrents m y e n s  de 1eS 
mettre en oeuvre. Etude du management de l'informatian. c'est-A-dire des voles 
utilisees pour realiser les inferences d partir des connaissances des specialtstes 
'(en general. la regie de -base de deduct ion au calcul des predicats). Analyse des 
fOnCtiOnS d'lmplication posslbles et des consequences de leur utiliSatlOfl. - INFO/CR 
- 09 05; 13 08 
- SVSTEME COMMANDE NON LINEAIR€*; CONTROLE PROCESSUS.; PROCESSUS INDUSTRIEL; 
COWXANDE AUTOMATIQUE MACHINE; SVSTEME EXPERT; FONCTION FLOUE; REGLE INFERENCE; 
BASE DONNEE DEDUCTIVE 
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- C-91-002328 
- tmelisation des systemcs non lineaires d l'atde de r,od&les de calcul de la 
moyenne moblle autorcigressifs non lineaires (NARMAX). - r.mellng nonlinear systems by using nonlinear autoregi'essive moving average 
models (NARMAX). - 1~~E-ICASSP-l99O-International conference on aco;Istlcs. speech, and signal 
processing- Vol 5 : Spectral estimation-underwater signal processing. 
- Albuquerque (US)  
- 1990/04/r)3-1990/04/06 - SEIDEL D. K . ;  DAVIES P .  - Purdue Univ. west Lafayette (US): Purdue Unlv. West Lafayette ( U S )  
- Memoire Congres ' 

- ENG 
- us - IEEE New York (US) - NO 9OCH2847-2; pp. 2559-2562: 9 Ref.; 4 Fig.; 2 Tabl.; DP. 1990. - C 5 ;  Me 349-98/1990 VO1 5 - Ces modbles sont des extensions des modeles ARMA.IIs peuvnnt servir d simuler la 
reponse Bchantillonnee des systtimes non lineaires. Ce sont souvent des modeles 
compacts, a3apttis aux applications de contrdle et de conceptton. En etabltssant 
des relations entre ces modeles digitaux de donnees d'entree-sortie et les moaeles 
physiques des systemes. on peut gtinbrer des estlmations de parametres physiques 
d'un systhme. IC!. on decrit le comportement de deux oscillateurs couples non 
llneaires par un systeme cl'equatlons non lineaires couplees. On applique une 
technique de representatton a ces equations pour gentifer des modtiles NARMAX qui 
rellent ,'entree Bchantillonnbe a la reponse echantillonn&e des systbmes non 
Ilnhaires. 
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DE - Traitement signal.; Moyenne 
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Modtile autoregressif.; Slgnal 
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mobile*; Systeme non lin&aire 
e; Estimation parametre; Equa 
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Systeme donnee 
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- C-90-011266 
- DYnamlQUe chaotique des systemes non lineaires. 
- Chaotic dynamics of nonlinear systems. 

- BRIGHAN Youry Univ. PrOvo (UJ) 
- Ouvrage - ENG 
- zz - John Wiley ana sons New York - 230 p . ;  nbres Ref.; DP. 1990 
- 0-471-63418-2 
- 05: 13859/6A 
- Distributlons d une dlme.lsion. Theorie Ce l'universaliP&. Dimension fractale. 
Dynamique dlff&rentielle. Exemples non-lineaires avec chaos. Distribuiion d deux 
dlmenSiOnS. Dynamique conservative. Mesure du chaos. Complexite et chaos. - INFONU 
- 12 01; 14 02 - Geometric diff&rentic;lle*: Systbme non linBaire*; Otljet fractal*; Cnaos'; 
Dynamique sysieme: Theorle tilfurcation; Distribution multidlmenslonnelle 

