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ORGANIZATION

ANNEXID

AccountinglforWaves/of[Vorticity land Entropy

In Chapters 3 and 4, the equations of motion have been written in dimensionless variables, mainly as the
basis for the two-parameter expansion. It is often preferable to use dimensionless variable, for example,
in modeling some of the physical processes treated in special problems. In this annex, the main results of
Chapter 3 are reproduced, and extended to show explicitly the formal consequences of including unsteady
vorticity and entropy in the method of spatial averaging developed in Chapter 4.

The basis for the calculations in the set of equations! (A.59)—(A.64)

Ft = —qu—i—W
Du
pﬁ = —Vp—i—.’}'
DT
pCh—=—pV-u+9
Dt
(D.1)a-f
Dp
D= —ypV-u+7?P
Ds 1
DT
p=pRT

Following the procedure explained in Chapter 3, expansion of (D.1)a-f to third order in the fluctuations.
Problem III defined in Section 3.3.3 leads to the equations governing the unsteady field. To simplify the

1Here bold symbols for the mass-averaged fluid properties R, Cp, C, and 7 are replaced by R, Cp, Cy, and 7y
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results we assume that the average values p, p, T are constant and uniform to give:

6/
P +pV-u' =—[a-Vp +u -Vp+pV-a]—[u -V +pV-u]+W

ot
! !
ﬁaal; +Vp' = —[p(a-Vu' +u' Vi) - {pu’ - Vu' +p’aa—l;} — [P -Vu]+F
— 8T/ — ! - = / / 7 / = / 8T/ — !/ ! / /
pO’UW_'_qu :_[IOCU(UVT +u VT)"_qu]_ vaE"‘PCUU -VT —|—qu
—[pCyu’ - VT 4+ O
(D.2)a-f
ap/ — ! = / / — I / / I /
E—l—vpv u=-[aVpy+ywV-u]-u -Vp +4p'V-u]+?P
!/ /!
ﬁTaa—St = —[pT'(@- Vs +u' - V3)] - | (57" + p'T) aa—st +pTu - Vs
/ /88/ —r / ! !/ /
—[pTE-I—(pT-i-pT)M Vs +8
P = [R(p'T + pT")] + [Rp'T']

Combination of (D.2)b and (D.2)d gives the nonlinear wave equation for the pressure fluctuations and

its boundary condition
1 82]7/
2,/
_ — B
VP me (D.3)a,b
n-Vp'=—f

with
1 0p/

o b+ )+ ko) 4V 7 -

h=—=pV - [{[u}r + {u}s + {ufs] + — =
(D.4)a,b
7811/ N N TN
f= it p- [}y + {u) + (u)s] - F 4
The brackets are defined similarly to those in Annex A.6:
{[u}y =p(@-Vu' +u’-Va) {plh=a-Vp'+ 'V 4
(D.5)a—e

a /
{u)e = o/ S + o V!

+p/(@-Vu' +u - Vi) {p}a=u'-Vp + 'V -

{u}s = p'u’ - VU’
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A system of oscillator equations is formed as in Chapter 4. Expand the pressure fluctuation in normal
modes:

=p Z (D.6)

Spatial averaging leads to the result (4.36) with n replacing N,

and
=2
By = 7‘;2 { / hpndV + %% fwnds} (D.8)

With some use of familiar vector identities, for h and f given by (D.6)a,b, F,, can eventually be written

E2 1
nF —p11+—12+p13+—14+p15+# -ndS
a2 8t (D.9)
y .
/f}" Vi, dV + o7 wndV
where
I = /(ﬁ-Vu’+u’ -Va) - Vi, dV
0
I, = g /(’ypV a+a- Vp),dV
/ i
I; = /(u' -Vu' + %8(,; ) - Vi, dV (D.10)a-e

0
Iy = at/(pV u +u' - Vp ), dV
o o / ’
Is= | =(u-Vu') Viy,dV
J P

It is important that both the steady and unsteady velocity fields have not been assumed to be irrotational.
Note also that in (D.9) there is only one surface term, involving the acceleration 2 S - However, for irrotational
acoustic motions some of the integrands combine to form a divergence which by Gauss’ theorem leads to a
surface integral representing convection of mechanical energy throughout the surface.

These results establish the formal basis for investigating influences of vorticity and entropy waves on
an acoustic field in a chamber. We emphasize again that the expansion (D.6) of the pressure field is only
the zeroth order approximation. The oscillator equations govern the time-evolution of the amplitudes of
the chosen basis functions, the mode shapes, but the spatial distributions to higher order require further
computations, as explained in Section 4.6. The dependent variables in h and f are not to this point restricted.
Hence in particular, following the idea discussed in Section 4.1 that generally a disturbance in a compressible
flowing medium may be synthesized of three modes of propagation, we write the variables as sums of three
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parts labeled (), for acoustic, ()q for vorticity, ()5 for entropy; the second column of Table D.1 shows
the defining properties of the contributions from the three modes in their zeroth approximation.

