
CHAPTER 9

Feedback Control o f Unsteady Motions in Combustors

Persistent problems of combustion instabilities have motivated serious interest in possible application of
feedback control to combustion systems. The idea is quite simple; successful practical implementation is
another matter and truly successful implementations remain to be found. Although some attention has been
given to active control of instabilities in solid propellant rockets, the only reported successes with laboratory
and full-scale demonstrations have been accomplished with liquid and gaseous fueled systems.

Feedback control has become a central element in the development of modern automobile and truck
engines. Great advances have been made in performance over the entire speed range, and in the reduction
of unwanted emissions, notably oxides of nitrogen. The contrasts between, say, a new four-passenger car
and a 1923 Ford three-door black Model T are obvious, but no distinctions are more impressive than those
de¯ning the engines, hybrid or not. Feedback controls, transparent to the driver, now play a large part in
changing the performance|and selling!|of cars. So what about the corresponding improvements already
made in the design of the systems that concern us here?

In fact, there have been considerable advances in the performance of gas turbines|notably emissions
and fuel consumption|for which feedback control has been a crucial matter. Improved design of mechanical
components as well has produced signi¯cant changes. But probably the greatest qualitative di®erence in
the combustors of those systems we treat in this book on the one hand, and those of internal combustion
engines on the other, is cyclic operation. With intrinsically repetitive, in contrast to continuous, injection
and combustion of reactants comes the fundamental variable called `timing'. It is likely that property, more
than any other, that has allowed the evolution we alluded to above in engines for earthbound vehicles. The
systems we discuss here lack that degree of freedom.

With the exception of solid propellant rockets, all practical combustion systems are nevertheless in some
sense actively controlled during their operation. What is special about the subject of this chapter is the
incorporation of feedback, in other words, closed-loop control. That is, control is exerted on a system in a
manner depending on the current or recent state of the system, and in such a fashion as to achieve a desired
result. While feedback control may under many circumstances be exerted by an operator|a ¯ne example is
the rider on a bicycle|we will be concerned here with control not involving human intervention. Moreover,
because the subject of this book is unsteadiness of combustion processes, we restrict attention mainly to the
use of control to eliminate unwanted motions. We do not cover, for example, possible use of feedback control
in the important problem of lean blowout in gas turbine combustors.

Short of the sort of `intelligent' control systems envisioned here, there have been several e®orts in research
programs to gain control over self-excited instabilities in order to obtain better data. A device invented at
ONERA (Kuentzmann and Nadaud 1975) used a rotating exhaust valve to modulate the °ow and impose
pressure oscillations on a burning solid propellant. The purpose was to provide a controllable means of
measuring the frequency response of a burning surface. Subsequently the method was modi¯ed and used
with some success at lower frequencies by several groups in the U.S. and England. Another technique for
switching oscillations on and o® involves a movable ba²e described in the reference manual edited by Culick
(1974). This technique has been used to produce several growth and decay periods of oscillations during
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¯rings of solid propellant devices lasting less than one minute. Similar results have been obtained with the
addition of control resonators, but with much greater di±culty because the temperature in the ori¯ce and
cavity of a resonator changes rapidly during a test, causing great problems with tuning. All such methods
are motivated largely by the need to gain some measure of control over naturally unstable oscillations in
laboratory tests. Here we are more concerned with techniques that have promise for application to full-scale
propulsion systems, intended to extend the operating range free of oscillations.

The origin of the main subject of this chapter was a proposal by Bollay (1951), ¯rst examined in detail
by Tsien (1952), to use a feedback system to control a low-frequency instability in a liquid rocket. No exper-
imental results were obtained. Control of oscillations in a Rijke tube was demonstrated by Dines in a thesis
completed at Cambridge University in 1983, the ¯rst example of feedback control applied experimentally
to a combustion device. That work was soon followed by successful demonstrations by Heckl (1985, 1988,
1990) in her doctoral program at Cambridge. Proposals for other applications have been made|for example,
control of behavior near the lean blowout limit of a gas turbine combustor|but owing to the immediacy of
the problem, main emphasis has been placed on developing control of combustion instabilities.

Subsequent to the demonstrations at Cambridge, and at ¶Ecole Centrale in Paris, widespread interest
rapidly grew, and several signi¯cant research programs began. Feedback control1 of combustion instabilities|
or, more generally, of the dynamics of combustion systems|is a subject of current research, although interest
(and ¯nancial support) seems to have decayed in the recent past. Despite the demonstrated applications,
relatively little has been accomplished in respect to understanding fundamental issues. The reason for this
state of a®airs seems to be that work in this area has been largely in the nature of ad hoc e®orts. That is,
the common situation has been that feedback control has been applied to a combustor already exhibiting
instabilities. Adjustments have then been made empirically until best results (i.e. greatest reduction of the
amplitudes of oscillations) have been obtained. Then, in only a small number of cases, supporting analysis
has been attempted after the fact to explain what happened. No example exists for which the amplitudes of
oscillations before and after exercising control have been predicted a priori. Comprehensive interpretation
of the action of a feedback control system on an operating combustor is non-existent. To correct that state
of a®airs poses di±cult problems because in all cases nonlinear behavior must eventually be treated.

Presently, there are therefore no ¯rm and general guidelines available to designers for use of feedback
control as a method for improving the performance of a design. That is not to say that no progress has been
made. In fact, su±cient knowledge and experience have been gained that possible use of feedback control
indeed merits serious consideration in particular applications.2 There is no question that continuing research
is merited. One purpose of this chapter is to explain brie°y not only the development and current status of
the subject but also the limitations presently understood.

A recent paper by Hermann and Ho®mann (2005) summarizes what is likely the most advanced|and
well-documented|experience with practical application of a system for active control of oscillations in a
combustor. The control system used is a development based on research carried out ¯rst at the Technische
UniversitÄat MÄunchen (Gleis, Vortmeyer and Rau, 1990; Hermann, Gleis and Vortmeyer 1996; Hantschk,
Hermann and Vortmeyer 1996; and Seume et al. 1997). Control of oscillations in a Siemens 267 MW gas
turbine was achieved for extended periods under practical conditions; the system is not now used owing to
other improvements in the machine. The example is discussed further in Section 9.4.

1We prefer the terms feedback control or `active feedback control of combustion' to descriptors such as `active control
of combustion' or `active combustion control', both of which are conveniently abbreviated to ACC. Feedback is an important

aspect of the subject, and if it is absent we will refer simply to `control' or `open-loop control'. Inclusion of the adjective `active'
in `active feedback control' implies that there is a source of energy in the feedback path.

2A much more optimistic view is held by Professor Zinn (2005), clearly put forward in his recent review, \Smart
Combustors|Just Around the Corner."
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It is important to understand that the subject of this chapter di®ers in fundamental ways from the older
and better known ¯eld of `anti-sound' or `anti-noise', a term implying destructive interference. Covered ¯rst
by a U.S. patent issued to Lueg (1936), following the German patent ¯led in 1933, active noise control, or
cancellation, eventually grew into a successful business owing to the developments of miniature electronics.
A well-known consumers' product is the Bose headset costing approximately one-thousand dollars for the
¯nest version available to private pilots in 2006 and a few hundred dollars for the type suitable for less
demanding use. The principle of operation is based on active cancellation of unwanted background noise;
it's a remarkably e®ective device guaranteed to be a pleasant surprise when experienced for the ¯rst time.
Ffowes-Williams (1984), for example, has given an informative early review of anti-sound; much has happened
in the past two decades but we will consider the subject no further.

Active control of combustion is not a matter of destructive interference in a sound ¯eld. In contrast to
active noise control, the process produces successful results by favorable disruption of the sources generating
the sound. This distinction was not always obvious or convincing in early works relying on secondary sources
of sound for control (e.g., see the apparatus used by Dines 1983, sketched in Figure 9.6). However, it seems
that subsequent work has established beyond doubt that all works on active feedback control of combustion
involve modi¯cations of the primary sources as well as additional secondary sources. This aspect of the
general problem is probably the least well understood of all, while being crucial to success.

To place the ideas in a familiar context, we may interpret the intent of feedback control with the help of
Figure 9.1, an extended form of Figures 1.1 and 8.3. In connection with the latter we have seen that passive
control can be used to a®ect favorably either the dynamics of the combustor (mainly the values of the
resonant frequencies and their attenuation) or the combustor dynamics (e.g. by changing the composition of
the propellant or by modifying the injector of liquid reactants). Similarly, feedback control may change the
combustor dynamics or, more signi¯cantly, the combustion dynamics, the processes responsible for providing
energy to unstable motions. However, unlike the case for passive control, we can conceive that feedback
control provides a more °exible means for modifying the system's behavior. That additional capability is
contained in the control blocks labeled Cf in the forward path and Cfb in the feedback path in Figure
9.1, representing control not necessarily associated with the behavior of the combustor or of combustion
dynamics.
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Σ P

Cfb

Cf
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DYNAMICS

COMBUSTOR

DYNAMICS

CQ Q

Figure 9.1. Block diagram for a system containing passive (CG and CQ) and feedback (Cf
and Cfb) control.

The scalar transfer function P=F for the system is3

P

F
=

G(CGCf )

1 +G(CGCf )(CQQ+ Cfb)
(9.1)

3Although the use of block diagrams can be helpful in analysis of nonlinear systems, Figure 9.1 and the following manip-
ulations are restricted to a linear system, here having single-input and single-output, a SISO system.
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We can combine CGCf = H to represent the transfer function of the passively controlled combustor; we let
CQQ + Cfb = Gfb represent passive and feedback control of the combustion dynamics. These de¯nitions
lead to the form emphasizing control in the forward (GH) and feedback (Gfb) paths:

P

F
=

GH

1 +GHGfb
(9.2)

The appearance of P=F is simpli¯ed further by de¯ning Gf = GH and the last formula becomes

P

F
=

Gf
1 +GfGfb

(9.3)

This form, the simplest possible, shows that the block diagram in Figure 9.2 is quite general4 for the basic
linear behavior of combustion systems we are concerned with here, but Gf and Gfb must be interpreted
appropriately. It is therefore adequate for carrying out analysis that we need. The expanded form (9.1) is
useful for maintaining clarity in modeling the system.

F P

G

+

−
Σ

fb

G
f

Figure 9.2. General block diagram of a combustion system with passive and active control.

One purpose of this chapter is to make clear the connections between the possible physical systems we are
concerned with here, and the known methods and principles of feedback control. It is important, however, to
remember that Figure 9.1 and the related powerful methods of analysis which have been developed, almost
always imply, or explicitly require, non-°owing systems. Whether that happens to be a crucial factor in a
particular instance should always be checked.

Figure 9.3 is a generic form of block diagram showing essentially the content of Figure 9.1, but including
external disturbances (`noise') and with some labels commonly found in texts of control theory (e.g., Franklin
et al. 2002). Other forms are possible, di®ering only in detail (e.g. placement of sensors) but the ideas are
the same. The block labeled `estimator' is often called `observer', the term used in the original works; see
Franklin et al., Chapter 7 for a good summary.

All of the material covered so far in this book has been concerned with the part of Figure 9.3 labeled
`system', including passive control. In this chapter we will be dealing with problems associated with the
outer feedback loop containing the `controller'; and, to some extent with actuators and sensors which, with
the system, form the `plant'. The blocks labeled `combustor dynamics' and `combustion dynamics' may
here contain forms of passive control. Note that the diagram in Figure 9.3 contains that in Figure 9.2, Gf
standing for the dynamics of the plant, and Gfb for the controller.

Displays like Figures 9.1 to 9.3 are very useful as convenient summaries; and as helpful aids to guiding
analysis, understanding and just thinking about the problems. Methods based on them have evolved in
the context of classical control theory; have been developed further in modern control theory; and have
occasionally been applied in the main subject of this chapter. It's a seductive strategy that should be
followed with caution, for at least two reasons which may render the methods seriously imperfect or, in
the extreme, useless: the systems considered in this chapter involve °ow of the working °uid; and their
behavior is intrinsically nonlinear. We shall return later to limitations of the methods at present, but only

4Note, however, that external disturbances are not accounted for in Figure 9.1; see Figure 9.3.
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Figure 9.3. A general block diagram for classical and modern control.5(Adapted from a
diagram due to Professor R.C. Murray, private communication.)

in commentary. The ¯eld is generally very promising, but still requires careful and extensive development.
A recent compilation of review articles edited by Lieuwen and Yang (2005) emphasizes the point.