- RASBANO 5 .  N.  
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C-90-FO1880 
Cont , -61ab l l l te  exacte.  p e r t u r b a t l o n s  e t  s t a b l l i s a t l o n  de systemes d l s t r i b u e s .  
LIONS J. L. 
Co l lege de France ( F R )  
Ouv r age 
FRE 
FR 
Masson. P a r l s  
NO RMA 8 e t  9 ;  536 e t  272 p . ;  nb Ref.:  C o l l e c t i o n  recherches mathematiques 

app l iquees ;  DP. 1988 - 2225814775; 2-225814740 
- 20; 90-68-1.2 STCAN/BIB 
- Cet ouvrage presente  l a  methode HUM ( H i l b e r t  uniqueness Method) qu i  permet de 
condu i re  un systGme d'un e t a t  i n i r i a l  d un e t a t  f i n a l  donne. en un temDs donne 
avec un c o n t r 6 l e  op t lma l  e t  un e f f o r t  minimum. Ensu l te  l e s  d i v e r s e s  p e r t u r b a t i o n s  
q u i  peuvent a f f e c t e r  un systeme d i s t r i b u b  sont B tud iees .  a f i n  d'examlner l a  
robustesse de ;a methode HUM. Un problbme moaele ; c o n t r 8 l a b l l l t ~  exac te  de 
l ' e q o a t l o n  des ondes ; c o n t r d l e  car  D i r i c h l e t .  Formula t ion  genera le  du probleme de 
l a  c o n t r B l a b i l l t s 5  exacte.  Systeme de I ' e l a s t i c i t e  e t  quelques modeles de piaques 
v ib ran tes .  Equat ion  des ondes : c o n d i t i o n s  aux ~ i m i t e s  de Neumdnn e t  de type mO\b. 
C o n t r B l a b i l l t &  exac te  s imu l tanee.  C O n t r 6 l a b l l i t &  exacte de problemes de 
t ransmiss ion .  Cont rB le  i n t e r n e .  C a r a c t e r i s a t i o n  du c o n t r 6 l e  donne par HUM. Systeme 
de l ' o p t i m a l l t e  e t  methode de d u a l i t e .  Systemes coupl6s.  C o n t r 6 l a b i l i t e  exacte e t  
p e n a l l s a t i o n .  C o n t r 6 l a b l ! i t e  exac te  e t  p e r t u b a t i o n s  s i n g u l i e r e s .  P e r t u r b a t i o n s  des 
m e s  d ' a c t l o n  sur  l es  systPmes. P e r t u r b a t i o n  des domaines. HomogPneisatlon. 
S y s t e m s  d memoire. - INFO/AP - 12 01; 13 13 - Theor le  c o n t r d l e  o p t i m a l * ;  Systeme & l a s t i q u e * :  S tab i l1 , te ;  P e r t u r b a t i o n :  Theor ie  
Syst&me; AnalySe systPme: Equat ion  onde: SystPme commanae: Syst&me non I i n b a i r e :  
Theor le  p e r t u r b a t i o n ;  S t a b l l i s a t i o n ;  Plaque; C o n d i t i o n  I i m i t e ;  SystPme d parametre 
r e p a r t ! * :  c o n t r 8 l a b t l 1 t & * :  Etude dynamique: O p t i m i s a t i o n  sous c o n t r a i n t e :  COPBIB 

1 

NO - C-9O-FOO283 
F T  - A proms du chaos spat lo- tempore1 : concepts e t  exper iences.  
AU - CHIFFAUDEL A .  
AF - Eco le  Normale Super leure.  P a r l s  (FR) 
CS 
DT - Rapport 
LA - FRE 
PO - FR 
NU - ENS 1989 
SO - Rapport de mise au polnt; 61 p . ;  70 Ref . ;  15 F l g . ;  OP. 1988 
CTR - Convent ion I E P  87/82 
LO - 0 5 ;  I605  M 600-1/DRET-IEP 87-822 F 
AB - Ce rappor t  nous & c l a t r e  sur l a  n o t f o n  de chaos spat lo - tempore l ,  c ' e s t - A - d i r e  l a  

Pe r te  de ccherence t e m p o r e l l e  d ' u n  systeme non I i n & a l r e .  A lieu de degres de 
l l b e r t e .  Cela nOuS f a i t  Orendre conscience que l e  desordre peut i i t r e  compr is ,  
f o r m a l l s &  e t  encadre ?ar des t h e o r i e s  des systemes dynamtques. C e t t e  t h e o r l e  Sera 
app l iquee 1ci d l ' e t u d e  des k o u l e m e n t s  t u r b u l e n t s .  

