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Annex B – LASER RANGE EQUATION  
AND DETECTION PERFORMANCE 

B.1 LASER RANGE EQUATION 

Since the subject of our discussion is electromagnetic propagation, the microwave radar range equation 
also applies to laser systems [1]: 
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where: 

PR  = received signal power (W); 
PT = transmitter power (W); 
GT = transmitter antenna gain; 
α = transmitter beamwidth; 
σ = effective target cross section (m2); 
Ka = aperture illumination constant; 
R =  system range to target (m); 
λ = wavelength (m); 
D =  aperture diameter (m); 
τatm = atmospheric transmission factor; and 
τsys = system transmission factor. 

With laser systems [2], the transmitter antenna gain is substituted by the aperture gain, expressed by the 
ratio of the steradian solid angle of the transmitter beamwidth (α)2 to that of the solid angle of a sphere, 
which is equal to the relation: 

 24 απ=TG  (B.2) 

For laser beamwidths on the order of 1 mrad, the typical aperture gain at laser wavelengths is about 70 dB. 
In the far field, we may also write the transmitter beamwidth as: 

 DK aλα =  (B.3) 

Substituting the above expressions for transmitter aperture gain (B.2) and beamwidth (B.3), equation (B.1) 
becomes: 
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Eq. (B.4), obtained from the standard radar range equation, applies only in the far field of the aperture.  
At typical microwave bands of λ = 1 to 10-3 m, the far-field distances are quite short, as shown in Figure 
B-1. The far-field (Fraunhofer) region of an aperture is typically concerned with the distance λ22D  to 
infinity; in this vicinity, the generalised range equation applies. In some cases, the far field distance occurs 
within the feed horn assembly of a microwave antenna. As illustrated by the figure, at λ = 1.064 µm 
(Nd:YAG laser), a 10 cm aperture has a far-field distance of approximately 20 km. As a result, it is not 
unusual to operate in the near-field of the optical systems; thus modifications to the range equation to 
account for near-field operation are required. This near-field effect modifies the beamwidth such that: 
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Figure B-1: Far-Field Distance versus λ for 1 m and 10 cm Apertures. 

B.2 RANGE EQUATION DEPENDENCE ON TARGET AREA 

The effective target cross-section is defined as: 

 dAρ
Ω
πσ 4

=  (B.6) 

where: 

Ω   =  scattering solid angle of target (sr); 
ρ  =  target reflectivity; and 
dA  =  target area. 

Both specular and diffuse reflection components may be considered. However, in practice, physicists tend 
to replace Ω with the value associated with the standard scattering diffuse target (Lambertian target) 
having a solid angle of π steradians. Thus, eq. (B.6) reduces to: 

 σ ρ= 4 TdA (B.7) 
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The cross-sectional area of a laser beam transmitted by a circular aperture from a distance R, is given by: 

 dA R T
=
π θ2 2

4
  (B.8) 

Depending on the target-laser spot relative dimensions we may distinguish three different types of targets: 
extended, point and linear targets. The various forms of the laser range equation applicable to these three 
cases are given in the following paragraphs.  

B.2.1 Extended Target  
For an extended target (Figure B-2), all incident radiation is involved in the reflection process. Thus, for an 
extended Lambertian target we have: 

 22
Text R θπρσ =  (B.9) 

Hence, using eq. (B.4), we have: 
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Figure B-2: Extended Target. 

Therefore, with narrow laser beams, we may have an inverse range square dependency of the range 
performance obtained with a certain target, compared to the standard inverse fourth power of range 
dependency of microwave systems. 

B.2.2 Linear Target  
A linear target, such as a wire (Figure B-3), can have a length larger than the illuminated area but a 
smaller width (d). For a typical diffuse (Lambertian) wire target, the target cross-section may be shown to 
be approximately: 

 dRwirewire θρσ 4=   (B.11) 
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Figure B-3: Linear Target. 