At present there appear to be two principal types of applications of feedback control of dynamics to
combustion systems: control of oscillations in gas turbine combustors operating near the lean limit of com-
bustion; and suppression of combustion instabilities arising in thrust augmentors operated at low °ight Mach
numbers and high altitude, or higher Mach numbers and low altitude (see Figure 2.52). In both cases, un-
derstanding of the unsteady motions occurring in the absence of control is largely semi-empirical (emphasis
placed on both parts of the term!). Consequently, treating practical problems is unavoidably tedious and
expensive. The situation is improving slowly.

As a practical matter, lean blowout (LBO) sets a limit on the operation of a gas turbine. Unexpected
disturbances may cause a combustor to execute a transient carrying operation beyond the LBO limit. Safety
margins are set based on experience, but are occasionally violated in practice. Active control is attractive
as a possible means of avoiding LBO in operating systems.

There is only one reported example of application of feedback control to a full-scale thrust augmentor
(Moran, Steele and Dowling 2000). Because of the requirement for low emission of NOx, gas turbine com-
bustors are commonly designed to operate with lean premixed pre-vaporized (LPP) reactants, as explained
in Section 2.2. An alternative strategy of design, identi¯ed as \rich-quench-lean" (RQL) is currently used by
one manufacturer, Pratt and Whitney, Inc. (Sabnis 2005), and possibly also by Rolls-Royce, Ltd. Most of
our limited discussion here will therefore be devoted to experience with LPP systems, which have inevitably
exhibited problems with combustion instabilities at su±ciently lean fuel/air ratios.

Note in the RTO report:
In order to make this document available for printing, and limited distribution to the most
interested community as early as possible, Chapter 9 was not completed, May 2006. The last
section, 9.5, intended to cover recent progress in applications of feedback control, has therefore
been cut short and forms an abrupt ending to be greatly expanded in its ¯nal version.

5`Classical control' is based on methods (mainly involving the frequency response of a system, Bode plots and the root
locus) which grew from the use of transforms, principally the Laplace transform. The methods are generally applicable only
to linear systems. `Modern control' is based on representing systems and their evolution in state space. Methods have been
developed for analyzing nonlinear as well as linear behavior.
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9.1. The Idea of Feedback Control First Applied to Combustion Systems

The proposal by Tsien (1952) for using feedback control of combustion in a liquid rocket was based on
modulating the capacitance of the supply line of a liquid rocket. Figure 9.4, is Figure 4 of the original paper,
redrawn for inclusion here. With the actuation, the amplitude and phase of energy released in the chamber
might be controlled to combat the common problem of pulsations of pressure at low frequencies (`chugging').

SERVO

INSTRUMENT AMPLIFIER

LINE  CAPACITANCE

CONTROL  CAPACITANCE

PUMP

2
�

2
�

A

Figure 9.4. Schematic of the ¯rst proposal for active feedback control of the dynamics in
a combustion system (Tsien 1952).

Following the reasoning given in Section 1.6.1, we write a model equation for the pressure °uctuation
including a feedback process proportional to the pressure with a time delay, and an external input u(t):

d2p0

dt2
+ 2®

dp0

dt
+ !20p

0 = ¯p0(t¡ ¿) + u(t) (9.4)

The Laplace transform of (9.4) with zero initial conditions leads to

P (s) =
¯e¡s¿G(s)

1¡ ¯e¡s¿G(s)U(s) (9.5)

where P (s), U(s) are the transforms of p0(t) and u0(t), and the transfer function for the chamber is

G(s) =
1

s2 + 2®s+ !20
(9.6)

Equation (9.5) can be interpreted with the block diagram given in Figure 9.5.

βe−sτ

s  + 2 α s  + ω  
2

o
2

1
ΣU (s ) 

+
−

P (s )

Figure 9.5. Block diagram for the system shown in Figure 9.4.

Successful control in this case rests on being able to adjust the parameter ¯ and the delay ¿ within the
frequency range of the dynamics so the roots of the denominator of (9.5) lie in the left half s-plane. The
roots are found as the solutions to

s2 + 2®s+ (!20 + e
¡¿s) = 0 (9.7)

When ¿ = 0, there are of course only two roots, both lying in the left half plane if ® > 0, representing
stable normal modes. However, for ¿ 6= 0, there are in¯nitely many roots and the system is said to be
`in¯nite-dimensional'.
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Tsien's discussion of the problem was much more involved than the preceding summary, relying heavily
on Crocco's formulation of a time lag existing between the moments of injection and combustion of an
element of propellant. The procedure was described in Section 2.3.2. The oscillations are taken to have
su±ciently low frequency that the pressure is uniform (cf. the L¤ instability treated in Section 6.2) and
consequently is governed by a linear ¯rst order equation in time, which Tsien showed to be

¹½V
dp0

dt
+mp0 = ¹pm0(t¡ ¿) + n[m0(t)¡m0(t¡ ¿)] (9.8)

where ¹pV is the total mass in the chamber. The constant n is the same n appearing in Crocco's n ¡ ¿
representation discussed in Section 2.3.2. Hence, the last two terms on the right hand side arise from the
combustion processes while ¹pm0(t¡ ¿) is due to the injection process; it is absent if the rate of injection is
assumed constant.

When the Laplace transform of (9.8) is taken, the exponential e¡s¿ appears in two places. That's the
source of a di±culty when the inverse transform is taken to determine the time histories of the pressure and
mass °ux m0. Tsien solved the di±culty by using a little trick due to Satche (1949) in comments on a paper
by Anso® (1949). See the references for explanations. Software now available allows one to obtain results
without taking special measures to treat the exponentials.

The complete feedback problem represented in Figure 9.4 requires a second equation for the dynamics
of the loop containing the servo. With the additional features, the calculations are more tedious but the
same basic method produces the results required. Tsien showed, with a combination of the Nyquist criterion
and Satche's method for handling the exponential, that the combustion chamber could be stabilized for any
value of the time lag appearing in (9.8).

Marble (1955) and Marble and Cox (1953) extended Tsien's analysis to a bipropellant rocket (oxidizer and
fuel). Although the computations are considerably more complicated, the character of the analysis required
does not change. Crocco and Cheng (1956, Chapter 2) gave a thorough coverage of the works referenced, with
careful attention to computational details and results. There was, in the mid-1950s, considerable optimism
that feedback control might o®er the solution to a nagging problem. When Tsien made his proposal,
some practical di±culties caused realization to be impossible. Without the aid of electronic computers,
investigation of the behavior of the roots of the governing characteristic equation as the time lag was varied
became very tedious. With the availability of digital computers and many versions of the necessary software,
the early methods are now obsolete.

More signi¯cantly, inadequate instrumentation and hardware in the early 1950s apparently blocked
experimental application of Tsien's proposal. So far as the author is aware, no successful tests were ac-
complished although the idea was tried in laboratory tests at Aerojet Corporation. The only residual of
the program seems to be the paper by Lee et al. (1953), an analysis of feedback control applied to a liquid
rocket.

9.2. Early Laboratory Demonstrations

The idea of applying active feedback control to combustion systems was resurrected successfully at
Cambridge University thirty years later. Dines (1983) demonstrated control of a °ame-driven Rijke tube
shown in Figure 9.6(a), using a speaker as an actuator to inject pressure waves. The speaker was placed in a
feedback loop allowing controllable gain and phase. Dines used a light sensor to monitor the light emission
from CH radicals as a measure of heat release. That information was processed as the basis for adjusting
the gain and phase of the speaker. Subsequently Heckl (1985) used the output of a microphone sensing
pressure °uctuations in a much-improved apparatus, Figure 9.6(b), and showed that the amplitude of the
instability could be reduced over a broad frequency range. That result demonstrated that control of the
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combustion instability is not explained by the principal of `anti-sound', which requires a well-de¯ned phase
relation. Eventually the injected ¯eld had a signi¯cant e®ect on the heat transferred from the °ame to the
oscillations.

PHOTOMULTIPLIER

MIRROR

FILTER (CH)

GAUZE  FLAME

RIJKE

TUBE

MICROPHONE

LOUDSPEAKER

GAS

(a)

Phase-shifter Amplifier

Microphone

Loudspeaker
Heat source

L0 lm l + Δl

(b)

Figure 9.6. Feedback control of a Rijke tube by injection of acoustic waves. (a) Emitted
radiation as the sensed variable (Dines 1983); (b) pressure as the sensed variable with air
forced by a blower through the horizontal tube (Heckl 1985, 1986).
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Figure 9.7. An early example of control based on Rayleigh's Criterion (Sreenivasan et al. 1985).
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In her second work on the subject, Heckl (1988, 1990) showed convincingly that for her apparatus, and
the conditions of her experiments, the dominant nonlinear e®ects limiting the amplitude of the oscillations
were associated with °ow in the vicinities of the ends of the tube; and with the energy transfer rate when the
acoustic velocity is of the same order as the mean °ow speed. This seems to have been the ¯rst identi¯cation
of the dominant nonlinear processes in a simple controlled combustion tube. As experiences already discussed
show, the result cannot be generalized. In any case, the experimental work by Dines and Heckl served, with
the ideas of Ffowes-Williams, to form the basis for the ¯rst patent in the ¯eld, granted to Ffowes-Williams,
Dines and Heckl (1986).

At about the same time, Sreenivasan, Raghu and Chu (1985) used secondary heaters in the upper half
of a Rijke tube as actuators, perhaps the ¯rst example of control clearly based on Rayleigh's Criterion.
Figure 9.7 shows the apparatus they used. The idea had been at least discussed for many years and likely
tried informally; some earlier results were reported by Collyer and Ayers (1972) but not in the context of
control. If the °uctuation Á0 of the equivalence ratio has the proper phase and spacial distribution, then the
contribution

R
Á̂(i)ÃndV in the formula for the growth constant can be made negative, so disturbances are

attenuated. In the Rijke tube, the control heater need not be oscillated by external means.

With the source is placed in the upper half of the tube, the °uctuating heat addition arises from
interactions with the velocity and, as implied in Section 2.7, necessarily has the phase lying in the range
to attenuate the waves. That is, the heat source in fact extracts energy from the ¯eld, on the average.
Similar results were reported in the same paper by Sreenivasan et al. with the secondary heaters installed
in an organ pipe and a \whistler-nozzle." The experiments were interesting and useful demonstrations but,
if only because true external control was not exercised, application to propulsion systems seems a doubtful
enterprise.

Following the demonstrations at Cambridge, three groups in Europe launched research programs having
the eventual purpose of applying active control to full-scale systems, a goal which would require roughly
a decade. At Cambridge, Rolls-Royce supported work directed to control an instability in an afterburner;
modest success with full-scale tests was eventually reported by Moran, Steele and Dowling (2000) noted here
in Section 9.5. Work carried out at the Technische UniversitÄat MÄunchen was eventually used as the basis
for the ¯rst demonstration of control of an instability in a large stationary gas turbine (see Hermann et al.
2000 and Section 9.4).

Research at ¶Ecole Centrale in Paris seems to have been motivated in the ¯rst instance more by under-
standing the problem than by rapidly sought applications. Initially, experiments were done in collaboration
with the Munich group (Lang, Poinsot and Candel 1987; Poinsot et al. 1989), using a premixed propane/air
burner in a duct. An acoustic speaker was used as an actuator. Ten years later, problems with the Ariane 5
(see Section 2.2.9) suggested the work reported by Mettenleiter (2000) and Mettenleiter and Candel (2000).
The method, which is described later, has not been used in a full-scale solid propellant rocket.