- Ec. Normale Super..  Groupe de Phys. du S o l i d e  ( F R )  

AN - I N P O / R I  
cc - 20 0 4 ;  14 02 
DE - S t a b l l l t e  &coulement*; Thkor le  systeme.; Ecoulemant t u r b u l e n t ;  Coh&re.:ce: 

Svsteme non l l n e a i r e ;  I n s t a b l l l t e :  Chaos*; Equat ton Kolmogorov 
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N T I S  PrlCCS: PC A05/MF A02 
Numerous approaches to  f l l g h t  c o n t r o l  system design have been 
proposed i n  an attempt to  govern the complex bet-avior o f  h igh  
gerformance a i r c r a f t . G a i n  Scheduled l i n e a r  con t ro l  and adapt lve 
con t ro l  have t r a d i t i o n a l l y  been the  most widely used 
methodologles. but they are  not wi thout t h e i r  1 imitat ions.Gain 
scheduling requ i res  l a rge  amounts of a p r i o r 1  deslgn informat ion 
and c o s t l y  manual t un ing  i n  con junc t ion  w l t h  f l i g h t  t es ts ,  wh l l e  
s t i l l  l ack ing  an a b l l l t y  t o  accommodate unmooeled **dynamics*+ and 
model unce r ta in t y  beyond a l i m i t e d  amount of robustness that can 
be i nco rmra ted  In to t h e  deslgn.Adaptive con t ro l  i s  su l tab le  for 
nonl inear systems w l t h  unmodeled **dynamics**. but has 
de f i c ienc ies  i n  account ing fo r  q u a s i - s t a t l c  s t a t e  
dependencles.Moreover. inherent t ime delays i n  adaptive con t ro l  
make i t  d i f f i c u l t  to  match the performance of a well-designed ga in  
scheduled COntrOller.An a l t e r n a t i v e  approach that 1s able to  
Compensate for t he  inadequacies experienced w i t h  t r a d i t l o n a l  
con t ro l  techniques and to  automate the  tun ing  process i s  
deslred.Recent Teaming techniques have demonstrated an a b l l l t y  t o  
synthesize m u l t i v a r l a b l e  mappings ana are  thus able t o  learn  a 
func t iona l  aDproximation o f  the I n l t t a l l y  unknown s t a t e  dependent 
**dynamic** behavior of the veh lc le .6y  combining a learning 
component w i t h  an adapt ive c o n t r o l l e r ,  a new hyb r id  cont ro l  system 
that i s  able to  adapt to  unmodeled **dynam!cs** and novel 
s i t ua t i ons .  as we l l  as to  learn  t o  a n t i c i p a t e  quas i - s ta t i c  s t a t e  
dependencies 1s formed. 
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RESUME Significant progress was made in a number of aspects of nonlinear 

Comput i ng . 

and stochastic systems.An 1n.portant problem in the adaptive 
control of a finite state Markov chain was solved. and Slgnilicant 
progress was made along more general directions.A controlled 
Switching diffusion model was developed to study the hlerarchlcal 
control of flexlble manufacturing systems and slgnlflcant results 
were obtained.In the area of deterministic nonlinear systems the 
work continued on nonlinear observers and linearizable 
**dynamics**.Finally, some important problems In the area of 
discrete event systems were solved. 
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Observer Design i n  the Tracking Contro1,Problem of Robots. 