Therefore, the range equation becomes: 
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B.2.3 Point Target  
For a Lambertian diffuse point target (Figure B-4), the cross section becomes:  

 dATpt ρσ 4=  (B.13) 

 

 
 

Figure B-4: Point Target. 
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Substituting the point target cross section in the range equation gives:  
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B.3 RECEIVER DETECTION TECHNIQUES 

Figure B-5 shows diagrams relative to Incoherent Detection (ID) and Coherent Detection (CD) receivers 
[2]. ID receivers at optical wavelengths are similar to video radiometers receivers (i.e., envelope detectors 
at microwave wavelengths). However, optical receivers have an additional term besides the signal term 
(PSIG), the optical background power (PBK) which is due to undesired signals such as sunlight, cloud 
reflections, flares, etc. The received optical power, after suitable filtering, is applied to the optical detector. 
Square law detection then occurs, producing a video bandwidth electrical signal. 

 

Figure B-5: Laser Receiver Systems. 

The coherent detection receiver is similar to the incoherent; however, a portion of the laser signal (fo),  
is coupled to the optical detector via beamsplitters. As a result, the optical detector has the local oscillator 
power (PLO) in addition to the received signal power (PSIG), and the competing background terms (PBK). 

B.4 BACKGROUND NOISE TERMS 

Noise terms in an optical receiver are not the same considered in the microwave receivers. Particularly, 
background noise in optical receivers includes reflections of signals from the earth, the sun, the atmosphere, 
clouds, or any other source that constitutes an undesired signal to the receiver. Signal-induced noise refers to 
the noise caused by the receiver signal itself coming into the detector. Also the received signal causes a noise 
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to be generated. This noise is called quantum noise (Poisson) because it is induced by the signal when the 
signal exists. 

The following equations are those associated with calculating the amount of background radiation that 
may be incident upon a receiver [2]: 

• Blackbody Radiation 
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• Solar Backscatter 

 

 RSYSRIRRlSB ASkP ρηΩλ∆=  (B.16) 

 
• Atmospheric Solar Scatter 

 

 RSYSSRIRRlNS AISkP ηΩλ∆=  (B.17) 

 
where: 

ε  =  target emissivity; 
ρ  =  target reflectivity; 
T  =  temperature (°K); 
∆λ = optical bandwidth (µm); 
AR = receiver area (m2); 
kl = fraction of solar radiation penetrating Earth’s atmosphere; 
SIRR = solar irradiance (W/m2-µm); 
IS = atmospheric scatter coefficient; 
ηSYS = system optical efficiency; 
ΩR = solid angle over which energy radiates from radiating body; and 
σT = Stefan-Boltzmann constant (5.67 × 10-12 W cm-2 °K-4). 

B.5 SNR EXPRESSION DEVELOPMENT 

In general, the signal-to-noise ratio (SNR) of a laser radar system can be expressed in the form [2]: 

 22222
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where: 
2
SIGi   =  mean square signal current; 
2
SNi   =  mean square shot noise current; 
2
THi   =  mean square thermal noise current; 
2
BKi   =  mean square background noise current; 
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2
DKi   =  mean square dark noise current; and 
2
LOi   =  mean square local oscillator noise current (CD systems only). 

The mean squared background noise term may be expressed as: 

 BqPi iBKBK ρ22 =  (B.19) 

where: 

q  =  electron charge (1.602 × 10-19 Coulombs); 
PBK = background power (W); 
ρi = current responsivity (A/W); and 
B = electronic bandwidth (Hz). 

Shot noise is due to fluctuations in the detector output caused by the random arrival of signal photons.  
The mean square shot noise current is given by: 

 22 2 BGqPi iSIGSN ρ=  (B.20) 

where G is the detector gain. 

In the absence of photons at the detector, there is a current flowing, termed the detector dark current (IDK). 
The mean square dark current term in eq. (B.18) is given by: 

 BqIi DKSN 22 =  (B.21) 

The thermal noise current term can be expressed as: 
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where: 

NF  =  receiver noise factor; 
k = Boltzmann’s constant (1.39 × 10-23 J/°K); and 
RL = detector load resistance. 