A series of works carried out at Cambridge in the late 1980s included most signi¯cantly the ¯rst use of
a modulated fuel supply to exercise control of a combustion instability. The program is distinguished by its
orderly development, and results which served as catalysts for research in several other laboratories. Dowling
and Bloxsidge (1984) began work with calculations of the stability of one-dimensional unsteady °ow in a
duct containing an approximately two-dimensional or cylindrically symmetrical °ame held on a `gutter' in a
uniform duct as shown in Figure 9.8. In agreement with experimental conditions set in a rig at Rolls-Royce,
Derby, they assumed the °ow to be choked at the inlet to the duct, and exhausting to atmospheric pressure.
The °ow ¯eld was approximated as one-dimensional except that the orientation of the °ame was accounted
for, as shown in Figure 9.8. Fluctuations in the axial °ow speed cause the °ame to move to and fro. Following
Dowling and Bloxsidge, suppose that the °ame remains anchored at the lip of the gutter so that during the
unsteady motions, the reacting sheet rotates about the lip, causing its area to change when the °ow speed
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Figure 9.8. The geometry of the rig at Rolls-Royce, Derby, with one set of °ow conditions
(Dowling and Bloxsidge 1984).

does so. This motion is represented by the relation

b2 ¡ b1
sin μ

dμ

dt
= (u1g sin μ)

0 (9.9)

where (b2 ¡ b1)= sin μ is the length of the °ame, and u1g is the speed at the lip (Figure 9.8). For small
harmonic motions, this formula gives the connection between the complex amplitude of the rotations and
the °uctuation of axial speed6

μ̂ = ¡ sin ¹μ

¹u1g cos ¹μ ¡ i! (b2¡b1)sin ¹μ

û1g (9.10)

For a two-dimensional or cylindrically symmetric °ame, Dowling and Bloxsidge found the change of area Ŝf
due to an increment μ̂ in angle to be

Ŝf
¹Sf
= ¡cos

¹μ

sin ¹μ
μ̂ =

1

1¡ i!(b2 ¡ b1)=¹u1g sin ¹μ cos ¹μ
û1
¹u1

(9.11)

Heat is released by the °ame at the rate ½1ufSf¢H, where uf is the °ame speed and ¢H is the enthalpy
change in combustion. Then the °uctuation in the total heat release rate for the °ame is

Q̂
¹Q
= ¡ ½̂1

¹½1
+

1

1¡ i!(b2 ¡ b1)=¹u1g sin ¹μ cos ¹μ
û1
¹u1

(9.12)

In this model of the problem, Q̂= ¹Q represents a possible mechanism for an instability. The result (9.12)
with the linearized equations of motion; the equation of state for a perfect gas; and the boundary conditions
that the °ow is choked at the entrance and open to the atmosphere at the exit (see Figure 9.7), de¯ne a soluble
problem. Dowling and Bloxsidge found that the °ow should be unstable over a broad range of equivalence
ratio, with fairly reasonable agreement between their calculated results and observations at Rolls-Royce.
This basic model of the instability was developed in subsequent works.

Reports of the completed work were published by Langhorne (1988) covering the details of experiments;
and by Bloxsidge, Dowling and Langhorne (1988) discussing their theoretical results for interpreting the
experimental results. Both papers were concerned with the apparatus sketched in Figure 9.9(a). The work
is particularly distinguished by the collaboration of experiment and theory. That is perhaps an obvious
strategy to encourage, but it seems that too often experiments have been carried out without useful e®orts
at applying or working out theoretical ideas. Without at least an approximate `theoretical' framework it
is di±cult to discern the extent to which experimental results may be general or useful (or, perhaps, even
correct).

6Because the Cambridge group uses ei!t where here we use e¡i!t, the sign of ! here is everywhere di®erent from that in
the original paper.
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Because the results reported contain more detail than is appropriately covered here, we restrict our
discussion to three items: frequencies of oscillation; amplitudes of limit cycles; and mode shapes. The
observed limit cycles referred to here are of course not the ideal forms having constant amplitudes, but are
motions having dynamical properties approximately constant for some ¯nite time. Because the experiments
used blow-down apparatus, tests were limited to lengths of about twenty minutes. The fuel was ethylene
(C2H4) injected through a manifold upstream of the choked nozzle. Measurements of the equivalence ratio
con¯rmed that mixing was essentially complete upstream of the °ame holder; combustion was ignited down
stream of the gutter. In a typical test, after a °ame was established, steady incoming °ow was maintained
with Mach number usually 0.08, with a few results obtained at ¹M = 0:15. Later tests reported by Macquisten
and Dowling (1993) were carried out with Mach numbers between 0.15{0.27.

70 mm

Fuel manifold

x

Air

Fuel

(air and ethylene)

Quartz tube

Premixed gas

Flame stabilized in the

wake of the gutter

Fixed nozzle
at inlet

(a)

Choked plate

G

Vibrator

V (t)
p  (t)

T

Feedback circuitry

Pressure transducer

Flameholder

(b)

Figure 9.9. Cambridge apparatus. (a) Fixed nozzle for studies of longitudinal instabilities
(Langhorne 1988); (b) Variable nozzle for experiments to determine transfer functions and
for active control (Bloxsidge et al. 1988a, b).

Oscillations were excited and assumed to be driven mainly by interactions between acoustic waves and
the combustion processes; no consideration was given to entropy waves or to possible in°uences of vorticity.
Hence, the primary variables to be determined by measurements are the unsteady pressure; and heat release,
the mechanism for the unstable waves. The pressure was measured using accurate commercial transducers
and a high-quality microphone (BrÄuel and Kjaer). The heat release was determined indirectly, from the
light emitted by species in the °ame. Following previous researchers (Hurle et al. 1968 may have been the
¯rst), Langhorne used emission from C2 radicals, assuming that the rate of heat addition is proportional
to the intensity of radiation. The method is potentially subject to substantial errors from several causes; a
discussion of the problems was not o®ered by the authors, and is outside the present discussion. Langhorne
took care with peripheral experiments to try to minimize the errors.

An example of the distributions of the magnitude and phase for the pressure are shown in Figure 9.10(a).
Data and two computations of the unsteady pressure ¯elds are taken from Figure 4 of Langhorne (1988).
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The transfer function for the unsteady heat release; and the steady heat release all inferred for the same
test, are shown in Part (b) of the ¯gure.
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Figure 9.10. Magnitude and phase of the pressure distribution (a) and the transfer func-
tion for heat release (b) for one con¯guration of the test apparatus shown in Figure 9.9(a).
The solid lines are spline ¯ts to the data. Adapted from Figure 4 of Langhorne (1988).

Two di®erent sorts of unsteady behavior were described by Langhorne, called convecting and concurrent ,
identi¯ed according to the dependence of the unsteady C2 emission on space and time. In the ¯rst case,
the phase of C2 radiation (hence, by assumption, the heat addition) varies linearly with respect to that of
the pressure. For the second case, the phase di®erence is small and approximately constant. Concurrent
behavior then provides, according to Rayleigh's Criterion (Section 6.6), the most favorable conditions for
supporting unstable motions.

Apparently, for many test conditions a °ame extends from the °ameholder, or `gutter', as shown in Figure
9.8, until it strikes the lateral walls. Initially when the °ow is unsteady, convecting behavior dominates, but
if `established buzz' occurred (large amplitude pressure oscillations) Langhorne found concurrent behavior
downstream of some axial position upstream of the anticipated intersection of the °ame with the walls.
Then \...the °ame alternately ¯lls the duct then contracts, leaving only a kernel of °ame on the gutter."
That sort of behavior was evidently always (?) observed for equivalence ratios greater than about 0.65, with
accompanying strong oscillations. The paper contains further observations not covered here. Unfortunately
there are no pictures of the °ow, although some were taken.

In Part 2 of the work, a one-dimensional `theory' was worked out to give mainly the frequency and mode
shape of the instability. For all cases considered, the mean heat release was assumed to have the same piece-
wise linear distribution with constants adjusted for di®erent conditions. The authors correctly recognized
that the most important part of the unsteady problem is the heat release provided by the unsteady °ame.
Their discussion of their procedure for developing the modes of an unsteady °ame and the accompanying
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unsteady heat release occupies nearly one-third of Bloxsidge et al. (1988). The experimental basis was
established by measurements using the apparatus shown in Figure 9.9(b) without the feedback shown (i.e.,
G = 0). The °ame anchored at the gutter was exposed to small, approximately sinusoidal perturbations
produced by the oscillating nozzle. Measurements of the light emission gave an approximation to the phase
between the heat release and the velocity at the lip of the gutter similar to that given above,

q̂(x)

¹q(x)
=

1

iSt

μ
1¡ e

i¯St

iSt

¶
ûG
¹uG
e¡i!¿(x) (9.13)

where St = 2¼!rG=¹uG is a Strouhal number de¯ned with rG the radius of the gutter; ¹uG is the local
°ow speed; and ¿(x) is a time delay, the time for a disturbance to pass from the gutter at xG to position
x, ¿ = (x ¡ xG)=¹uG. For the conditions of the experiments, the author found that the second term in
parentheses is the larger of the two and approximately

q̂(x)

¹q(x)
=

^́G
2¼rG

e¡i!¿(x) (9.14)

The displacement of a °uid particle is ^́G at the lip of the gutter. Boundary conditions for choked °ow at
the entrance (x = 0) and subsonic exhaust °ow (x = L) complete the formulation. Figure 9.10 shows one
example of six cases computed by Bloxsidge et al. (1988). The results of a simpli¯ed version of the problem
were also discussed by Dowling (1988). Because the treatment is linear, the actual values of the amplitude
could not be computed, but generally fairly good agreement between calculated values of the frequency
and observations was found (7% di®erence, about 6 Hz). Also, the authors report good results for changes
with inlet Mach number; equivalence ratio; and geometry, the length of the chamber and location of the
°ameholder.

Probably the weakest part of the entire analysis is the description of the unsteady heat addition. Al-
though the model seems a simple, realistic basis for the calculations, the intermittent character of the
unsteady burning, suggestive of vortex shedding, is not captured in the analysis. Apparent similarity be-
tween experimental results and calculations shown, for example by plots of q̂=¹p such as that in Figure 9.10,
is not consistent with the behavior cited by Langhorne in the quotation above. As we have discussed several
times with examples in Chapters 2 and 6, vortices, or identi¯able regions of concentrated vorticity shed
at °ameholders of various con¯gurations, are common phenomena arising in combustion instabilities. The
general problem has not been satisfactorily solved.

Following the early experiments on control of oscillations in Rijke tubes by Dines (1983) and Heckl
(1985, 1986), the initial results on feedback control at Cambridge were reported by Bloxsidge et al. (1988)
and Langhorne et al. (1989). They ¯rst used the device shown in Figure 9.9(b) showing that control of
the oscillations was exercised by operating the movable nozzle in a feedback path. Figure 9.11(a) shows the
e®ect of control on the oscillations in the duct, and Figure 9.11(b) is the spectrum of the unsteady pressure,
all measured upstream of the °ameholder. The authors conclude that their method of control worked by
increasing the °ux of acoustic energy loss at the downstream end of the duct. Their analysis is incomplete,
having nothing to say, for example, about the substantial reduction of the second harmonic clearly evident in
Figure 9.11(b). This may be simply due to a decrease in the consequences of nonlinear coupling causing °ow
of energy from the fundamental to the second harmonic, but the matter is not addressed in the paper. The
overall performance of the system was, however, quite promising, the peak of the spectrum being reduced
by 20 dB (or 12 dB according to a second paper by Bloxsidge et al. 1987); and the total acoustic energy
in the range 0{800 Hz was lower by 10{11%. One is left wondering why the reduction of amplitude is this
large|or this small.

Although appearing in print earlier, the 1987 paper by Bloxsidge et al. contains some analysis and design
of the control system which is not included in their 1988 paper. Evidently motivated in part by consultation
with a colleague expert in control theory, the authors use a method of `loop shaping' to improve the control
system by inserting elements (e.g. a Butterworth ¯lter as well as a phase shifter and two additional ¯lters)
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Figure 9.11. Unsteady motions in the test rig shown in Figure 9.9(a). (a) Pressure, velocity
and light emission between the inlet nozzle and °ameholder; (b) spectrum of the pressure
(Bloxsidge, Dowling, Hooper and Langhorne 1988).
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Figure 9.12. The device for mixing secondary fuel and air at the upstream end of the
°ameholder shown in Figure 9.9 (Langhorne et al. 1989).

in the feedback loop. The discussion of the design process is the ¯rst application of modern feedback control
design to a combustor, quite detailed, and helpful in understanding the current work as well as later works by
others. It is out of place to cover the subject here; the inclusion of a bit of control theory serves to emphasize
the point that attempts to use active control for improving the performance of combustion systems must
pay attention to both the principles of control and to the physical behavior of combustion processes. It is in
respect to the second that much of the reported work seems often to fall short.

In their second work on active control, Langhorne, Dowling and Hooper (1990) reported the ¯rst use
of secondary fuel injection to reduce a combustion instability. Again they used the apparatus shown in
Figure 9.9(a), but the device sketched in Figure 9.12 was installed at the upstream end of the °ameholder.
Automotive fuel injectors, essentially solenoid valves, pulsed the in°ow of fuel. In operation, then, the °ame
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is supplied by the primary premixed stream, plus a non-uniform supply of pulsed fuel/air mixture. The
secondary air °owed steadily; only the secondary fuel was pulsed. Because the control supply of °ow entered
through twenty-four radial holes (see Figure 9.12), mixing in transverse planes was likely quite good. Control
was exerted by varying the voltage operating the solenoid valves, thereby changing the fuel °ow only. In
the paper, the discussion of the test results draws virtually not at all on the picture of the °ow developed
in the works described above, but is based principally on some ideas of linear control theory. For the most
part, the analysis used is that worked out in the 1987 paper by Bloxsidge et al. , although there are some
di®erences in detail.

Langhorne et al. found that with the addition of fuel at a rate equal to 3% of the steady °ow, the peak
of the pressure spectrum was lower by 12 dB. The acoustic energy in the range 0{400 Hz was reduced by
18% when oscillations were controlled. That (fractional) amount of fuel °ow is too large for many practical
applications. Later systems have been shown to be less demanding in their requirements.