can be used to  detel*mlne the important +*dynamic** character 1st tcs  
of the Harmonic D r i v e  gear reducer.The PHD. i s  a p lanar ,  t h ree  
degree of freedom arm w i t h  torque sensors i n t e g r a l  t o  each j o i n t  
a l l ow ing  j o i n t  torque feeclback t o  be implemented.Preliminary 
t e s t i n g  us ing the PHD has shown that  a s imple l i nea r  sp r lng  model 
o f  the Harmonic Dr i ve ' s  f l e x i b i l i t y  is s u i t a b l e  i n  many 
s l t ua t i ons .Fu tu re  work w i th  the system could include a m r e  
d e t a i l e d  Harmonic Dr i ve  model. as wel l  as development o f  j o i n t  
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The nonregular **Dynamic+* Disturbance Decoupl Ing Problem (nDDOP) 
f o r  nonl lnear c o n t r o l  systems ls rresented.A local  s o l u t l o n  is 
given by means o f  a cons t ruc t i ve  a lgo r i t hm that  is based on 
Singh's a lgor i thm and the clamp?d **dynamics** algori thm.The 
nonl inear Model Matching Problem (MMP) is studied.This  problem is 
def ined as fo l l ows :  given a nonl inear con t ro l  system, t o  be 
re fe r red  t o  as t3e Dlant .  and another nonl inear  con t ro l  system. t o  
be r e f e r r e d  to  as a model. can one f i n d  a. compensator for the 
p lant  i n  such a way that  the input-output behavior o f  the 
compensated p lan t  matches that  of the mOdel.By proving that  the 
s o l v a b l l i t y  of the nonl inear MMP 1 
of ap associated nDDDP a complete 
1s establ lshed. 
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RESUME Chaos is used to understand complex nonl inear **dynamics**.The 

Using Higher Harmonic Contro l .  