TABLE D.1. Definition of Splitting a Disturbance in the Three Modes of Propagation (Chu
and Kovasznay, 1958).
Splitting Variables Basic Properties
Pressure  p' =pl + o, + 0l ph#0 ;5 Q=Q.=0
Vorticity Q' = Qg + Q) + Q) Q#0 ; Q.=0Q,=0
Entropy s’ =5, + s}, + s s, #0 5 s, =s55=0

The zeroth approximations (small amplitude; no mean flow) to the flow variables in the three modes are

given in Table D.2.
TABLE D.2. Zeroth Approximation for the Flow Variables in the Three Modes.

Pressure Velocity
. M M
Acoustic Mode pL=D 21 N (1) (T) w, = Z_:l vnl% Vb
Vorticity Mode Ph =0 Vxug=0; V-uqg=0
_ _0N- _ 1 09
Entropy Mode p.=0 Vxuy,=0; V-uy= o

Thus the total velocity fluctuation to zeroth order is
u'(r;t) =u'y +u'q +uy (D.11)

)

The density fluctuation contains a contribution from the entropy fluctuation (related to the temperature);
from the formula for the entropy of a perfect gas,
1/~
s — 80 = cplog p/po) 7 (D.12)
(p/po)

We find, to second order in the pressure fluctuations,

’ 1 ’ 1 AR
N RS
P Yp Cp p

The next step is substitution of (D.11) in the integrals (D.10)a-e and rearrangement to give the formulas
for the first and second order contributions:
L= +1+1;
L=1I¢
Iy — I

Iy =13

(D.14)a-d
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g 3 3
The elements I3 forming Is = > > I are
j=1i=1

o= [ (w, vu, 4+ L2 SVpdV ;189 = ‘(u’ VU'g)  Vib,dV ;
3 - a a ﬁ ot n ) 3 - a Q n )

as pl, 0w’
I8 :/ <u’a-Vu’8+7 > >-V¢ndV

e = / (W Vu'y) - Vip,dV ; = / (Wq-Vu'q) - Vip,dV ;
: , (D.15)
e = / (Wq - Vu'y) - Vip,dV

sa __ / / p_/sau/a . sQ __ / / .
130 = uS-Vua—l—ﬁ o ) VemdV = [ (W Vo) VindV

sSs . !/ p; 811/8
I3 = / <u/5 -Vu s+ ?W) . V'lj}"dV

Equation (D.13) gives the two parts of the density fluctuation:

Pa_ 1P

B
-2
hS]

o o (D.16)a,b
E Cp

The remaining integrals in (D.14)a-d are defined as

o= / V(- W) — W x (V x @) - ViondV

I’ = / [V(a-wo) —uo x (V x 1) —ax Q- VisdV (D-17)a,b

= / V(@) -ty x (VX 8) =0 x (V x Wy)] - VipndV

and

0
L =1y = 5 /(Vp;V ‘a4 a- Vpl)pdV

5 - (D.18)a,b
L=1I{"= 4 /(vp;V u'y +u'y - V) dV

Because the integrals I; are additive in (D.9), we can set down the parts which involve only acoustic,

vorticity or entropy fluctuations, and the interactions; it is more physically appealing to write F},, equation
(D.9), as the sum:

_%Fn = Iaa + IQQ + Iss + IaQ + Ias + Iﬂs

, . (D.19)
—/ff' - VndV + % %—gzwndv
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with the definition

. . 1 .
y— ﬁk%/ - uwandV — ﬁ/(u/a x Vxu) Vi,dV + = = 881‘ /(ryp:lv -a+u- Vu’a)wndv
(D.20)

+pI8% 4+ — %%-— A, dV

Substitution of the acoustic approximations to the acoustic pressure and velocity (see Table D.2) leads
eventually to the simpler formula for I,,:

M
o o 1, i ka -
loo = pﬂ{ ot ' ;(u ' n)nnl/)n:| wnds Z 7 <_ > /(11 : V%)T/)ndv

j=1

(D.21)
' 1
*ﬁ/(u/a x V x) - Vip,dV + pls® + 72]Za
. a
Note that the surface integral contains the entire velocity fluctuation, u’ = u’y, +u’q + u’s.

Without modeling the relevant physical processes, the remaining integrals in (D.19) cannot be simplified
further than their primitive definition written as the sums appearing in (D.9), the individual contributions
being given in (D.15) and (D.17):

Iog = p{I{* + I}

p{/ﬁﬂuwﬁﬁubx(qu)uxﬁyV%MV+/hﬂrvw@'V%ﬂv}

Ls = p{I + I5°}
ps ou’

- p{ IV~ (7w~ (75w Vv + [(u's Y+ 78—;} -vwndv}

IQ_p{IaQ IQa,}

=p / [0, -Vug+uq-Vu,] Vi,dV

Ias = ﬁ{lgq + I‘;a}
pyou's  pyod,y

=p /a'v /s ls'V /a —_-
p/[u Wt Vet S S

: V%zdv

Iio = ﬁ{lgﬂ +I§S}

=p / Wy - Vu'g+u'q V'] Vi,dV
' (D.22)a-e
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