Soon after the early Cambridge work on control of combustion instabilities, the group at ¶Ecole Centrale
in Paris began a modest collaborative program of research with a group at Technische UniversitÄat MÄunchen.
Both groups had experience for some years with oscillations in laboratory combustors; the new feature
was the application of control. A postdoctoral researcher from Munich (W. Lang) was the live connection

between the two institutions, participating in tests performed at ¶Ecole Centrale. Two experimental devices
were used, shown in Figures 9.13 and 9.14 (Lang et al. 1987; Poinsot et al. 1987).

The simpler apparatus, Figure 9.13, was a vertical tube containing a °ame burning premixed gases at
the midpoint. An approximate analysis of this burner has been given in Section 2.7. It is not truly a Rijke
tube because its operation does not require that the °ow be induced by buoyancy. At an equivalence ratio
of 0.8, and °ow rate of 0.23 l/s, the system oscillated at 630 Hz, with an amplitude of 220 Pa, i.e., 2:2£10¡3
atmospheres. This was the second acoustic mode, approximately three-quarters of a wavelength contained
in the tube closed at the bottom and open at the top. The main purpose of the tests was to demonstrate
application of feedback control using a speaker as actuator and a microphone as sensor, both items contained
in the single feedback path shown in Figure 9.13(b). Various combinations of the locations of the actuator
and sensor were reported, including cases when both were on the same side of the °ame vertically, location
D, but placed on opposite sides of the tube. Satisfactory suppression of the instability could be obtained in
all cases treated, the noise level being reduced to 1/2 its original value in the best case.

COMBUSTION

CHAMBER

PREMIXING

CHAMBER

FLAME

HOLDER

A

B

C

D

PREMIXED

GAS

(a)

MICROPHONE

SYNCHRONIZED

GENERATOR

AMPLIFIER
PHASE

SHIFTER

FILTER

PHASE AND AMPLITUDE

REFERENCE SIGNAL

LOUDSPEAKER

(b)

Figure 9.13. Apparatus used in the ¯rst tests of feedback control of combustion at ¶Ecole
Centrale and the Technische UniversitÄat MÄunchen. (a) Tubular burner exhibiting oscilla-
tions; (b) the con¯guration with provision for feedback control (Lang et al. 1987; Poinsot
et al. 1987, 1989).
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Although the authors suggest at the beginning of this paper that their experiments demonstrate `anti-
sound', they (correctly) later note that the control \system suppresses the noise source by directly controlling
the sound emission by the °ame." The point is that, unlike noise control by the use of anti-sound, (Ffowes-
Williams 1984), the process demonstrated in this work, as in the Cambridge tests, involves active modi¯cation
of the processes in noise production, and the coupling between the motions of the °ame and the acoustic
¯eld. It's an important fundamental point distinguishing combustion systems from most electro-mechanical
systems which have been the usual subjects of control. Application of control in the present case is necessarily
accompanied by changes in the properties of the system, properties which contain both the causes and
corrections of the problem (the instability).

At essentially the same time, tests at μEcole Centrale were carried out with the apparatus shown in
Figure 9.14. The duct burner, Figure 9.14(a), was used to demonstrate feedback control in a con¯guration
somewhat closer to those of practical systems, and under somewhat more realistic conditions. Results were
obtained for turbulent °ows, and reactants not premixed. The combustor, downstream of the injector, had
quartz windows in the lateral walls, was thirty centimeters long and had cross section 10 cm £ 5 cm. Tests
were performed with an air°ow rate of 24 g/s, and equivalence ratio of 0.4; the combustor then operated at
250 kW, which should be compared with the 1 kW burner in Figure 9.13(a).

The control system used speakers shown in Figure 9.14(a); apparently the instrumentation was identical
with that indicated in Figure 9.13(b). Figure 9.14(b) gives a clear picture of the e®ectiveness of (even) simple
actuation. At 230 Hz the peak in the microphone signal was reduced by 24 dB. As implied in the Cambridge
reports, but shown explicitly in the work at μEcole Centrale, the °ames responsible for the instability were
noticeably a®ected by the actions of the oscillations. Figure 9.14(c) shows schleiren photographs of the region
containing the processes of injection, mixing and combustion. Control of the system was accompanied by
streamwise stretching of the two-dimensional mixing layers formed by the injected gas jets. Evidently the
apparent periodic `pinching-o®' process was interrupted by the action of control, as suggested by comparison
of the pictures (i) and (ii), part (c) of the ¯gure. Part (c) is a striking example of one property distinguishing
control of combustion systems, that the action of control itself changes the system being controlled. That
characteristic is fundamental and quite likely lies behind many of the di±culties in this ¯eld, blocking success
with practical systems. Although the two situations are unrelated, note the suggestive similarities between
the °ows shown in Figure 9.14(c) and in Figure 7.37 for a rearward facing step.

Some further discussion and additional tests of details of the work were included|e.g. use of the control
to aid study of the initiation and growth of the instability|but to a large extent the problem remains
open. It seems that the setting chosen for these tests still o®ers a good possibility for studying fundamental
behavior not yet well understood.

Soon after the results at Cambridge and ¶Ecole Centrale became known, a small program of feedback
control was begun at the General Electric Corporate Research and Development Laboratory, initially with
two closely connected e®orts reported by Goodman and Houpt (1991) and by Gulati and Mani (1992).
The apparatus was essentially the same for the two works, sketched in Figure 9.15(a). Each demonstration
used the combustor having length a = 0:5 m and cross section 5 cm £ 5 cm, and a perforated plate as a
°ameholder. Flow rates of premixed air and methane varied from 200{500 ml/s, giving velocities 8{20 cm/s
and equivalence ratio from the lean limit (Á = 0:6) to (Á = 1:4). For the lengths used, the frequencies of
observed oscillations were mainly below 10,000 Hz.

Figure 9.15(b) shows two examples of the spectra measured when (i) there was no °ame (but °ow); and
(ii) when there was a °ame controlled and uncontrolled. The °ow rates were 220 ml/s (Á = 0:8) and 330 ml/s
(Á = 1:0). A dominant peak appeared in all cases. It was identi¯ed by the authors as the second longitudinal
mode of pressure, having an antinode at upstream end (approximately closed by the speaker); and two nodes,
one upstream of the °ame and one at the open exhaust. As comparison of (i) and (ii) in Figure 9.21(b)
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Figure 9.14. Feedback control at ¶Ecole Centrale (a) apparatus with a 250 kW combustor;
(b) e®ects of control on the light emission; (c) schlieren photographs of the combustion
region (i) without and (ii) with control (Poinsot et al. , 1987, 1988, 1989).

shows, modes having higher frequencies were favored by higher °ow speeds. Unfortunately, the controller
became less e®ective as the °ow speed increased. The controller acted by adjusting the amplitude of waves
injected by the speaker, and their phase relative to the measured wave. As the °ow speed increased, the
usable ranges of amplitude and phase of the control signal became less. At equivalence ratios greater than
0.8 and °ow speeds greater than 330 ml/s the control system would not suppress oscillations. Because the
speaker (the actuator) was not a®ected by the °ow, the authors concluded that reduced performance of the
control system was likely caused by unfavorable characteristics of the controller.

To improve the performance of their system, Gulati and Mani modi¯ed the design of their controller
by appealing to ideas of `loop-shaping', following the ¯rst application of this approach to a combustion
system by Bloxsidge et al. (1987, 1988). The general idea (see, e.g., Doyle, Francis and Tannenbaum 1992,
McFarlane and Glover 1992) is that the performance of a feedback system depends on the transfer function
of the `open loop', for example GfGfb in Figure 9.2. Thus, to understand the behavior of the closed-loop
system, for which the transfer function is GfGfb=(1 + GfGfb), we really need to know and work with the
much simpler function GfGfb for the open-loop.
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The basis for doing so was established in 1932 by Nyquist in his wonderful paper \Regeneration Theory,"
`regeneration' being a synonym for feedback. Annex G here is a discussion of Nyquist's `criterion', the relation
(G.10),

Z = N + P (9.15)
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Figure 9.15. GE demonstration of feedback control, results for the ¯rst type of controller;
(a) sketch of apparatus and instrumentation; (b) measured power spectra for (i) °ow only,
and (ii) with a °ame (Gulati and Mani 1992).
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where Z is the number of zeros of the transfer function for the closed-loop system in the right half s-plane;
P is the number of poles of the transfer function for the open-loop system; and N is the number if counter-
clockwise encirclements of the point ¡1 by the polar plot of the open-loop transfer function.

N = ¡P¸ 0 (9.16)

Examples, and much theoretical work with Nyquist's Criterion, make use of explicit forms for the loop
transfer function, labelledHG in Annex G. In contrast to the choice by Bloxsidge et al. (1987) and Langhorne
et al. (1990) to use simple approximations for HG, Gulati and Mani constructed HG from measurements
on their system. Based on the results, they changed the components in the controller as required. The
measurements include the dynamics of the °ame, but must be performed under conditions when oscillations
due to instabilities are suppressed. Figure 9.16 shows an example of a Nyquist diagram obtained from the
measurements. Results discussed in the reference led to inclusion of a notch ¯lter to eliminate a peak in the
spectrum, and a lead compensator to correct for an additional phase shift. That approach gives wider gain
and phase margins (see the discussion in Annex G and Figure G.8).
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Figure 9.16. A Nyquist diagram recorded by Gulati and Mani (1992) for their combustor
with their ¯rst controller. Because of their choice of conventions, encirclements of +1 rather
than ¡1 are counted (cf equation 9.15); only half of the symmetric diagram is shown.

Using essentially the same apparatus, Houpt and Goodman (1991) also applied principles of control
theory to improve the design and performance of a controller indicated by the dashed box in Figure 9.15(a).
Like Gulati and Mani, they measured open-loop dynamics and Nyquist plots for several variants of the system.
The emphasis of the brief work is on di±culties arising with control of a distributed system approximated
as a lumped-parameter system, no attention being directed to the consequences of possible changes in the
hardware or characteristics of the combustion processes. Thus the work is directed to adaption of methods
well-known for control of electro-mechanical systems to systems involving °ow and combustion. The results
are much less important than the tack taken.

In a little noticed short paper, Tierno and Doyle (1991) reported an interesting demonstration of applying
system identi¯cation as the basis for controlling the oscillations in an electrically-driven Rijke tube. A speaker
was used as an actuator and a small FET microphone was the sensor, both devices placed near the intake to
the tube. The open-loop transfer function H(s) for the combined system of ampli¯er, speaker, Rijke tube
and microphone was measured for su±ciently high °ow rate giving stable operation, and represented by a
collection of second order systems:

Y (s)

D(s)
= H(s) =

MX
n=1

bncn
s2 + 2±n!n + !2

(9.17)
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Figure 9.17. Schematic of a Rijke tube apparatus (a) and the block diagram (b) for loop
shaping design (Tierno and Doyle 1992).

Because control is exercised under conditions when the system is unstable|so H(s) is not exactly given
by the function on the right side of (9.17)|the control system must have certain amount of `robustness.'
Except in the range of frequencies 200{400 Hz, equation 9.17 is quite a good representation for 100 < f <
2000 Hz, a range containing about ten modes.

With the objective of reducing the quality factor (center frequency divided by the 3 dB bandwidth of
the spectrum) of the two lowest modes, the authors follow a procedure for designing a controller based on
`loop-shaping' (McFarlane and Glover 1989, 1992). Figure 9.17(b) shows the con¯guration for the loop-
shaping design procedure. The loop-shaping weight WLS is de¯ned by the shape L(s) required to meet the
performance speci¯cation, which in this case if jLj À 1, where

L(s) =WLS(s)H(s) (9.18)

with the chosen weight

WLS(s) =
7

(s+ 1500)(s+ 3000)2
(9.19)

Design of the controller, Figure 9.17(b), involves calculations which we will not cover here, and are only
referred to by Tierno and Doyle.

The main result is successful reduction, by the closed loop control, of the resonances exhibited by the
open loop system. Figure 9.18 shows an example for unspeci¯ed °ow rate and heater power. The system
did not sustain limit cycles at the reduced levels reached where closed loop control was applied.

This is an interesting demonstration introducing the use of a `loop shaping H1' technique similar to
that used in the GE work (Horupt and Goodman, 1991; Gulati and Main, 1992). A signi¯cant di®erence is
the use of an electric heater to drive the instability. Thus the dynamics of the heat source are quite di®erent.
No investigation of the di®erences between the two cases has been published.