geometric and topo log i ca l  methods of Chaos theory are appl ied.  f o r  
tho f i r s t  t ime, t o  the study of f l i g h t  t es t  data.Data analyz?d 1s 
from the  OH-BA Higher Harmonic Control (HHC) tes t  a i rcraf t .HHC i s  
an a c t i v e  c o n t r o l  system used t o  suppress he l l cop te r  
vibrat ions.Some of the f i r s t  p r a c t i c a l  app l l ca t i ons  of Chaos 
methods a re  demonstrated w i th  the HHC data.al though he l i cop te r  
v i b r a t i o n s  are most ly p e r i o d i c .  evidence of chaos was found.The 
presence of a strange a t t r a c t o r  was shown by computing a g o s i t l v e  
Lyapunov exponent and computing a non integer f r a c t a l  c o r r e l a t i o n  
dimens1on.A broad band Four ier  spectrum and a wel l  def ined 
a t t r a c t o r  i n  pseudo phase space are 0bserved.A l i m i t  e x i s t s  t o  HHC 
v i b r a t i o n  reduct ion due t o  the presence o f  C h a 0 S . A  new technique 
based on a r e l a t i o n s h i p  between the Chaos methods ( t h e  Poincare 
sec t i on  and Van der Po1 p lane)  and the v l b r a t i o n  ampli tude and 
Phase was disCovered.ThiS newly introduced technlque r e s u l t s  I n  
the f o l l o w i n g :  ( 1 )  i t  g ives the l l m i t s  o f  HHC v i b r a t i o n  reduct ion,  
( 2 )  i t  a l l o w  r a p i d  determinat:on of b2st phase f o r  a HHC 
c o n t r o l l e r ,  ( 3 )  i t  determines the minimum HHC c o n t r o l l e r  
requirement for airy he l l cop te r  from a few minutes du ra t i on  of 
f l i g h t  t e s t  data,  ( 4 )  i t  Shows that the HHC con t ro l ! e r  t rans fe r  
ma t r i x  is l i n e a r  and repeatable when the v i b r a t l o n s  are def ined i n  
the Rotor Time Domain and that the matr ix  is nonl lnear and 
nonrepeatable when the v i b r a t i o n s  are def ined i n  the Clock Tlme 
Domain.Theses.(jhd). 
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AB - Olscuss lon d 'un  processus t yp ique  d ' e v o l b t i o n  pour l a  reponse de decrochage des 
pa tes  u ' h e l l c o p t e r e s  d un mouvement pe r lod lque ,  aper iod ique.  ou chaot ique.  e t  de 
l a  c o n d i t l o f l  necessa i re  pour I'amOrCage de l a  reponse c h a o t i q u e .  C'est l e  p remiere  
etude d 'un  t e l  mouvement chaot ique dii ad decrochage aerodynamique d'une p a l e  
d ' h & l l c o p t & r e .  Pour c e t t e  etude. on a a p p l i q u e  l e  modele non I i n & a t r e  ONERA de 
decrochage aerodynamique A I ' a n a l y s e  de !;: reponse de dkcrochage des pa les  
d 'hB1icoptCre.  Etabl issement  e t a s o l u t i o n  clcs Oquations non I i n& ; r i res  de v a r i a b l e s  
d ' e t a t  e t  des 6quat lons  l i n e a i r e s  de p e r t u r b a t i o n  des v a r i a b l e s  d ' e t a r .  
Cornparaison o u t r e  l e s  r e s u l t a t s  du modele ONERA e t  ceux d ' u n  w d b l e  aerodynamlque 
non I i n e a i r e  p l u s  s lmple.  
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- NOUS Paisons l a  d i s t l n c t i o n  e n t r e  ecoulements "skparab les"  au vo is inage de 
corps ,  qu 'on peut d B c r i r e  approxlmatlvement par des systPmes autonomes ( A S )  d 
dimensions f l n i e s  d ' e q u a t i o n s  d l f f e r e n t l e l l e s  o r d i n a i r e s .  e t  s i l l a g e  
'non-separable" .  q u i  ne possedent pas c e t t e  p rop r ib t i ? .  Pour l e s  s i l l a g e s  
sf5parables. p r e s e n t a t i o n  d 'une methode systemat lque pour l a  c o n s t r u c t i o n  des A S  d 
p a r t i r  des e q u a t i o n s  de NAVIER-STOKES, e t  a p p l i c a t i o n  A l 'ecoulement  
b ld imens lonne l  au v o i s i n a g e  d 'un c y l l n d r e  c i r c u l a i r e .  Au moyen du Concept de 
s e p a r a b i l i t 4 .  d i s c u s s l o n  sur  l a  D o s s i b i l i t e  de b l f u r c a t i o n s  e t  de comportement 
chaot ique pour l e  s i l l a g e  d ' u n  corps en ecoulement non un i fo rme.  On montre que l e s  
b i fUrCat lOnS de HOPF e t  de fourche c o n s t i t u e n t  l e s  i n s t a b i l i t e s  generlques de 
I 'ecoulement s t a t l o n n a l r e  au vo ls inage d 'un  corps  de t a i l l e  f i n i e  e t  de 
I 'ecoulement b ld imens ionne l  au v o l s l n a g e  a 'un c y l t n d r e  de forme a r b i t r a i r e .  Ouand 
on augmente l e  nombre de REYNOLDS, l e s  hcoulements p e r l o d i q u e s  correspondants 
tendent d deven i r  i n s t a b l e s  par un s c e n a r i o  i n t e r m i t t e n t .  une cascade A doublement 
de per lode.  ou une b l f u r c a t l o n  de H O W .  En o u t r e ,  e tude de p e r t u r b a t i o n s  
t r l d i m e n s i o n n e l l e s  t y p l q u e s  du s i l l a g e  b ld imensionnel  s t a t i o n n a l r e  e t  p k r i o d i o u e  
d 'un c y l l n d r e .  Des arguments theor lques  ind lquent  q u ' l l  est  t r e s  improbable que l a  
dytlamlque des s i l l a g e s  tur ,bu lents  s o l t  carac ter  is& par un a t t r a c t e u r  e t range de 
f a i b l e s  d lmensions.  ~? 
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freauences m u l t l p l e s  dans l es  s l l l a g e s  f o r c e  d'un a i l e r o n .  Les vagues avec une ou 
deux frequences d l s t l n c t e s  se cornportent de ma?l&?e ordonnee. e tan t  v e r r o u i l l 6 e s  
ou quas l -per lod lques .  Quand on a j o u t e  une t r o i s i e m e  f rkquence lncomrnensurable au 
systbme, 1'6Foulement l a i s s e  appara ' l t re  un comportement chao t ique .  Antt?rleurement. 
on n ' a g a l t  par16 de c e t t e  t r a n s i t i o n  vers  l e  Chaos, A t r o i s  frequences. que pour 
des &coulementr en s y s t e m  term&, d de f d i b ! e s  nombres de REYNOLDS. Cependant. 
1 '~cou lemen t  c h a o t l q u e  montre des c a r a c t b r l s t i q u e s  l o c a l l s e e s  s : m i l a l r e s  d Cel leS 
des Ccoulements t u r b u l a n t s  d nombre de REYNOLDS e leve .  V e r i f i c a t i o n  du degre de 
comportement chaot lque en app l lquant  l es  idees de l a  dynamlque ncn l i n e a l r e  
(exposants de LYAPUNOV. sec t tons  de POINCARE) aux donnees expkr lmenta les .  r e l i a n t  
auss l  l a  phys ique fondamentale du systeme aux concepts d ' l n t e r a c t l o n  de modes e t  
c;e chaos. 