For coherent detection systems, assuming that a photovoltaic detector is employed, the local oscillator 
induced noise is given by: 

 BqPi iLOLO ρ22 =  (B.23) 

where PLO is the local oscillator power. 

For a photoconductor detector, an additional noise term, called generation-recombination noise ( 2
GRi ),  

can arise: 

 ( )BPPqi SIGLOiGR += ρ42  (B.24) 

The signal current, for incoherent and coherent systems, is determined as: 
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where ηD is the detector quantum efficiency.  

B.6 INCOHERENT AND COHERENT DETECTION COMPARISON 

Considering the various receiver noise and signal terms, two forms of the SNR equation can be obtained, 
for incoherent and coherent detection systems. These two equations are presented below [2].  

• Incoherent detection 

 ( )[ ] ( )THDKiBKSIG
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• Coherent detection 
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where: 

ηD = detector quantum efficiency;  

h = Planck’s constant (6.626 × 10-34); 
f = transmission frequency; 
B = electronic bandwidth; 
PSIG = received signal power; 
PBK = background power; 
PDK = equivalent dark current power ( )2*DBAd= ;  

PTH = equivalent receiver thermal noise =
4kTBNF

R
; 

PLO = reference local oscillator power; 
k = Boltzmann’s constant (1.39 × 10-23 J/°K); 
T = receiver temperature (290°K); 
NF = receiver noise figure; 
RL = resistance; 
Ki = 2

id ρη ; 
Kj = qphf 2 ; 

and: 

ρi = detector current responsivity (A/W); 
D* = specific detectivity (cm-Hz1/2/W); 
Ad = detector area (cm2); 
q = electron charge (1.6 × 10-19 Coulombs). 

The SNR for the incoherent system has the received signal power squared in its numerator, and has a 
summation of noise terms associated with the return signal, the background signal, the dark current,  
and the thermal noise of the receiver in the denominator. The returned signal power and the background 
power are included as noise sources in the detection process because of the random photon arrival rate 
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(Poisson noise). In the coherent detection system, the local oscillator power is an additional source of 
noise (compared to the incoherent system), and the numerator is related to the product of the received 
signal power and the local oscillator power. The local oscillator power is very important in the detection 
process; here, it may be increased so that it overwhelms all of the other noise sources. As a result, the local 
oscillator power in the denominator cancels out the local oscillator power in the numerator; the SNR is 
directly proportional to the received signal power, rather than to the received signal power squared  
(as with the incoherent system). Additionally, because the local oscillator power becomes the predominant 
noise source, the coherent detection system typically is background immune, since only signals that are 
phase coherent with the local oscillator are efficiently detected. 

For coherent detection where the local oscillator power is increased to provide shot-noise-limited 
operation of the receiver, the SNR expression for coherent detection reduces to: 
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 or 
hf
ESNR SIGDη=   (B.29) 

where ESIG is the received signal energy, B is the matched filter bandwidth (B = 1/T) and SNR represents 
the number of detected photons if ηD = 1. 

For a background noise-limited incoherent receiver, eq. (B.27) becomes: 
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Figure B-6 [2], illustrates the reference transmitter power versus SNR relationship for coherent and 
incoherent detection laser radar systems using a 100-ns pulse width, with ηD = 0.5, hf = 1.9 × 10-20 Joules, 

D* = 2 × 1010 

W
Hzcm

, dA = 0.03 cm, ρi = 4 A/W and R = 1 kΩ, at λ = 10.6 µm. It may be observed 

that as the SNR requirement increases, the transmitter power of the coherent system increases linearly, and 
that of the incoherent system increases as the square root. In the limit, incoherent detection systems 
approach the sensitivity of coherent systems for very large SNRs. For a typical SNR requirement of 100 
(20 dB), the coherent system is seen to have a 30-dB increased sensitivity over that of an incoherent 
system. 
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Figure B-6: Transmitter Power versus SNR for Coherent and Incoherent Detection. 
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