Application of feedback control to combustion systems requires merging two historically distinct ¯elds
of study to form a third new ¯eld. Historically, virtually no single person has simultaneously had experience,
knowledge, and depth of understanding in both originating ¯elds. As a result, emphasis in particular works
has tended to lie on one side of the other. As a practical matter, it has been a natural tendency that a
combustion group (in a university or in a commercial organization) would invite people with background
in controls to participate, or advise, in a research project. The interesting|and instructive|aspect of the
work at General Electric is the very substantial in°uence exerted by the controls people. Unfortunately, the
program was abandoned, leaving still unanswered many questions raised by the limited tests, and incomplete
interpretations of the behavior observed. Similarly, the demonstration reported by Tierno and Doyle did not
lead to further work elaborating their only study.
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Figure 9.18. Open and closed loop power spectra for the Rijke tube shown in Fig-
ure 9.17(a) (Tierno and Doyle 1992).

9.3. Modal Control for Combustion Systems

It is probably not an exaggeration to claim that the experimental work with elementary situations in
the 1980's had exposed the general character of most of the basic problems to be overcome before control
of combustion systems could be regarded as successfully achieved. Before we review progress to date, it is
helpful to summarize the general basis for our subsequent remarks.

Given that at a su±ciently high level practically all control systems ¯t the picture shown in Figure 9.1,
and further that the principles of linear control are well-known and their applications highly developed, it
is a reasonable question: What is special about the problem of controlling the dynamics of a combustion
system? Perhaps the best simple answer is that combustion systems bring together at least ¯ve de¯ning
characteristics each of which individually already may be di±cult to treat in control of other kinds of systems:

² internal instabilities
² substantial time lags
² intrinsic nonlinearities
² substantial internal noise
² the action of control changes the properties of the system

The fact that the system is unstable|the origin, after all, of the problems discussed here|is not unusual, nor
is the presence of time lags. Control of nonlinear systems has successfully been treated in special cases and
it seems that much is known about controlling some kinds of nonlinear behavior in other types of physical
systems. Presently the signi¯cance of noise in respect to controlling combustion systems is not understood;
the matter merits consideration since often in combustion chambers the levels of noise are not negligibly
small compared with those of the instabilities. When a combustion system is controlled, signi¯cant changes
in the de¯ning characteristics, such as the distribution of average energy release may occur. In fact those
changes may account for elimination of an instability. That sort of behavior is quite di®erent from the usual
situation in a mechanical system whose de¯ning properties such as masses, are not normally a®ected by the
action of control.

All ¯ve of the items listed above raise issues of modeling, analysis and, ultimately, experimental work.
In the context of control, that situation justi¯es the principal thrust of this book. The general framework
based on spatial averaging is attractive for at least two important reasons:

(i) the process of averaging tends to reduce the consequences of errors in details of modeling;
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(ii) there is a wonderful match between the methods of feedback control in state space on the one hand;
and the theory of combustor dynamics based on spatial averaging and expansion in acoustic modes
on the other.

In the literature of control theory this merging of control theory and the behavior of a continuous system
is often called `control of a distributed parameter system.' Note, however, that label normally implies
representation|i.e. a mathematical model|of the system based on partial di®erential equations.

The main subject of this chapter is perhaps more appropriately identi¯ed by the standard term modal
control, using a representation of the system based on ordinary di®erential equations describing the ampli-
tudes and relative phases of the modes. Modal control has been developed mainly in the ¯eld of structures,
non°owing systems generally, which can be represented as `lumped parameter' systems by working with
Lagrange's equations. Figure 9.19 shows one way of summarizing the scheme we have discussed in the pre-
ceding eight chapters. Matters of control arise in the bottom line of blocks. Our remarks here are limited
to linear control, which encompasses both classical and modern control. It is essential to understand the
well-established principles of classical control. However, for several reasons it is often preferable to treat
control of combustion systems within modern control theory, using representations in state space.

parameters (M  , M'   

Expansion in 2 small

Physical
System

Physical laws

Model of the physical system
based on general principles

and conservation laws

rr )

PDE linear in  M   and M'r r

Linear ODE for modal
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Nonlinear ODE for modal
amplitudes and phases

Linear
stability

Continuation
methods and
bifurcations

Nonlinear PDE and
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higher order in  M

PDE nonlinear in  M'   andr

r

Spatial averaging
Modal expansion

Work in
Progress

Linear
control

nonlinear in  M'

PDE linear in  M   andr

r

Nonlinear
control

Figure 9.19. The general scheme according to the procedures followed here for connecting
the physical system (a combustor), physical modeling, mathematical modeling, dynamics
and control.

It happens that the formulation based on spatial averaging becomes a state space representation by
simple rede¯nition of symbols. Hence the entire apparatus of modern control theory becomes immediately
applicable. The group at Penn State, for example, seems to have been ¯rst to take advantage of that
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attractive feature (Fung, 1991), as described in Section 9.3.1 Many subsequent works by other groups are
related in some respects or other.

The basic idea is quite straightforward, following from the form of the equations (3.53) and their boundary
conditions (3.55) governing the evolution of arbitrary unsteady motions in a combustor:

r2p0 ¡ 1

¹a2
@2p0

@t2
= h+ hc (9.20)

n̂ ¢ rp0 = ¡f ¡ fc (9.21)

The functions hc and fc represent the actions of control. The splitting on the right-hand sides of (9.20)
and (9.21) is legitimate for linear problems because any means of control (passive or active) can work only
because it a®ects the mass, momentum and energy of the system; additivity follows from the assumption
of linearity. In principle, hc and fc can be computed with the same formulas de¯ning h and f discussed
in Section 3.4. The formalism of spatial averaging worked out in Chapters 3 and 4 can be applied without
change to (9.20) and (9.21), giving the extended oscillator equations corresponding to (4.36), written here
for the nth mode,

Ä́n + !
2
n´n = Fn + F

(c)
n (9.22)

where F
(c)
n is the `force' of control acting on the nth oscillator, (i.e. the nth mode). The set of equations

(9.22) forms the mathematical model used in application of the principles of control. We emphasize once
again that the most di±cult part of applications consists in modeling the physical processes7 contained in

Fn and F
(c)
n .

As a simple example of the general procedure, suppose that the combustor is given and that its internal
processes are well-characterized. Thus the mean °ow ¯eld, and the steady distribution of chemical reactions
and energy release are known. Hence we may assume that the basis functions Ãn and the normal frequencies
can be computed and are known. Hidden in Fn are quantities that must be modeled. In particular, the most
important is the °uctuation of energy release, _Q0, associated with the chemical reactivity of the °ow. Its
contribution to Fn has already been introduced in the simple example of the Rijke tube discussed in Section
2.2. The term representing energy addition is

FQN =
° ¡ 1
¹p

1R
Ã2ndV

Z
Ãn
@ _Q0

@t
dV (9.23)

in which in°uences of the mean °ow have been ignored. In reality _Q0 depends on local °uctuations of pres-
sure, temperature, velocity and species concentrations. It therefore cannot be determined from elementary
considerations of chemistry and chemical kinetics alone.

A term similar to (9.23) arises in F
(c)
n so on the right-hand side of (9.22) we have the combination

FQn + F
Q(c)
n =

° ¡ 1
¹p

1R
Ã2ndV

Z
Ãn

"
@ _Q0

@t
+
@ _Q0c
@t

#
dV (9.24)

where _Q0c is the local °uctuation of heat release rate ascribed to the controlled actuation. If
@
@t(

_Q0 + _Q0c)
vanishes, then there is no e®ect of heat in energy release in the excitation and maintenance of unsteady
motions. This seems a simple if not almost obvious result. It seems to be the most elementary formal
expression within the analysis developed here, of what is likely the most e®ective practical means of actively
controlling the dynamics of gas turbine combustors, modulation of the fuel supply.

7The formulation here is very general and of course is valid for non-reacting °ows. Hence, at least in principle, these
equations with noise sources included (Section 7.9) are applicable as well to active control of sound or noise (Nelson and Elliott,
1992; Peake and Crighton, 2000).
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The basic idea is that if the fuel supply is so modulated, or if a secondary fuel supply is injected in
the chamber, and the modulation as e®ected according to the appropriate control law, then the °uctuation
of energy release rate _Q0c due to its action might, under ideal conditions, exactly compensate the amount
_Q0 due to °uctuations due to other causes. `Other causes' might include coupling between the mean °ow
(e.g. vortex shedding) and acoustic modes, and destabilization of °ame stabilization processes near the
lean blowout limit. This kind of control can be interpreted in terms of Rayleigh's original criterion, Section
6.6: If _Q0c = ¡ _Q0 and only this process is accounted for, then r»n, equation (6.67), vanishes. Hence,
control by modulation of the fuel supply is frequently referred to as a strategy \according to Rayleigh's
Criterion" or similar words. For example, the idea is expressed often in the works published by the group
at Georgia Tech (e.g., Butts et al. 2003, Conrad et al. 2004, Zinn 2005). A fundamental di±culty, apparent
in Figure 9.14(c), are the unpredictable signi¯cant e®ect that the action of control has on the dynamical
properties of the combustion and °ow processes. Evidently the meanings and interpretation of Q0 and Q0c
are not clearly de¯ned.

9.3.1. State Feedback Control Based on Spatial Averaging. A group at Pennsylvania State
University ¯rst worked out some results for feedback control using the representation in normal modes. In
his Ph.D. thesis Fung (1991) has covered most of the results reported by Fung, Yang, and Sinha (1991), Fung
and Yang (1991), and Yang, Sinha, and Fung, (1992). Their analyses are based on the formulation covered
in earlier chapters here, leading to the governing equation (9.20) with the boundary condition (9.21). In
terms of the general contributions Pc in the equation (D.1)d for pressure and Fc in the momentum equation
((D.1)b, the source terms representing the actions of control are formed from the last two terms of (D.4)a
and the last term of (D.4)b:

hc = r ¢ F0c ¡
1

¹a2
@P0c
dt

(9.25)

fc = ¡n̂ ¢ F0c (9.26)

The procedure for spatial averaging worked out earlier with the approximations introduced for combustion
with °ow, gives the set of coupled equations for the normal modes,

d2´n
dt2

+ !2n´n = Fn (9.27)

and

Fn =¡
1X
i=1

[Dni _́i +Eni´i]¡
1X
i=1

1X
j=1

[Anij _́i _́j +Bnij´i´j ]

+
1X
i=1

[»
(
niv) _́i + »ni(t)ni] + ¥c(t) + Un(t) (9.28)

As de¯ned in Chapter 4, the coe±cients Dni; Eni can be calculated if the mean °ow and the mode shapes
or eigenfunctions Án are known. In general, they may be constructed from information given or assumed for
the linear processes in question. The coe±cients Anij ; Bnij depend only on the mode shapes and are well-
de¯ned. They arise from nonlinear acoustical interactions which are independent of the mean °ow. Sources
of noise are represented by »ºni _́i, »ni´i and ¥(t). At the present state of theory and experiment, one has
little choice but informed modeling as the basis for specifying representations of noise. The limited results
obtained to date suggest that relatively straightforward and simple models of noise will su±ce for obtaining
useful results. See Sections 7.9 and 7.10. Additional processes may be included in (9.28) but attention must
be paid to the ordering procedure explained in Chapter 4.

The last term in (9.28) represents the control input,

Un(t) = ¡ ¹a2

¹pE2n

·Z
Ãnhc dV +

I
Ãnfc dS

¸
(9.29)

FEEDBACK CONTROL OF UNSTEADY MOTIONS IN COMBUSTORS 

9 - 24 RTO-AG-AVT-039 

 

 



In terms of F0c and P
0
c introduced with (9.25) and (9.26), we have

Un(t) =
¹a2

¹pE2n

Z £
F0c ¢ rÃn +

1

¹a2
@P0c
dt
Ãn
¤
dV (9.30)

Formulation for problems of control is completed, within the present scheme, by specifying F0c and P
0
c.

Whether one continues with a description set in terms of the variables de¯ned in physical space (x; dx=dt;
p; : : : ) or transforms to a description grounded in state space as described shortly, the basic problem is
specifying the control input, which means determining explicit forms for F0c and P0c. That is the most
di±cult part of the entire ¯eld of controlling combustion systems, rendered especially challenging because,
as implied by the last item of the list at the beginning of this section, F0c and P0c are dependent upon the
action of control in ways which are unknown; see, for example, Figure 9.14(c).