AN - INfO/LV 
cc - 2 0  0 4 ;  01 03 
DE - S l l l a g e + ;  b l le ron . ;  Ecoulement non un i fo rme;  Nombre Reynolds; Chaos+ 

1 '  

. I ,  





R-22 

I 

NO - C-89-01308C 
F T  - ~ t u d e  du chaos s p a t t a l  e t  temporel survenant dans l e s  ecoulements c o n f i n e s  

spat ia lement .  
AU - COULLET P . ;  GIL L . :  LEGA J . :  ELPHICK C . ;  REPAUX D .  
AF - Lab. Physique Th&orlque, N ice  ( F R ) ;  Lab. Physlque Th&orlgue, N i c e  ( F R ) ;  Lab. 

cs - U n i v e r s i t e  de N ice  ( F R )  
DT - Rapport 
LA - MUL 
PO - FR 
NU - Un lv .  N i c e  1989 
SO - Rapport f i n a l ;  SO p . :  n0mbr:Ref.; DP. 1989 
CTR - ORET no 86/151l  

A 9  - Recue l l  des p u b l l c a t i o n s  dans l e  con t ra t  DRET 86/1511 r e l a t i f s  aux d e f a u t s  q u i  

Pnysique T h b r i q u e ,  NICe ( F R )  

LO - OS; M 600-1/86-1511 

peuvent p resenter  l e s  s t r u c t u r e s  hors d ' e q u i l l b r e  i ssues  a ' I n s t a b l l i t & s .  Une forme 
de t u r b u l e n c e  associee aux d e f a u t s  topo log lques .  Defauts  topo log lques  des 
c o n f i g u r a t i o n s  o n d u l a t o l r e s .  T r a n s l t i o n s  dans l e s  systemes 6 l o l g n e s  de l ' e q u i l l b r e  
: approctre de Glnzburg-Landau. Turbulence provoquee par  un de fau t  , ses propr  i e t e s  

. s t a t i s t i q u e s  e t  s p a t l o - t e m p o r e l l e s .  Defauts  e t  b i f u r c a t i o n s  s o u s - c r i t i q u e s .  
AN - I N F O N U  
CC - 20 04  
DE - S t a b i l t t e  &coulement+; Ecoulement c o n d u i t :  Ecoulement c a v l t e ;  Turbulence:  Db fau t ;  

Chaos; Theor ie  b l f u r c a t l o n  

NO - C-09-009883 
FT - LeCons des o b s e r v a ? l o n s  d'ecoulcment chaot ique dans l 'a tmoph&re.  
El' - Lessons f rom o b s e r v a t l o n s  of c h a o t i c  f l ow  i n  the  atmosphere. 
AU 
AF 
DT 
LA 
PO 
JT 
so 
CO 
SN 
LO 

- SCORER R .  S .  
- Imper ia l  C o l l e g e  ( G B )  
- P u b l i c a t i o n  en serte - ENG 
- GB 
- Journal de Mecan!Que Theor 
- VOL 7 ;  pp. 145-16s; 2 1  Ref .  
- JMTAD8 
- 07SC-7240 
- 05;  P 2750  

IS 

que e t  Appl iquee ( F R )  
: 3 F l g . ;  DP. 1988 

AB - C o n t r a l n t e s  de Reynolds : I e  muvement moyen. L ' o p p o s i t i o n  de l a  K t h e o r i e .  
D i f f u s l o n  de moment. Vers un m e l l l e u r  modele : l e  mecanisme de melange. La cascade 
d 'ene rg ie ;  l a  v o r t  l c i t e  ChaOt !que. Turbulence thermique. Turbulence haute a1 t l t u d e  
dans I 'a tmosphere.  Fermeture e t  v a l i d a t i o n  de modkles. Theor ies s t a t i s t i q u e s  e t  
Spectres de Dulssance, :Analyse d imens ionne l le  e t  s i m i l l t u d e .  MBcanlsmes de 
c o n c e n t r a t l o n  n a t u r e l l e .  