Transformation to a description in state space is straightforward. Following Fung (1991), de¯ne the state
variables xn as the amplitudes xn of the modes. Assume that the ¯rst N modes are controllable and that
the system is de¯ned to include the ¯rst K modes, K > N . Then the state vector is taken to be composed
of the controllable, xN and residual, xR, parts,

x = [xn; xr]
t (9.31)

where superscript [ ]t represents the transpose, and

xN = [´1; : : : ; ´N ; _́1; : : : ; _́N ]
t (9.32a)

xR = [´N+1; : : : ; ´K ; _́N+1; : : : _́K ]
t (9.32b)

For combustion systems, which in principle have an in¯nite number and in practice exhibit a large number
of excited modes (cf. Figure 9.14(b) for example), limitations of control systems must cause both N and
K to be non-zero. In other words, there will always be N controlled modes and K{N modes that are not
controlled, the residual modes.8 If the nonlinear part of (9.28) is dropped, then the set (9.27) is linear and
well-known methods developed for control of electro-mechanical systems are applicable. Fung (1991); Fung,
Yang, and Sinha (1991) reported their results based on methods explained by Franklin et al. (2002); Franklin
and Powell (1980); and Ogata (1987, 1990).

To illustrate the transformation to a description in state space, we assume that only three modes are
active and that the system is linear (Anij = Bnij = 0 in FN ). Then the state vector is

x = [n1; n2; n3; _n1; _́2; _́3]
T (9.33)

We do not include uncontrolled (residual) modes. The ¯rst order equations for the components of the state
vector are formed by inspection, using the de¯nitions of the _xi and the equations for

_x1 = _́1 = x4 (9.34)

_x2 = _́2 = x5 (9.35)

_x3 = _́3 = x6 (9.36)

_x4 = ¡!21x1 + [D11x4 +E11x1] + [D12x5 +E12x2] + [D13x6 +E11x3]
+ [»º11x4 + »11x1] + [»

2
12x5 + »12x2] + [»

º
13x6 + »13x3] + ¥1(t) + v1(t) (9.37)

_x5 = ¡!21x2 + [D21x4 +E21x1] + [D22x5 +E22x2] + [D23x6 +E23x3]
+ [»º21x4 + »21x1] + [»22x5 + »22x2] + [»

º
23x6 + »23x2] + +¥3(t) + v2(t) (9.38)

_x6 = ¡!21x3 + [D31x4 +E31x1] + [D32x5 +E32x2] + [D33x6 +E33x3]
+ [»º31x4 + »31x1] + [»

º
32x5 + »32x2] + [»

º
33x6 + »33x3] + ¥3(t) + v2(t) (9.39)

8Although the representation in terms of acoustic modes means strictly that K ! 1, we assume for this discussion that
K is ¯nite.
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Stochastic sources represented by ¥n(t) and the various terms containing »
º
ij and »ij are not accounted for

in the traditional formulations of modem control theory so we split them apart and write

_x = Ax+ »x+¥(t) + u(t) (9.40)

A =

2666666666666664

0 0 0 1 0 0

0 0 0 0 1 0

0 0 0 0 0 1

¡ !21 +E11 E12 E13 D11 D21 D31

E21 ¡!21 +E22 E23 D21 D22 D23

E31 E32 ¡!21 +E33 D31 D32 D33

3777777777777775
(9.41)

» =

2666666666666664

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

»11 »12 »13 »º11 »º12 »º13

»21 »22 »23 »º21 »º22 »º23

»31 »32 »33 »º31 »º32 »º33

3777777777777775
(9.42)

¥(t) =

26666664
0
0
0

¥1(t)
¥2(t)
¥3(t)

37777775 ; u(t) =

26666664
0
0
0

u1(t)
u2(t)
u3(t)

37777775 (9.43)a,b

Much of the theory of linear systems in state space is formulated in terms of the `ABCD' matrices
de¯ned so the systems are described by the equations9

_x = Ax+Bu (9.44)

y = Cx+Du (9.45)

where y is the matrix of the outputs of the system. For a `single-input single-output' (SISO) system, both
u and y are scalars, so B is a column matrix, C is a row matrix and D is a scalar. In general the matrices
have the following forms for systems having N degrees of freedom, giving n = 2N state equations, p inputs
and q outputs:

n

n
h
A
i p

n
h
B
i n

q
h
C
i p

q
h
D
i

(9.46)

Equations ((9.43)a,b) and (9.44) apply if stochastic processes are not accounted for and u(t) is appropriately
de¯ned.

9Franklin et al. (2002) distinguish between `ABCD' matrices used for the `model canonical form' of the governing equations
and then `FGHJ ' matrices for describing a system in general. The non-uniqueness of the state-space formulation causes technical
di±culties but is not a fundamental matter and we will not elaborate here.
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Most early experimental results for combustors have been accomplished for SISO systems; see Figures 9.4,
9.8(a), 9.14, and 9.15. In such cases, q = p = 1 and u becomes u, a scalar. This special but very important
case is treated at length by Franklin et al. (2002).

Although we will not need the result, for completeness we sketch the derivation of a basic result showing
the connection between the transfer function for a linear system and the description in terms of the matrices
ABCD. Take the Laplace transform of the state equation (9.44) to ¯nd

sX(s)¡ x(0) = AX(s) +BU(s) : (9.47)

Solve for X(s) to ¯nd

Xs = (sI¡A)¡1BU(s) + (sI¡A)¡1x(0) (9.48)

where I is the identity matrix having o®-diagonal elements zero and diagonal elements 1.

The transform of the output, equation (9.45), is

Y(s) = CX(s) +DU(s) (9.49)

and substitution of (9.47) gives

Y(s) =G(s)U(s) +C(sI¡A)¡1x(0) (9.50)

where the transfer function, or better, the transfer matrix, is

G(s) = C(sI¡A)¡1B+D =
CAdj(sI¡A)B
det(sI¡A) +D (9.51)

For a single-input single-output system, (9.51) can be put in the simpler scalar form

G(s) =

det

·
A¡ sI B
C D

¸
det[A¡ sI] (9.52)

The results (9.50), (9.51), and (9.52) are the basis, in principle, for calculating the behavior of a linear
system.

9.3.2. Application to Combustion Systems. The results just quoted have wide applications dis-
cussed particularly in tests already referred to. In the Penn State work, special results for combustion
systems were obtained by assigning the source functions Un(t) forms which follow from use of representa-
tions of physical behavior established previously. Thus, the assumption of M `point actuators' implies the
form for the source function in the wave equation for pressure

hc(r; t) =
MX
i=1

±(r¡ ri)ui(t) (9.53)

and the ¯rst integral in (9.29) gives

Un(t) =
¹a2

¹pE2n

MX
i=1

ui(t)Ãn(ri) (9.54)

For these calculations we assume that there is no actuation in the surface of the chamber so fc = 0.

The additional assumption of J point sensors exhibiting no direct dependence on actuation processes
allows (9.45) to take the form

yj(t) = cjp
0(rj ; t) (9.55)
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where the cj are real numbers determined in principle by the sensors. With the usual form of the pressure
¯eld,

yj(t) = cj ¹p
JX
s=1

´s(t)Ãs(rs) (9.56)

What remains to complete speci¯cation of the general problems is de¯nition of the control law, the rule
governing the time-dependent action of the actuators. That is, u(t), which is to say the ui(t) must be set
explicitly. Put another way, the feedback law is required. The most common choice, originated by Collander
et al. (1936) is `PID control,' proportional-integral-derivative control, illustrated by the simpli¯ed diagram
shown in Figure 9.20 for time-dependent behavior. In the case shown, a single state variable x(t) has a
speci¯ed (desired or reference) state r(t) and output y(t).

r(t)       Σ           u(t) = K  (r − y) + K   (r − y)dt + K       (r − y)             x = Ax +Bu             y(t) = Cx +DuP

+
−

d
dtI D

r − y x(t)u(t) .
PID  CONTROLLER                                                 SYSTEM                               OUTPUT

y (t)
'

Figure 9.20. A simple block diagram for proportional-integral-derivative (PID).

Properties and behavior of linear feedback control are usually treated as functions of frequency (`in
the frequency domain'), leading to the appropriate block diagram corresponding to Figure 9.20. Shelves of
texts treat the various e®ects and uses of PID control, and consequences of varying the three main control
variables, KP , KI , and KD.

Yang et al. (1992) ¯rst chose to follow a path common in modern control theory, assuming `state
feedback' control, that is, setting the control linear in the state variables

u(t) = ¡Kx̂N (9.57)

where x̂N is an approximation to the true state vector, an approximation at least because in practice only
a ¯nite number of modes can be controlled. The result is often referred to as an `estimation' quanti¯ed by
an `estimator' introduced in the system.

This situation introduces the idea of an observer ¯rst discussed by Luenberger in his Ph.D. thesis, later
summarized in Luenberger (1971). The use of an observer and estimator is well-developed in control theory
(see Franklin et al. 2002 for a good discussion) and we will not cover the subject here. Put most simply, the
observer acquires approximate (measured) information about the state of the system, which the estimator
then uses to construct the approximation to the state, x̂N , used by the controller according to (9.57) for
example. With this formal basis, Yang et al. follow known procedures and then work out examples showing
application of state feedback. It is not surprising that the results demonstrate success; no connections with
the behavior physical systems are given. At that time (late 1980s, early 1990s) testing had barely begun.

In a subsequent (not according to date of publication, but essentially contemporaneous) paper, Fung et
al. (1991) worked out some results based on assuming distributed actuators, suggested by their Figure 1
redrawn as Figure 9.22. Their analysis di®ers from that worked out by Yang et al. (1992) (submitted earlier
but published later) mainly in the representation of actuators, and the type of control they assumed. Rather
than pursue formalism based on state feedback which o®ers few hints of practical realization, the authors
suppose instead that control involves injection of secondary fuel burning according to the n{¿ model of
Crocco and Cheng (1956) explained here in Section 2.3.2. Eventually this approach applied to n actuators
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leads to the representation of hc(~r; t)

hc(r; t) = ¡
MX
i=1

ui(t)±(r¡ ri) (9.58)

with

ui(t) = R(rit¡ ¿i)¢V (ri)R¢Hc
¹a2Cv

@mi(t¡ ¿i)
@t

(9.59)

R                       K  +    K  + K  s              G(s) Y
     +

−
R  − YΣ 1

sP I D

PID  CONTROLLER               SYSTEM

Figure 9.21. Block diagram for PID control applied to a linear system; the transfer func-
tion G(s) is given by equation (9.52)
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. . .COMBUSTIBLE

MIXTURE

Figure 9.22. Simpli¯ed sketch of the system analyzed by Fung, Sinha, and Yang (1991).

Equation (9.58) relates the control source in the wave equation to the time-dependence of point actuators
whose e®ects (i.e., wave generation) are assumed to be exerted with time lags, each actuator characterized
by a di®erent lag or delay. The model is completed by specifying the way in which the mass sources mi(t)
vary in time. Yang et al. chose a proportional/integral (PI) controller, each mass source (actuator) varying
according to the rule

mi(t) = K1

tZ
t0

e(t0 ¡ ¿c) dt0 +K2e(t¡ ¿c) (9.60)

where ¿c is the `time delay in the feedback loop' on e(t) = r(t) ¡ y(t) is the error, the di®erence between
the desired response, r(t)-pressure °uctuation|of the system, speci¯ed to be zero; and the actual pressure
p(t), here set equal to y(t) to conform with standard usage in control theory. Substitution of (9.60) in (9.59)
leads to

ui(t) = KPie(t¡ ¿c) +KDi _e(t¡ ¿c) (9.61)

The source term in the wave equation for the amplitudes ´n(t) may then be put in the form with r(t) = 0
so e(t) = ¡y(t) ´ ¡p0(t) » ´(t):

u(t) = ¡
MX
i=1

NX
j=1

£
KPni´j(t¡ ¿i ¡ ¿c) +KDni _́j(t¡ ¿i ¡ ¿c)

¤
(9.62)

where the details of KPni and KDni are easily found but are unimportant here. What matters is that the
assumptions regarding physical behavior have, in the manner summarized, led to a formulation which can
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be used for solving speci¯c problems. How realistically the actual source terms in an operating combustor
are represented by a form like (9.62) is a totally di®erent and crucial question.

Probably the principal value of the three papers by Fung and coworkers is their explicit and clear use
of examples within the general formulation covered here in Chapters 3 and 4 to study well-known problems
in linear control theory. Results obtained depend on assumptions built into construction of the terms
representing the controller(s). At the time, the work was done (late 1980s) and given the state of the state
of the ¯eld, the choices made were reasonable, and the results make sense within that context. However, the
use of time lag models is no longer defensible for representation of realistic behavior. To achieve meaningful
theoretical results requires much deeper models.

The work just described was extended into the areas of modern control by Hong et al. (2000, 2002),
works which primarily adapt formalisms worked out by others but do not get at the truly fundamental
problems presented by combustion systems. Haddad et al. (1996) cover similar ground, with somewhat
di®erent emphasis. Their discussion is also a useful introduction to adaptation of some of the ideas taken
from modern control theory.

9.4. An Example of Practical Application of Feedback Control

Virtually all progress in applications of feedback control to combustion systems has been achieved without
bene¯t of special theoretical results. General ideas have been useful for interpretation of experiments and to
aid broad planning of tests, but the ability to produce quantitative predictions routinely is missing. In short,
there is no proper theory of the subjects encompassed by the title of this chapter. Highly developed theory
of course exists for feedback, and for systems built on the idea of feedback, but relatively little has been
accomplished to accommodate the theory and actual physical behavior of combustion systems. It is helpful
at this point to summarize a particularly interesting example illustrating how far, nevertheless, practical
application has been accomplished in one case.

So far as the author is aware, there has been only one example of the application of feedback to control
the dynamics over an extended period of time in operational gas turbines. The case was mentioned at
the beginning of this chapter, a Siemens gas turbine used for power generation. Two other programs have
produced documentation of brief experiences with full-scale combustors (Westinghouse; Pratt and Whitney),
and a third (Rolls-Royce) describes limited tests with an augmentor designed many years ago. It seems
that presently there is little industrial activity in pursuing fundamental development of feedback systems
for controlling the dynamics of combustors. Probably a major reason is that the emissions requirements
have been met without resorting to control of oscillations and lean burning conditions. The possible gains
suggested by experiments performed to date apparently do not justify the added expense and complications.
Passive control in the general sense still wins.

Studies of oscillating °ames and acoustics at the Technische UniversitÄat MÄunchen began in the 1970s
with thesis work by Schimmer (1974), reported by Schimmer and Vortmeyer (1977). Apparatus was designed
and constructed to produce °at °ames, found when the °ow speeds of the propane/air mixture was less than
or equal to the laminar °ame speed. Figure 9.23(a) is a sketch of the apparatus, a matrix burner specially
constructed to give °at °ames stabilized near the base. Figure 9.23(b) is a stability diagram in the plane
equivalence ratio versus period of oscillation obtained when the °ow speed just upstream of the °ame is less
than or equal to the adiabatic °ame speed. Greater °ow speeds give wrinkled °ames,10 perhaps indicating
incipient turbulence. The abcissa is the inverse of the frequency, T = 1=f , which is changed by varying the
length L of the tube; if end corrections are ignored, T » L=¹a » L, where ¹a is the mean speed of sound.

10The velocity of °ow can be varied and need not be equal to the unique adiabatic °ame speed because of the upstream
heat losses both to the matrix structure and to the surrounding provisions for cooling.
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Figure 9.23. The apparatus (a) and stability diagram (b) for the results with no feedback
control reported by Schimmer and Vortmeyer (1977).

Because only °at °ames extending nearly to the inner surface of the tube were tested, it is a good
approximation to treat the system as one-dimensional for analyzing the acoustics. The unsteady °ow is
then represented in piecewise fashion by sums of appropriate travelling waves matched at the °ame to give
a standing wave system; cf. the ideas and analyses introduced in Sections 2.7.3 and 5.7. Schimmer and
Vortmeyer interpreted the behavior of the acoustical system in terms of the analogy with electrical waves:
pressure voltage and current » velocity, all quantities carrying harmonically in time. It's an interesting
discussion, but oversimpli¯es the actual physical behavior. For example, the treatment would be greatly
improved if the ideas developed by Chu (1953) were taken into account. The experimental situation developed
in Schimmmer's thesis o®ers a wonderful opportunity to do so.

Joos (1984), and Joos and Vortmeyer (1986) reported later results using apparatus closely resembling
Schimmer's. A signi¯cant di®erence is measurement of OH¡ radiation, and the assumption that the inten-
sity of the radiation, based on the work by Lenz (1980), is a \direct measure of the momentary reaction,"
an assumption which has never been thoroughly investigated. As in the early investigation by Schimmer,
the behavior of the °ame and the acoustics in the tube is interpreted with the help of appeal to electrical
waves. The principal improvements are the measurements of radiation|and consequent inferences of en-
ergy release|and considerations of simultaneous oscillations having unequal frequencies. As in the case of
Schimmer's work, the experiments could be fruitfully repeated with improved forms of the same apparatus,
and with the much superior instrumentation now available.

Investigations of possible use of feedback control at the Technische UniversitÄat MÄunchen were ¯rst
reported in a note by Gleis and Vortmeyer (1989); more easily accessible is the short paper by Gleis,
Vortmeyer and Rau (1990) given at an AGARD meeting. These works used apparatus similar to that

sketched in Figure 9.13 for the initial tests at ¶Ecole Centrale, Paris, which were the result of a collaboration
between ¶Ecole Centrale and Technische UniversitÄat MÄunchen. Because combustion took place in a jet, vortex
shedding was found to be a contributing mechanism under some conditions when pressure oscillations were
driven.
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Figure 9.24. Feedback control at Technische UniversitÄat MÄunchen. (a) apparatus; (b) the
piezo actuator (Hermann, Gleis and Vortmeyer 1996).

A step towards practical application of feedback control was taken with demonstration tests by Gulati
and Bigalow (1990) who used a servo valve to modulate their supply of liquid fuel. They found only a
small (4 dB) reduction of sound pressure level at 130Hz, but theirs were the ¯rst tests of control with a
liquid system. Five years later, Hermann, Gleis and Vortmeyer (1996) reported the ¯rst success over a
practical frequency range (200{600Hz) with a piezo actuator that was operable to \several thousand Hz."
They demonstrated the e®ectiveness of their device with the apparatus sketched in Figure 9.24(a); the piezo
actuator is shown, much simpli¯ed, in Figure 9.24(b). Note that the entire fuel °ow is modulated by the
actuator.

A typical test result is reproduced in Figure 9.25; the unsteady pressure served as input to the controller;
similar results were obtained when the radiation for OH¡ was used. Self-excited oscillations having dominant
frequency 360Hz were found to have peak pressure approximately 140 dB when the equivalence ratio was
0.95. The control system caused the peak to be reduced by about 40 dB, i.e., the oscillatory pressure became
roughly one-quarter its original value (see equation 5.75).

A telling disadvantage of piezo actuators is their relatively short lifetime, far shorter than desirable
for practical application to control systems in power generation equipment. It was therefore a necessary
and signi¯cant advance when Hantschk, Hermann and Vortmeyer (1996) reported successful use of a `direct-
drive valve' (DDV) developed by MOOG-Germany (Teutsch 1990). The test apparatus had the familiar form,
di®ering only in details from that in Figure 9.26. An important aspect of the equipment is the frequency
response of the fuel supply system and the signi¯cance of achieving a favorable match with the fuel nozzle
and the combustion chamber.
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Figure 9.25. Test results found with the apparatus shown in Figure 9.24, Figure 14 of
Hermann, Gleis and Vortmeyer (1996).

The principle variable is the distance l from the DDV to the fuel nozzle in the chamber. Part of the
development process involved changing l to maximize the amplitude of °uctuations in °ow rate when the
direct-drive valve was operated in the frequency range covering the instability in the chamber. Details of
using the DDV and perfecting the system are given in the reference. As a result, the authors learned the
importance of matching the dynamical properties of the DDV and fuel supply on the one hand with the fuel
nozzle and combustor on the other.

Successful control of oscillations in a liquid-fueled laboratory device independently came at a time when
Siemens AG encountered serious troubles with a prototype machine, the Model V84.31 gas turbine, intended
to drive a unit generating 170MW electric power. The experience gained at Technische UniversitÄat MÄunchen
was an important part of the background for constructing and installing a feedback control system which, at
that time, by contemporary standards in the ¯eld, constituted a large step forward. Not only had feedback
control been used only on laboratory scale devices,11 characterized by combustion powers less than 1MW,
but there was no experience with axisymmetric combustors, in this case a ring con¯guration. Further, in
the Siemens machine, troublesome oscillations occurred when the operating point of the gas turbine was
changing, as during start-up, and large adjustments of power level.

Tests with the V84.31 gas turbine ¯tted with a control system developed by Hermann et al. (see Seume
et al. 1998) could reduce the amplitudes of combustion-driven oscillations by 86%. Subsequent re-design of
the combustor eliminated the instabilities and the control system was removed. However, rejoicing with the
success of passive control came to an end with tests of the later model gas turbine, V94.3A, intended for
use in a 270MW electric power generation unit. The problems and their solution with a feedback control

11As reported in the open literature. For some time (at least, roughly, since 1994 or so) rumors persisted that Rolls-Royce
had successfully tested feedback control of combustion instabilities in a thrust augmentor. The ¯rst publicly available paper
(Moran et al. 2000) was given at an RTO meeting. No documentation has appeared publicly since that time.
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Figure 9.26. Test apparatus and feedback control with a simple liquid fuel nozzle and the
direct drive valve (DDV) (Hantschk, Hermann and Vortmeyer 1996).

system are well documented in the papers by Hermann, Orthmann, and Ho®man (1999) and by Hermann
and Ho®mann (2005).

The combustors in the Siemens Vx4.3A series of machines are annular, having the shape sketched in
Figure 9.27(a); a suggestion of their size is given by the photograph reproduced in Figure 9.27(b). There
are 24 burners, each fed by a nozzle like that sketched in Figure 9.28; either liquid or gaseous fuels may be
used, but the small di®usion pilot burner always uses gaseous fuel, and generates \approximately 10% of the
thermal power." Only the °ow through the pilot burner is modulated by the controller. "Detached research
showed that the main premix °ame of the Siemens hybrid burner, controlled by much smaller pilot-di®usion
°ames comprising no more than approximately 10% of the entire mass °ow, will respond very precisely to
°uctuations in conversion rates of those pilot °ames" (Hermann and Ho®mann 2005).

The basic idea of the control system was that modulating °ow through the pilot burners only would
perturb the combustion processes su±ciently to e®ect the desired control. With 24 burners the control
system seem to present a problem of becoming excessively complicated if some reasonable simpli¯cation
could not be achieved. As examples of combustion instabilities have already shown, it's usually the lowest
modes that are unstable. If also standing, not travelling, waves are found, the situation really is much simpler
to treat. For the Siemens Vx3.4 combustor, for example, the ¯rst, second, and fourth standing azimuthal
modes tended to be dominant. If only the second harmonic needed to be controlled, one sensor and one
controller would su±ce to provide the input signals for the necessary four direct-drive valves (Figure 9.29).

Hermann, Othmann and Ho®mann (1999) describe details of the system based on twelve control loops,
six signal processors, each having two input signals and four output signals. Thus there are 6£4 = 24 outputs,
one for each direct drive valve. When used, the system was used to control two modes (frequencies); more
frequencies could be handled with more elaborate signal processing.
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Figure 9.27. A sketch (a) of a combustor used in the Vx4.3A series Siemens gas turbines,
(b) an illustration of the size of the combustor (courtesy of Siemens AG, and Dr. J. Her-
mann).
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Figure 9.28. Simpli¯ed sketches (a) of the Siemens Hybrid Burner; (b) installation of the
controller in the supply for the pilot burner (adapted from Berenbrink and Ho®mann 2000
and Hermann and Ho®mann 2005).

Much more information is contained in the papers cited; three important points should be noted. First,
the feedback control systems were used successfully on fourteen commercially operated V94.3A machines,
over a period of three years. Two systems accumulated more than 18,000 hours of operation; there were no
failures of controls.
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Figure 9.30. Addition of the cylindrical burner outlet (CBO) to the Siemens Hybrid
Burner (Berenbrink and Ho®mann 2000).

Second, two changes in the geometry of the combustor allowed Siemens to cease using the feedback
control systems (Berenbrink and Ho®mann 2000). A cylindrical extension (cylindrical burner outlet, CBO)
was added to the combustor, as sketched in Figure 9.30. This change of geometry modi¯ed the °ow ¯eld
so as to change the \phase/time lag of the heat release response to pressure °uctuations" (Berenbrink and
Ho®mann). In this case, \the length of the cylinder was chosen to increase the time lag from the injection
port to the °ame front by approximately a quarter of an acoustic period." The clear azimuthal symmetry
of the original combustor was also broken by misaligning the centerlines of a few of the burner nozzles.
Berenbrink and Ho®mann o®er the useful observation that \This clearly shows the bene¯t of circumferential
asymmetries for the suppression of combustion oscillations in multiburner arrangements." They evidently
do not have longitudinal modes in mind.