AN - INFO/VU 
cc - 0 4  01: 20 0 4  
DE - Turbulence atmosph&rlque*; Modele ecoulement.: Model i s a t  i o n + :  Chaos 





I AGAJXD-LS- 19 I 1 ISBN 92-835-07 14-2 UNCI.ASSIP;IEI>/ 
I I UNLIMI'TEII --- -- I- ~ _ _  .-..-a 

c -- 
; 5.  lkiginator Advisory Group for Aerospace Research and Developmcnt 
I North Atlantic Treaty Orgbization 

7 rue Ancelle, 92200 Neuilly sur Seine, France 

NON LINEAR DYNAMICS AND CHAOS 
- 
6. Title 

- - 
7. PresQnted on 

- 
8. Author(s)/Editor(s) 9. Date 

Varicus June 1993 

IO. Author'dEditor's Address 1 I .  Pages 

V:1rious I 124 

I_ 
I** Distribuuion saotement There are no restrictions on thc distribution of this documcnt. 

Information abou: the availability of this and other AGARD 
unclassified publications is given on the back covcr. - 

13. KeyworQs/I\exriptors ', 
Nonlinerdr systems Irreversible processes 
Fractal geometry Fluid dynamics 
Nonlirc ear differential equations Meteorology 
Thern lodynamics Flight control 

-- - 
14. Abstract 

In the last decade many efforts have been oriented towards the understanding of thc unexmcted 
behaviour of systems - linear or non-linear. These could be large (weathcr systems, biological 
life) or small (automatic pilot). A new branch of dynamics is now ccnsidcrcd; it IS called "Chaos". 
Sonic yeneral theories have emcagcd and reconsideration of conc:pts of non-linear control to 
determine the stability of such systems is now intcn3ively studied in thc scientific community. 
It is planned that the following topics will be covered: 
- Linear (including time varying coefficients equations) vs non-linear systems. Types of non- 

linearity: curved characteristics, jumps, bifurcation 
- Non h e a r  dynamics; sensibility to initial conditions and/or Uncertainties on the systcm 

parameters. Robustness 
- Neuronal-type machines 
- Chaos - Random process behaviour 
- Reversibility and irreversibility; Newtonian mechanics and thermodynamics 
- Fractals 
- Applications: - Fluid mechanics, meteorology 
- Aircraft behaviour 
- Mechanical systems. 

This Lecture Series, sponsored by the Guidance and Control Panel of AGARD has been 
implemented by the Consultant and Exchange Programme. 

: I  





NATO 9 OTAN 1 
FRANCE I 

Tdlkopir (1)47.38.5).99 . T4lar 610 176 

I 

' I  
I 
I 

+. I 





N A T O  ,+ O T A N  

7 RUE ANCELLE '92200 NEUILLY-SUR-SEINE 

FRANCE 

Telefax ( 1 ) 4 7  30 5 7  99 . Telex 610 176 

DISTRIBUTION OF CINCLASSIFIE'II 
AGAR11 YUBIKATI( INS 

Scientific and 'l'cc!!nical Acro\p;icc Kcpcrrtr ( S I A H )  
published hy NASA Scientific and l'echniciil 
Inforniation Program 
NASA Ilcadquarlcr\ ( J ' l - 1 ' ~  
Washington D.C. 20546 
United Stares 

ISBN ! -835-0714-2 



I 

i I 
i I 

i I 

i 
i 

I 

I 

);I 

I 

I 
I 
I 
I 

% I  

+319590*+C+UL+ 