Finally, no analysis or quantitative theory accompanied the last modi¯cations of the hardware. The
¯nal form of the burners (Figure 9.30), and the modi¯ed orientation of their center-lines, rested on further
reasoning supported partly by good intuition, but likely required trial and error interactions with testing.
Interpretation with a time lag is helpful, but should not be mistaken for a theory and the over-simpli¯cation
may be misleading. The idea that intentionally misaligning the burner destroyed azimuthal symmetry is
surely correct. Working out the details requires elaborate three-dimensional calculations accessible, in some
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approximation, to currently available resources. It seems that the Siemens practical experience has suggested
analysis and computations having potentially important implications both for development of theory and
for details of design. Perhaps most importantly, the clear success due partly to three-dimensional behavior
should be an indication of the limitations of, for example, heavy reliance on single-nozzle tests as a sole guide
to combustor development.

9.5. Brie°y on Progress in Practical Feedback Control of Combustor Dynamics

Discussions in the preceding four sections have summarized the ¯rst works on feedback control of com-
bustor dynamics (Sections 9.1 and 9.2); and have described a practical case demonstrating the possibility
for actual realization (Section 9.4). Beginning in the early 1990s, literature dealing with the subject grew
rapidly, although, as we have already noted, interest and research e®orts have slowed considerably in the
recent past. Space and time limitations here do not permit including details of developments beyond those
covered to this point. We must be satis¯ed with only a few remarks. The material covered so far should
provide a reasonable introduction and basis for appreciating subsequent works.

Almost all of the research related to feedback control of combustors has been motivated by possible
applications to gas turbine combustors, and within that domain combustion instabilities have been the
main concern. The report of an AGARD Workshop prepared by Schadow et al. (1997) is an excellent
overall summary of the state of the ¯eld at that time. It provides the best general assessment of the
outstanding problems in 1996, as understood by those interested mainly in applications to propulsion systems.
Combustion instabilities in augmentors and gas turbines were understandably the main object of attention,
but other reasons for pursuing the subject|e.g., controlling emissions and blow-out limits|were discussed.

At about the same time, in the mid- to late-1990s, the Department of Energy (DoE), as part of its
Advanced Gas Turbine Systems Research (AGTSR) program, included feedback control of combustion dy-
namics12 of gas turbines primarily for generating electric power. More recently, the US Department of
Defense and NASA have, at least in principle, included feedback control of combustion dynamics in long-
range programs for advances in gas turbines to be used for propulsion. Our concern in this book lies with
matters at a lower level, encompassing in a general way the research that must be accomplished before the
wonders of automatic control of combustors will be accomplished satisfactorily in all respects.

The recent volume, Combustion Instabilities in Gas Turbine Engines: Operational Experience, Funda-
mental Mechanisms and Modeling, edited by Lieuwen and Yang (2005), is a useful collection of lengthy
papers summarizing several important aspects of the ¯eld, from basic behavior to experiences with combus-
tion dynamics in installed commercial gas turbines. Zinn (2005) has o®ered a good (though understandably
slanted towards Georgia Tech accomplishments) introduction and review of control applied to combustor
dynamics, including also considerations of control applied to lean blow-out (LBO) and pattern factors.

In fact, the greater part of published works are identi¯ed with a relatively small number of organizations
in Europe and the U.S. Research has tended to be strongly biased by the (virtually) immediate needs for
practical results. Unfortunately, therefore, possible fundamental developments have often not been produced.
Practically all of the research has been experimental, for the most part serving to demonstrate the success
(complete or partial) of proposed methods.

While it is true that the essential elements of all activities devoted to control of combustion systems are
captured by the general block diagram in Figure 9.3, the details, emphasis, and points of view may di®er
greatly as speci¯c applications are worked out. At one extreme is the sanguine view that the system to be

12The title of the subject has sometimes been shortened to ACC, active control of combustion; or AIC, active instability
control; or ACS, active control systems, all of which imply inclusion of open-loop as well as closed-loop control.
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controlled requires minimal characterization and may successfully be treated as a `black box.' The process
of control consists then in determining|i.e., measuring with sensors|the time-varying status of the system;
processing that information with a controller, in the feedback path, Figure 9.3; and using the results to cause
operation of actuators which, if e®ective, will alter favorably an unwanted dynamical state of the system.

Even the most devoted followers of the `black box' view of control recognize that at least a certain minimal
understanding of how the system works is necessary. For example, the choice and operation of actuators,
such as those shown in Figures 9.24, 9.26, and 9.28, clearly rests on some understanding of the connection
between operation of the mechanical device and the response of the combustion processes. Moreover, deeper
understanding of certain internal processes in this case allowed the feedback control system to be discarded
and replaced by permanent passive modi¯cation of the system, Figure 9.30 (Berenbrink and Ho®man 2000).

The program of research on feedback control at Georgia Tech advanced signi¯cantly in the late 90s
with development of a rapidly acting `real-time observer' (Neumeier and Zinn, 1994, 1998); Neumeier,
Markopoulos and Zinn 1997) and a responsive actuator to operating on the fuel supply (Neumeier, Nabi,
Arbel, Vatzberger and Zinn 1997). Viewed broadly, the Georgia Tech approach is approximately the same
as that taken by Siemens. However, perhaps because they were controlling instabilities in a lower frequency
range, Hermann and co-workers do not make a special point of their `observer' or `estimator.' The Georgia
Tech device has operated successfully for extended periods of time and under conditions when the waveforms
of the unstable motion has not been so simple.

A signi¯cant di®erence in practical application is Siemens' use of a MIMO (multi-input-multi-output)
system. Because of the attention they gave to the three-dimensional character of the instability, that feature
in a certain sense led to the eventual elimination of dynamical control, supplanted by successful use of passive
control (Figure 9.30). The problem was somewhat simpler in this case as the instability contained only two
well-de¯ned frequencies.

Perhaps the most extensive industrial program concerned with instabilities has been that led by Mongia
at General Electric. Mongia et al. 2003, 2005 have given the most recent summaries of the work which has
progressed over more than a decade (e.g., see Joshi et al. 1994, 1995 for remarks on earlier work). The work
at General Electric has produced a large number of research reports, many of which are included here in
the list of references. To achieve the required low emissions levels, GE has followed the common strategy
based on lean premixed combustion which, in the case of liquid fuels, is often identi¯ed as `lean prevaporized
premixed' (LPP) combustion. It is the presence of the lean combustion, as explained in Section 2.6, that
tends to lead to problems with combustion instabilities|and motivated, for example, the recent collection
edited by Lieuwen and Yang (2005).

Because the characteristics and geometries of the combustors are not readily available, only qualitative
observations can be o®ered here, based on incomplete information. The recent articles by Mongia et al.
(2003, 2005) summarize well the history and current status of the GE `land and marine' (LM) series of
engines, the LM6000, LM2500, and LM1200. Instabilities have been treated largely by passive measures,
including installation of `damper tubes;' scheduled (both spatially and temporally) operation of the fuel
nozzles; and small adjustments to the distribution of injected fuel. Apparently `active control' is integrated
in the control system with `ABAL' (acoustics and blowout avoidance logic). All measures are evidently
standard on all engines. Much less information is currently available for °ight quali¯ed machines.

A contrasting approach to reducing emissions is based on combustor design called generically `rich-
quench-lean' (RQL). The idea is not recent, dating at least to the 1970s. Fuel-rich burning takes place near
the dome of the combustor, followed by a region of rapid quenching by injected air, leading then to further
combustion under lean conditions. Sabnis (2005) has described the use of RQL by Pratt and Whitney in
the TALON (technology for advanced low NOx) series of combustors. Mongia (2004) has presented some

FEEDBACK CONTROL OF UNSTEADY MOTIONS IN COMBUSTORS 

9 - 38 RTO-AG-AVT-039 

 

 



charts comparing several contemporary combustors, including the TALON II. At this time (June 2006)
the performance and emissions characteristics of the two types of combustors are similar. It seems that
projections by the manufacturers also do not di®er greatly.

In his recent presentation, Sabnis (2005) has given an informative introduction to the basis for the
success of the Pratt and Whitney TALON series of combustors. Consistent with earlier comments regarding
RQL combustors, passive control devices are not required, and Sabnis makes no mention of special demands
placed on the control system by combustion dynamics. The cost of these savings relative to a lean premixed
system is learning how to use, in a rather detailed fashion, the chemical and mixing dynamics of the system.
That process requires, at minimum, careful tailoring of the spatial distribution of the injected fuel, and axial
history of °ow velocity.

A particularly important aspect of that tailoring is the severe restriction on generation of unburnt
hydrocarbons and soot, generally regarded as a virtually unavoidable consequence of rich combustion. In
the TALON design, smoke formed in the region of rich combustion is consumed downstream as combustion
continues under lean conditions. As a result, the Pratt and Whitney combustor design meets current
requirements of reduced emissions and is being developed to satisfy future restrictions.

Most simply put, the two types of combustor design may be characterized qualitatively as 1) lean
premixed, or rapidly mixed, combustion tending to be unstable in some sense, the possible presence of
combustion instabilities being a major problem in practical machines; 2) initially (i.e., at the front end)
fuel rich combustion followed by rapid quenching and mixing leading to lean combustion which produces
acceptably low levels of smoke and gaseous pollutants (NOx, CO, UHC). In return for the much reduced
tendency for instabilities, the RQL combustor presents particular problems of design in the °ow system in
order to realize the favorable consequences of mixing and chemical dynamics. A reasonable question is: Why
are there obvious di±culties in LPP combustors with combustion instabilities which seem practically absent
in RQL combustors?

There seems to be no generally recognized answers to the question, despite many discussions of possible
mechanisms of instabilites. For example, more than ¯fty years ago, °uctuations of the fuel/oxidizer ratio
were recognized as a source of disturbances in a solid propellant rocket. If one assumes that a change in
fuel/oxidizer (or fuel/air, f/a, in the present context) translates to a change in reaction rate and hence rate
of heat release, this becomes practically a generic cause of instabilities and di±cult to accept as a distinction
between LPP and RQL designs. To show a distinction, one would probably need to show that ±(f/a)6= 0
produces consequences more signi¯cant as f/a tends to zero in a LPP combustor.

Perhaps one should explicitly look rather to the reason(s) for loss of stability in an LPP system. As the
lean limit of combustion is approached, stability of the combustion ¯eld in the upstream (inlet) region tends
to vanish. That is, the processes anchoring the °ame zone to the inlet region of the combustor|i.e. the fuel
nozzles|become weaker. Hence the `base(s)' of the °ame(s) becomes increasingly sensitive to disturbances,
eventually entering a condition allowing oscillatory motion coupled to the main °ow in the combustor. The
RQL system will not undergo such a transition because the anchoring region of the combution zone is always
operating under fuel-rich conditions.

The bulk of published works on feedback and open-loop control of combustors has been at the research
level. Since the ¯eld began in the mid-1980s, there have been notable shifts of emphasis. Early positive results
justi¯ed the optimistic view of long-term possibilities. Beginning in the early 1990s some results and methods
known from the analysis of systems were introduced with works at the General Electric Research Laboratory
(Gulati and Mani 1992; Goodman and Haupt 1992); Caltech (Tierno and Doyle 1992) and ¶Ecole Centrale
(Billoud et al. 1992). The last work was the ¯rst on use of adaptive control which has not generated wide
interest. The latest works seem to be the thesis by Evesque (2000) and immediate developments (Evesque
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et al. 2003, 2004). Mettenleiter (2000) has carried out the most thorough examination of application of
adaptive control to solid propellant rockets (Mettenleiter and Candel 2000, Mettenleiter et al. 2000). Those
works were evidently motivated by the oscillations in the Ariane 5 motor (Sections 2.2.9 and 6.15) but have
not led to practical application.

Beginning in the mid-1990s (Annaswamy and Ghoniem 1995) a group at MIT initiated a research
program based on the modal decomposition of the acoustic ¯eld developed here (Chapters Three and Four).
They assume longitudinal oscillations and develop a °ame model (Flei¯l et al. 1996) extending earlier works
explained for example, by Williams (1985). With that model of a combustor, the MIT group has carried
out a number of works drawing on experiences with control theory developed for applications in electrical
engineering.

Research at the United Technologies Research Center has gone far to join the ¯elds of control and
combustion; and to pursue possible applications, taking advantage of their connections to Pratt and Whitney.
An example is the recent article by Cohen and Banaszuk (2005). The work is one example of several from
UTRC involving use of control theory to interpret results of combustion tests, always with a view to improving
the behavior of actual combustors.

Since their initial works on active control referenced above, the group at Georgia Tech has supported
probably the largest university research e®ort in the ¯eld. The program seems to be directed eventually
to practical applications based on stationary gas turbines (Zinn 2005), but for the most part is devoted to
applied research.

Space and time do not allow proper coverage of results accomplished to date. The general problem
of joining the ¯elds of combustion and control at both the research and practical levels remains highly
attractive. The boundaries of both theoretical and experimental progress seem still to be far away.
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